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Log-likelihood and Evidence Lower Bound (ELOB)

v

It is universally true that:
In (p(X)) = In (p(X, 2)) — In (p(Z|X))
It's also true (a bit silly) that:
In(p(X)) = [In(p(X, 2)) — In(a(2))] — [In(p(Z|X)) — In(a(2))]

The above is so that we can insert an arbitrary pdf g(Z) into, now we get:

o -0 (%57) -+ (59)

Taking the expectation on both sides, given g(Z):

o faen () o ()

:/mam ))dZ — /qamm2d2+<(/mzm<(i§) )

£(a) KL(q]|p)

v

v

v

= £(q) + KL(qllp)
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Alternative Evidence Lower Bound (ELOB)

We often see the following alternative derivation:

In(p(X) = log | p(x. 2)0:z

Iog/p(X Z) (z;

= (% oy )

> Eq {Iog <pE7)((7Zf) )} using Jensen’s inequality
= Eq[log(p(X, 2))] — Eq [log(q(2))]
2 L(q)

It can be proven easily that the “missing” part, i.e., In (p(X)) — £(q) = KL(q||p).
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Maximize Evidence Lower Bound (ELOB)

In(p(X)) = £(q) + KL(qlIp)

» We can give a name to both terms:

Evidence Lower Bound (ELOB): L(q) = /q(Z) In(p(X, Z))dZ — /q(Z) In(q(2))dz
; . _ p(Z1X)
KL divergence: KL(q|lp) = /q(Z) In ( W@ )dZ

> Notice p(X) is fixed with respect to the choice of g(Z). We wanted to choose a q(Z? function
that minimize KL divergence, so that q(Zg becomes closer and closer to p(Z| X). Of course,
let's see what happens when g(2) (Z]X)

Lale) =~ [ pzixin (5 Z}X;)dz:o

> We know that p(X) = £(q) + KL(q||p). Minimizing KL(q||p) is the same as maximizing the
Evidence Lower Bound £(q).
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Approach One

» Arbitrary (i.e., non Exponential Family ) distributions
» No maximizing variational distribution parameters

A/Prof Richard Yi Da XuYida.Xu@uts.ed Wechat: aubedata https://« Variational Inference


https://github.com/roboticcam/machine-learning-notes

The choice of g(2)

» Suppose let's choose g(Z), such that:
M
a(2) =l a(2)
i=1
» Substitute this choice into Evidence Lower Bound (ELOB):
£@ = [ a2)n(e(x, 2)8z - [ a(2)n(a(2))dz

M M M
:/HQI(ZI)In (p(X,Z))dZ—/Hq,—(Z,-)ZIn(q,-(Z,-))dZ
i1 =1 i=1

part (1) part (2)
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Simplification of (Part 1):

M
(Part1) = [ [T a(@)n(p(x, 20z

// /H‘%(Z)'n(p(x 2))dz,d2, . ..,dZy

i=1
2 2, 2y

> Rearrange the expression by taking a particular g;(Z;) out of the integral:

i# i#

Part1)7/q,(2)/ /Hq, YIn(p(X, Z)) HdZ az;
Zitj

> or, more compactly:

(Part 1) = [ (2) / [ meex. ) [az)0z | oz
ZI.

Zij el

> or, even more meaningfully, it can be put into an expectation function, and since Hg,/ qi(Z)is
a joint probability density

Partt) = [ 4@) [54] (00X, 2) | @2

4
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Simplification of (Part 2):

M
(Part2) = /Hq, 2)>" In(a(2))0z
i=1

> Note that the above needs to integrate out all Z = {z1, ..., zy}, which is quite daunting.
However, notice that each term in the sum, 3%, In (g;(Z;)) involves only a single i, therefore,
we are able to simplify the above into the following:

(Part2) = / a(Z)n (a(2))dZ,

> For a particular p;(Z;), the rest of the sum can be treated like a constant, part 2 can be written
as:

(Part2) = /q,(Z)In (gi(Z))dZ; + const.
4

where const. are the term does not involve Z;.
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Putting Part (1) and Part (2) together:

Z;

L(q) = Part (1) — Part (2 /q, ,#j[ln (p(X, Z))] dz; — /q,(Z)In (gi(Z))dZ; + const.
Z j

> Note that Ei [In (p(X, Z))] would be some In[p(Z;)], we name it In(5;( X, Z)), i.e.,:

In(Bi(X, Z))) = Ei; [In (p(X, 2))]

> Or equivalently we can express Evidence Lower Bound (ELOB) in terms of:

L£(q) = /q, [p,(X, )’)} + const..

