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1 Control variate motivations

variance reduction works by modifying “function of a random variable” so that its expecta-

tion remains same, but variance reduces

in this artcile, our primary interest is in estimating a derivative:

VoEpwio)[f (b)]

1.1 control variate C

¢y

We illustrate this through Reinforcement Learning, letting b — 7,p — mand f(b) — R(7):

1.1.1 Reinforcement Learning
J(0) = Errrg(r) [R(T)}

e V() :vg/

T

_ / Vo[ log(ma ()] mo () R(7)
Eo oy, [Vo log(mo(r)] R(7)

now adding a control variate C' :

o (T)R(T) :/ngg(T)

R(7)

=Erwny () [Volog(mo(r)) (R(7) — C)]

= Erory, [Volog(ro(r)) R(7)]

so what doe the RHS of Eq. (2) = 0?

IETNWG(T) [Vg log(ﬂ'g(T))C]
- / Vo log(ma(r))C X Tae,

_¢ / Vo [log(ms (7)o (7)

Vomg(T)

= CVO/TWQ(T) =0

— Errony,, [Vo log(mo(7))C]

=0

(@)
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This means x C' won’t matter. This means that a constant C, i.e., independent of both
0 and b will generate an unbiased control variate.

1.1.2 when C'is a function of ¢

however, when C' is independent of 7, but dependent of 6:

V@/C w(7]0)dT = VoC'(0 )/Tw(7'|9)d7' @
=C'(0)

2 More sophisticated Control Variate

We can add a more generic, biased control variate C. Since we know that when C is a
function of b, then I, ;) [( Vo log p(b\()ﬂ is unbiased. Therefore, the biased C' must be a
function of b. Since it’s biased, we need to delete it:

VoE, o) [f(D)]
= VoE, 0 [f(b) — C + C]
= VQ]Ep(bI@) [f(b) = C] + VeE, w0 [C]

~ Eym | (F0) ~ ) V0 log(o <b|9>>} + VoEyi0) [C]

= Ep(b\Q) f(b)Vg 10g p(b|9)} (b]6) {( T(} l(){_’, ])(])‘/‘))} Vng(b‘g) [C]
—_———

Epb)0) [C Vo logp(bIG)}

=Epi0) | f(B) Vo logp(b|€)} Ep10) {( Vo logp b\())} + Eppi0) [C’ Ve logp(b|9)]
' ®)

substitute C' = Cy(2):

VoE, )9 [f(b)] =E,»l0) {f(b)ve logp(b\&)} Ep0) {( ,(2) Vo log[}(!)\())} + VoE,(s)0) [C¢(z)]

=Epp0) {f(b)vo 10%]7(5‘9)} —E,10) {(h) Vo log })(5\9)} + VoEy(x) [Co(2)]
~—_—
Vo éRei“force with re-parameterization

(6)

¥ o FReinforce V 6 CReinforce Without re-parameterization

3 More sophisticated control variate: more the correlation, the better!

(Paisley ICML12) introduce a control variate g(z) approximates f(x) well
when closed-form E[g ()] isn’t possible, a low variance approximate is used:

(7
E[g(2)~E[g(x)]| =0



knowing:

Var <§": aiXi> = E”: a3 Var(X;) + Qi: z": a;a;Cov(X;, X;) 8)
i=1 i=1

i=1j: 53>1
try it on Var(f):
Var(f) = Var(f) — 2h Cov(f, g) + h*Var(g)
— VVar(f) = —2 Cov(f, g) 4+ 2h Var(g) =0 )
« _ Cov(f,g)
= = Var(g)
substitute h*:
A _ COV(me) COV(f7g)2
Var(f) - Var(f) 2 Var(g) COV(fa g) + Var(g)2 Var(g)
2 2
— Var(f) — Cov(f,9)" | Cov(f,9)
Var(g) Var(g)
Cov(/.)* o
= Var(f) — T@
Var(f) __ Cov(£,9)® _ o
Var(f) =T Va(gr L Cmtho)
meaning, higher the correlation between f and g, the less the variance of f
4 RELAX algorithm:
the control variate we have added is:
C =Ep(zp.0)[co(2)] (11)
note that C'is a function of b, through p(2|b, 6):
VoEpwio)[f ()] =Epwie) | f(0) Ve 108,‘])(b|9)] —Eyp0) {E,,(g‘lu)) [cs(2)]Ve logp(/)\())}
~ Ey10) [ VoBp(atno) [e6 (D] ]| + VoEpcain [eo(2)]
12)

we can equally write Ep,(z 5 0)[ce (2)] as Ey(21p,0) [co (2)], however, Z emphasis that it is
sampled from posterior p(Z|b)condition on b, whereas z is from prior p(z)

the posterior term p(Z|b, 0) highlights that Z and b are correlated! The same does not
seen in prior p(z)

note that RELAX estimator does not mean it correspond to a particular expression for C
in Eq.(6)



4.1 Why the above is unbiased

imagine we can prove:

Epoio) |Epczin,0)[ce (?HVWh¥JNM9ﬂ ='—Epww)[V0Emswﬁ>Bb(5ﬂ}4-V9EMZWH&MZH
(13)

or,

VoEp(z10) [co(2)] = Eplo) [Vo]Ep(z\b,e) [04)(2)]} +Epv10) {R;)(E\b.ﬂ) [cs(2)]Va 10%1}(1)\0)}
(14)

then Eq.(25) is unbiased estimator and we are all done.