This is the same as —KL (]E,‘#j [In(p(X, Z))] ”qi(zi)>

> This is the key: We can maximize ELOB, or £(q), by minimizing this special KL divergence,
where we can find approximate and optimal g;" (Z;), such that:

In(a7"(2))) = Eiy[In (p(X, 2))]
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Example: Gaussian-Gamma Conjugate prior

> LetD = {xy,...xn}:
n

ool ) =[] (1) o (Feo-m?)

i=1

- () oo (5 0]

PlIT) = Nz, (hom)" 1)o<exp( = )?)
p() = Gamma(r|ag, by) o< 7%~ exp ™7

» Complete data-likelihood is:

P(D, i, 7) = p(Dlp, )p(ulT)P(T)
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Of course, due to conjugacy, the solution can be found exactly:

Py, 71d) oc p(Dlp, )p(uIT)P(T) = N(n, (An7) ™" )Gamma(r|an, bn)

where:
_ oMo + nX
= 200 TR
Ao+ n
)\n:>\0+n
an=ap+n/2
1¢ - Aon(X — po)?
bn = = X — X2+ 222 20
" b°+2,§(’ et n)

However, for demo purpose, we assume q(u, 7):

q(p, 7) = qu(p)gr (1)
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Computing In (gj; (1)) = Eq, () [In (p(1, 7ID))] (1)

In (g, (1)) = Eq.. [In (p(, 7|D))]
= Eq, [In(p(D]w, 7)) + In p(p|7)] + const. remove terms do NOT contain

n
T AoT
=Eq- | -3 S — w)? t (- po)? | + const.
i=1 | —
_\,_J | .
n(P(D]1.7)) ne)

Eq [T U
- 7%7[] S — )% + Aol — 120)? | +const.
i=1

terms contain . but does not contain

Completing the square for the p terms:

n
ST — 1)+ Xo(w — po)? = np? — 2npux + Mop’ — 2Xopop + const.
i=1

=(n -+ X0)u® — 2u(nX + Nopo) = (N + o) ("2 N W>
(X + Aopo)

2
+ const.
(n+ Xo) )

:W+Aw<uf
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Computing In (g, (1)) = Eq, () [In (p(1, 7/D))] (2)

Therefore, we have:

in (g5 () = — 2221

i=1

[Z(Xi — )+ ol — M0)2:| + const.

__Eg [7](n+ o) ( (M + Xopo)

N 2 (n+ o)

- N (n)'( + Aopo
n+ Xo

2
) + const.

Eq, [T](n+ )\0)>
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Computing In (g7 (7)) = Eq, () I (P(k, 7|D))] (1)

I (¢7(7)) = Eq, [ (p(4, 7|D))]
= Eq, [In(p(Dlp, 7)) + In p(ya|7) + In p(r)] + const.

n
n T AoT
= Eq, ?Mﬂ—EExm—mﬁugw—wfﬂa—nwﬂ—mr+me
i=1 /\—f—l

In p(sel ) ne(m)

In(p(D |, 7))

Bring terms without p outside of the integral:

n

= g In(1) + (ap — 1) In(1) — boT — ]Equ(u) [Z(X’ — 1)? + No(p — uo)z] + const.
=1

n 1 4

= E + ap —1 In(T) — 7| by + E]Equ(l‘) [Z(X{ — /yb)2 + )\0(}14 — H0)2:| + const.

—— i=1
an

bn

A/Prof Richard Yi Da XuYida.Xu@uts.edu.auWechat: aubedata https://¢ Variational Inference


https://github.com/roboticcam/machine-learning-notes

Computing In (g7 (7)) = Eq, ) [In (p(1, 7ID))] (2)

We can rewrite,

n

bn = bo + %Equ { (xi — p)? + No(p — Ho)z}

i=1

1 _ n
=bo+ ;Eq, [*ZH”X + np® A+ xop® — 2>\0N0#] + D 0(6) + dowd

i=1

1 n
=b+ 3 [(" + X0)Eq,, [14°] — 2 (X + Aopo) Eq, [1] + D (%)% + Aonf

i=1

We will compute Eq,, [12] and Eq,, [1£2] since we know of g,.(w) from previously.
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Also see Matlab Demo!
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Approach Two

» Perform direct maximisation over g(Z) using variational calculus
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Functional identity

G 400 = [ [ 500 mpte pgxey —

fie(x), fy(
(52((X’y //5" fy(y) In p(x, y)dxdy
=//6(Xfx’)fy(y) In p(x, y)dxdy
xJy
:/yfy(}’)mp(x’,y)dy

LetZ 2 (z,0)  p(X,Z,0) = p(X,Z|0)p(6)  q(Z,0) = q2(Z)qe(6):
Evidence Lower Bound (ELBO) can be written as:
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Approach Three

» Exponential Family distributions
» Maximizing variational distribution parameters
» Introduction to Stochastic Variational Inference (SVI)
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Problem to consider:

N
p(X, Z, Bler) = p(Ble) [ | p(xn, 20l B)
n=1

P(Xn, Zn|X—n, Z—n, B, &) = p(Xn, Zn|B, )

All posterior is based on Exponential family:

P(8IX. Z. ) = h(B) exp {ng(X, Z,0)TH(8) - Ag(ng(X. Z, ) }

P(2n,j|Xn, Zn,—j, B) = h(z, ;) exp {m(Xm Zn s B) U (znj) — Ai(mi(Xn, Zn,—, 3))}
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Let’s look at some Important Distributions: Exponential Family

Most of the distributions we are going to look at are from exponential family
exponential family can be expressed in terms of its natural parameters:

h(x)exp (T(x)n — A(n) )
Think about why is this representation useful?

Always have in mind ask yourself where are the support of these distributions, i.e.,
where p(X) > 0?
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More about Gaussian 1-d: Natural Parameter Representation

_ x=p)?
N(x; p,02) = (270?) "2 exp 207

X2 —2xp+p2 1 5
= exp (_T ~3 In(2mo ))

_[771:|_ i A _;’712_1 _
> n= =|_"1 (n) = Ty gln( 2n2)

— — 2 _ —1 _ —m
> = — —_ — = = —_! = N1
2 252 — O H=mao Mz, 2n5

Variational Inference
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More about Gaussian 1-d: Natural Parameter Representation (2)

2 - S - (e (22)

2
= exp T(x)Tn+n—1—1In( 2r ))
12

4 2 —2mn
T o1 1
=exp| T(x)'n+ i + 3 In(—2n2) — 3 In(2m)

2
T n 1
Jvnat(X,ﬁ) = exp T (X) 1 (

1
47721 -5 In(2n2)> -5 In(27)

A(n)
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conditional per (xn, zn): pP(5|Xn, Zn)

» Prior:
p(B) = h(B) exp{a’ t(B) — Ag(a)} = exp(—Ag(a)) h(B) exp{at(8)}
e
normalization

— / h(8) expia t(8)} = exp(Ag(a)
B

Let sufficient statistics #(8) = [8, —A/(8)]T = o = [a7 ag]”:
N——r

same

p(8) = h(B) exp {[m s az]"[8, —AI(B)] — Ag(a)}
N——r

> Likelihood density per (x,, z,) is:

P(Xn, Zn|B) = h(Xn, Zn) exp {t(an zp)B A/(B)}
N —
same

> Posterior is:

P(B1Xn Zn, ) o h(B) exp{a t(B)} exp{t(Xn, z2)B — Al(B)}

h(B) exp{ (a1 + t(Xn, Zn))B — a2 Al(B) — Al(B)}
h(B) exp{ (a1 + t(Xn, Zn))B — (a2 + 1)AI(B)}
h(B)exp{[ar + t(Xn, z0) oz + 1]7H(B)}
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The complete posterior

» Complete likelihood:

N N
p(X, Z|8) = [T h(xn, z0) exp{ BT t(xn, 20) — Al(B)} = h(X, Z) exp {Z B t(xn, 22) = N x Al(m}

n=1 n=1

» Complete posterior:
Since: p(B|xn, Zn, @) o< h(B) exp{[at + t(xn, 2n) a2 +1171(8)}:

N T
= p(BIX,Z,a) < h(B)exp { [m + D t(Xn,2n) o2+ N] t(,B)}
n=1
When we use the expression:

P(BIX, Z, a) = h(B) exp{ng(X, Z, &) t(B) — Ag(ng(X, Z, a))}
N
= ng(X.Z,a) = [m +> Hxnzn) N]
n=1

— Ag(g(X, Z, ) = /B h(B) exp{ng(X, Z, o) H(8)}
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Example: Posterior of Gaussian mean (1)

To summarise:

PBIX. Z,) < n(Bexp {[dr @l 18 — A(B)}

-
N
=hB)expS |ar+ > t(xa,zs) a2+ N| H(B)
n—1 h’\,—/
a2
&4
» Example: suppose data x; come from unit variance Gaussian:
(i) = = e {3 0x— P} = = (-x/2) s
X = eX| —=(X — = ———— = €eX| X — —
pixin 2r P 2 " Ven P \H/v 2
[ — B tx) ~~
h(x) Al(B)

> So we have:
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Example: Posterior of Gaussian mean (2)

exp (—x2/2 2 exp (—x2/2 2

N~
A(B)

> For the above likelihood, its conjugate prior MUST be in the form of:

P(Blar) = h(B) exp § a1 + aa(—5°/2) — Ag(a)
\—\,—I
Al(B)

:h(ﬁ)exp{[m —%]T[ﬁ 52]7%(&)}
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Example: Posterior of Gaussian mean (3)

v

Since we know,

p(8le) = h(B)exp {[ar a2/2) [B 67| — Ag(e)}

From our knowledge, a distribution with t(8) = [8 (2] is a Gaussian.

» Suppose the data come from an exponential family. Every exponential family has
a conjugate prior in theory.

» The natural parameter a = [a1, ap] has dimension dim(3) + 1.
The sufficient statistics of the prior are [8, —A(8)]

v
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For exponential family distribution: Eq4[t(5)] = VAAg(A)

Given  q(B|)) = h(B) exp{ATt(B) — Ag(A\)} =

Why Eq[t(B)] = VAAg(A)

ooy 4 P ()

[ a1 = [ n3)exp{aTH(B) ~ Ay(N)}d5 = 0

B8 B

— ( /B h(ﬁ)exp{ATt(ﬁ)—Ag(A)}dB) —0

— /E s (h(8)exp{ATHB) — Ag(N)}) 4 = 0

— /ﬁ (h(8) exp{ATH(B) — Ag(M)}) (H(B) — VaAg(N)) =0

= [, (e e T1(6) ~ 45001) 19) = [ (W) epATH(B) ~ A5} ) TaAs () = 0

= Eq4[t(B)] — VaAg(A) =0
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The choice of q(53, 2)

We choose g(8, Z) to decouple 8 and Z completely:
N J
qa(8,2) = a8\ [T [T a(znjlen)
n=1j=1

> q(B|\) is the SAME distribution type as p(8|X, Z, «), they only differ in parameter

a(BIn) = h(B) exp{ATt(8) — Ag(\)}
compare with:  p(8]X, Z, &) = h(5) exp {ng(x, Z, o) HB) — Ag(ng(X, Z, a))}

> q(znjl¢n,;) is the SAME distribution type as p(z,,j|Xn, Zn,—;, B), they only differ in parameter

4201 ¢n,) = h(zn,) &0 { &1 11 (z0) = A(dn)) }

compare with:  p(zn,j|Xn, Zn,j» B) = h(zn) exp {mi(Xn, 20,1, B) Hzn) = A(mi(xa, 20, B)) }
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Update for £(\)

We need to maximize the ELBO, i.e.,

£(q) £ Eqllog p(X, Z, B|e)] — Eqllog (Z, 8)]

Note that g used here is q(8, Z) not just g(3|\)

L(X) = Eqgllog p(B81X, Z, a)] + Eqllog p(X, Z)] — Eq[log q(53)]
= Eq[log p(8|X, Z, a)] — Eq[log q(8)] + const.

= Eq [log (h(8) exp{ng(x, 2, @) 1(8) = Ag(ng(x, 2, 0))}) | — Eqllog q(8)] + const.
= Egllog(h(8))] + Eqlng(x, z, ) t(8)] —Eqllog h(8) exp{ A t(8) — Ag(X)}] + const.
N,

-

= Eqllog(h(8))] + Eqzje)[ng (X, 2, ) Eqqa ) [1(8)] —Eqllog h(8)] — Eq[AT#(8)] + Ag(X) + const.

= Eq(zjw)[1g(X, 2, )] "Eq[t(B8)] — A Eq[t(8)] + Ag() + const.

Substitute Eq[t(8)] = VaAg(N):

L(A) = Egzjo)[19(x, 2, )] V2 Ag(A) — AT7xAg(A) + Ag()) + const.

A/Prof Richard Yi Da XuYida.Xu@uts.edu.auWechat: aubedata https://¢ Variational Inference


https://github.com/roboticcam/machine-learning-notes

Update for £(\)

L(A) = Egzjo)[19(x, 2, )] 2 Ag(A) — ATTxAg(A) + Ag(N) + const.

Maximize £(\) we get:

VAL = Egzja[ng(X, 2, @)]T V3 Ag(X) —VaAg(X) — ATV5 Ag(A) +VaAg(A) = 0

= Eqzj)[79(%, 2, )] V3 Ag(A) — ATV3 Ag(A) = 0

— 754N (Eqziong(x, 2, 0)] = A7) =0

A = Eqzj0)[ng(x, 2, a)]
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Update for £(¢

In a very similar fashion to £()), we can prove:

Voo, L(bn)) = Vin’jA/(%,j) (]Eq(k)['rll(xmzn,—ja N’ - 45;,/) =0

énj = Eqoy[mi(xn, zn,—j, B)]
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Continue next time for Stochastic Maximization ...
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Latent Dirichlet Allocation

> Bk ~ Dir(n,...n)fork e {1,...,K}.
» For each document d:
0 ~ Dir(a, ..., a)
For eachword w € {1,...,N}:
Zgn ~ MuIt(Gd)
de ~ Mu“(ﬁzdn)
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Updating q(zq n|¢4,n): posterior conditional in Exponential Family form

P(Zdn = k|04, B1.k, Wa,n) < P(Za,n = K|0g)P(Wd,nlZd,n = K, B1:K)
— Mult(64,) x Mult(B, ,)

xxp (10g(04.4) +109(Br, ) < 1 )

t(zd,n)

n1(04:B1:kWa,n)
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Updating q(zq,n|¢a,n): Optimize ¢q,n

> q(24,n) = MUlt(¢g,n) OF Q(Z4,n = k) = ¢ , Q(Bk) = Dir(xg) q(64) = Dir(vqg)
> Fact about Dirichlet Distribution 0 ~ Dir(v1, ... yx) = E[log(8x)|7] = W(vk) — ¥ (K, )

> In terms of natural parameter:

n (¢Z,n) = log (Cblé,n) o Eq(o,)q(84) [ (60 Br:ks Wa,n) ]

= Eq(o,) [109(64,6)] + Eq(s,) [lOg(/Bk,wd,,,)}

= W(vak) (zK: W,k) (Ak v ) v (ZV: Ak’,/)

k=1

> Change it back to traditional parameter:

= <z5dn0<exp V(vg,k) — <Z'Yd k) +V ()‘k,wd,n) _"’<Z)‘k’v>

irrelevant in proportionality

x exp |:w(’Yd,k) + v (Ak,wa,n> -V (Z /\k,v>:|
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Updating g(f4|7q): posterior conditional in Exponential Family form

P(0d|zq) = p(Oqlc HP(Zdn\od) Dir(cx XHMU“ Z4,nl0q)

n=1 n=1

M)

n=1

N
= exp |log (H (9;7{“ 11 03&"’”’“) )]
B -

= exp Z"’Q( gk 11_[95(2” k>]=exp {Z <'099“* ‘+Zlog( (Zarn “))]

k

r N
—exp > ((ak —1)log 04 x + > 8(24,n, k) log 9d,k>]

L k n=1

r N
= exp Z <ak —14 Z 5(2d,n» k)) log (9d,k):|

L k n=1

N
=exp | [(er =1+ m)... (ak — 1+ k)] [log(6a,1) - - -10g(64,k)] | by letting ne = > 6(Zg,n, k)

n=1

mi(ev,zy) t(04)
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Updating g(f4

~vq): optimize ~4

> Q(Zg,n) = Mult(¢g,n) OF Q(Z4,0 = k) = &% , q(Bk) = Dir(\g) q(04) = Dir(vq)
» In terms of natural parameter:

n(va) = Eq(z, ,164,,) [11 (2 Za)]
=Bz, 16, (1 =T+ ) (ak =14 k)]

N N
- Km -1 +Zs(zd,n,1)¢1,’n> <a,< -1+ Za(zd,n,K)(;sg’n)}

n=1 n=1

> Change it back to traditional parameter:

N N
Yo = Km +> 6(Za,n, 1)¢;,n) . (aK + 8240 K)¢§,n>}
n=1

n=1

N
=a+ Z ¢d,n
n=1
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Updating g(Bk|\k) posterior conditional in Exponential Family form:

D N b N

5(zg prk
p(Bkl1Z, W) = p(Bk|n) H HP Wa.n|BK) 5(dek) — Dir(n) x H Hﬁ/‘?’dn (2d,n:K)

a=1n=1 d=1n=1
o ( DY Wablan k)| Iog(ﬁk))
( d=1n=1 N——
t(Bxk)
n(n,Z,W)
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Updating g(Bx|\k) optimize Ak

> Q(Zg,n) = Mult(¢q,n) OF Q(24,0 = k) = &% , q(Bk) = Dir(xg) q(04) = Dir(vq)
» In terms of natural parameter:

(k) = Erpo_ 11 q(z,,,) [ (0, Z, W)

D N
=B, qa, |71 Z Z We,06(2a,n, K

-1+

N
Z Wd,n¢‘;,n

1 n=1

Mu

Q
Il

> Change it back to traditional parameter:

D N
=n+ Z Z Wd,n¢§,n

d=1 n=
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Collapsed Variational Inference

9(2a,n) = MUlt($g,0) OF q(Z4,n = k) = &%, G(Bx) =Dir(\x)  q(8a) = Dir(~q)

K

D
q(Zd,nlPd,n > TT a0alva) TT at0xIxe)
k=1

=1

= q(Z,61...6p,B1...0Bk)

Il
—~
i
o
:2

Q
i

S
T

T
o 4
Q

=

now change to: = ( q(zd,nwd,n)) (e, 812)

Q
i

S
T

a(2)
Maximize ELOB, it becomes: (remove X for clarity)
Let U = {0, 8}:

L£(q) £ Eqy,z)llog p(Z, U)] — Equ,z)[log g(Z, U)]
= Equ,z)llog p(Z, U)] — Eq(u,z[log q(U|Z) — log q(2)]

= Eq2) (Bquin[09P(Z, U))) = Eqz) (Equi2)l09 GUIZN) — Eqz,u)llog 9(2)]

=Eqz) | Equ)z) (log p(Z, U)] — [log q(U|2)]) | — Eq(zllog g(2)]

£(q(U|2))

Think this as treating Z as X.
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Collapsed Variational Inference (2)

(removed X for clarity)

argmax(£(q)) = argmax | Eq7) | Eqy)z) (log px(Z, U)] — [log q(U|2)]) | — Eq(z)llog g(2)]
q(U|2) a(u|2)

£(q(U]2))

= Eatz) | @9max [Equiz) (10 P(Z, U)) = o9 @(UIZ))] | ~ Eq(z)log a(2)]
q

=Eqz) [@] — Eg(z)llog q(2)]

arg max [Eq(u|2) (log p(Z, U)] — [log Q(U\Z)])} =p(2)
q(U|2)

maximum occur when q(U|Z) = p(U|Z) = KL (q(U|2)|lp(U|Z)) =0

A/Prof Richard Yi Da XuYida.Xu@uts.edu.auWechat: aubedata https://¢ Variational Inference


https://github.com/roboticcam/machine-learning-notes