To show this, we first need under Deterministic function: it has a very special property
when p(b|z) is deterministic:
| 1s)
|b

with that
VoE,(z10) [co(2)] = Ep(zlo) [Vo log(p(2]0))cs (2)]

= Ep10) | Ep(z16,0) [c )V log(p(z |t9))]] using Eq.(15)

p(316,0) [c(;/) )V log ( (2]0) + p(z|b, 9))]] using Eq.(15) again!
p( [

2(b,0) [ (2) Ve log p 2\0)” +Ep10) |:]Ep(5|b’9) [c¢(z)V9 log p(z|b, 0)”

E
= Epwi0) [
=E <b|0>[

|

VeEp(z\b 0) C¢(Z)]:| +Ep(bw) {E Z|b, (/)[ o(/"ﬂv(‘? log p( b\é) }
(16)

also, for I,,4/0) [f(b)Vg log p(b|9)} :



£6) [ Vop(a1b) | + ToEyer [£0)]

—_———
=0

= VQ]EP(};) [f(b)}
=Ep)0) [f(b) Ve log p(b|6)]
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Add Baseline trick to the problem

J(O) = Ernry (., [R(7)]

(18)
= VoJ(0) =Ernr, ., [Vologma(T)R(T)] — Ervrpry [CVglogma(T)]

replace 7o (7) with p(b|0) and r(7) with f(b)

Vo J(0) = Eppvjo) [Ve log p(b]0) f(b)] — Eppivio) [CVa log p(bl6)] (19)

what should a good expression of C' be?
Variance Reduction through control variate
apply this sophisticated control variate:

VoEp,2)[f(b)] = Vo <Ep<b,z) [f(0) — g(2)] + Epsv,2 [Q(Z)])
=Ep,2) {(f(b) —9(2)) Vo logp(b)} + VoE, 4,2 [9(2)]

Vo, ()] = Ev [f(bm logpw)] —Eyon [g(zm 1ogp<b>] VB, [9(2)]
(20)

a good choice of g(z) is important, remember corr(f, g) needs to be high

9(2) = Epapy [f(0a(2))] @

after some simplification:

VoE,w[f(b)]

= By | (O 1085(0)] ~ By By [ (03(2D)] Vo lomn(t)| + oty (70120

N——
p(2)
(22)
change of variables
this is:
d
o) = |50 = Ip2)asl = In(erae e3)
ViEyo 1 = Vo [ o(i0) 1)z
24

- / p(e)f(2)de = Vi / p(e)f (g(e, 0))de
= VB0 [f (96 0))] = Epoy [V (g(e, 0))]



5 REBAR algorithm

5.1 Put REBAR in action

we want to estimate VoI, 0y [f(b)], the estimator used is:

VoE, w0y [f(b)]

=E,w0) | f(B)Ve 10%1)(1"9)} —Ep)0) {Emg b.0y[cs(2)] Vo log 1’({)\0)}

—Epi0) {VOE:D(S\M) [%(5)]} + VoEp(z16) [co(2)]

(25)
remember you may substitute any function of ¢4 (Z). In REBAR, one substitute:
cy(2) = oa(2) (26)
5.1.1 Whatis ox(2(0,u))
In un-relaxed version, you can obtain b from z(0, u) by:
b= H(z(0,u)) 27
In REBAR, you can obtain a relaxed version:
= 1
b=ox(z(0,u)) = ————~ (28)

T 1+exp(—z/N)

VoE,w)[f(b)]
=Eyu) {(f(b)va logp(b)} —Ep) {E,)(:\b) [/((T\(,))} Vo logp(b)

— Ep) VoEp(zp) [f(02(2))] + Epv) [Epzip) [f(01(2)) Vo log(p(b))] ]
(29)

5.2 REBAR in action
5.2.1 Under a Bernoulli setting

illustrate the case where we need to estimate Vg, ;) [f(b)] where b ~ Bernoulli(6)

from detailed derivation in re-parameterization section, we see re-parameterization of
Logistic random variable can be done by:

w~U(0,1)
30
2(0,u) = log (%) + log (%) G0



so REBAR version is:

~ 1
b=on0w) = e

- 1 31

T () e () )

after re-parameterization:

VoE, b, [f(b)]
= Eunte[f(H((2)) Vo log(p(2))] = B [ﬁ [£(02(2))] Vo mmb)}
(32)
—Ep) | Evous [Vef(O'A (2))]:| + VoE, @) |:Ev~u [f(o')\(z))}]
using Z using z
5.2.2 REBAR algorithm
the algorithm is like, at each iteration, the derivative is calculated as:
VoE, ) [f ()]
(33)

=Ep(u,v) [(f(b) — f(oxa (;:))) Vo logp(blo) — (Vo f(oa(2)) — vef(os))]

basically, u — z — b, then having (b,v) — 2



6 re-parameterization of p(z|b) in general case

we look at even more generically case of k, instead of binary case

this means knowing z = [z1, . .. z»], a vector of Gumbel random variables,
1. one-hot vector b = [0,0,..., 1 ,0,...]
~—
kth

2. probability vector p
3. CDF sampling variables v

what is the linking function g which outputs zZ?

z=g(v,b,p) (34)

obviously the zj, correspond to 1 in one-hot vector should be the largest!

6.1 Gumbel distribution properties

1. Gumbel’s first wonderful property derived from its CDF:

GA(g; ¢) = exp(—exp(—g + ¢))

then:

= GA(g; ) GA(g;7) = QA(g; log (exp(¢) + exp(v)))
product of two Gumbel CDFs is a Gumbel CDF!
— [19A(g¢) =g (g; log (3 exp(é:) )) ~ GA(g:10g (2))
=1 =1
z
(35)

in words, product of multiple Gumbel random variables are also Gumbel, with param-
eters are the logSumExp of individual parameters

2. Gumbel’s second wonderful property:

ga(g; ¢) = exp(—g + ¢) GA(g; ¢)
—— ———

pdf cdf

(36)



6.2 Formulation for p(z|b)

We know from Gumbel-Max trick that:

is:

Given a set of Gumbel RVs:

z = {z1 ~ ga(log(p1)), - .-, zn ~ ga(log(pn))} (37

probability that k™ element is their maximum is equal probability of sampling:

ko~ (p1,...,pn),ie., pi (38)
condition on the prior:
p(z) = [ ] 2a(z:; log(p:)) (39)
=1

the conditional density that the k™ of one-hot vector b is one,ie., by =1, bizr =0Vi

Lifz > 2: W) 44
b = Hy(z)d L1172 2V 7 (40)
0 otherwise
where H is the “argmax” operator
br = 1 means one-hot b vector having k™ element one, the conditional:
p(br = 1]z) = 1(2x = 2:) 4D
computing posterior using usual:
z,bp =1
plalyy = 1) = L2 =D
p(br =1)
(42)
_ plbe = 1[2)p(z)
p(br =1)

note that this is different to computing softmax, where we need to integrate out zj,

10



p(br = 1]z)p(z) = [ | ga(zis1og(pi)) 1(zk > )
——

=1

p(bp=1|z2)
p(z)
_ GA(zk3log(1 — pi)) T-
! > 2
gA(Zk7lOg 1= pr)) 1:[ (zi;1log(pi)) 1z > zi)

_ ga(zk;log(pr))GA(zk;log(1 — pk)) . . ,
- gr\( - 1())(1 — i )) gga(zlzlog(pl))l(zk 2 Z’L)

" oa zi;log(pi))1(zk > 2z
— ga(zs10g(p))OA (i log(1 — pu)) [ EXEOEPORLE: 2 20
ik GA(z; log( Dk )

43)
using Property 1: Eq.(35):
QA(,:;\ log(1 — px )) = gA(zk; log (sz))
i#k
=GA (zk; log Z exp (log(pi) ))
itk — (44)
S——— Pi
logSumExp

= H_ zk; log(pi ))
£k

11



- ga(z;;log(pi)) 1(zk > 2
= ga(zk; log(pr)) GA(z1; log(1 — pr)) [ | ( LHL’F/ .)]')w((,) M )
\—v—/ N i <Ky S\ ) )
i#k

p(zi;log(pi))1(zk > 2:)

= exp(—zk + log(pk))GA(2x; log(pr))  GA(z;log(1 — pk) H

b GA(zr;log(pi))

Property2: Eq.(36) ga(g;¢)=exp(—g+¢)GA(g;¢)

— exb(—2e + 1o ot Tog (o 1o . p(zulog(pz))l(zk > zi)

H P zl,log Di))1(zk > 2i)
11 i log(pr))

= prexp(=zx) GA(zk; log(1

Property1:Eq.(35)

“r ga(zi;log(pi))1(zk > i)

= pr exp(—2zk)GA(2k; 0 log(1) =0

Pr &XP(—2k)GA (2 )#k GA(z1;log(pi)) s(l)

ga(zi;log(pi))1(zk > zi)

= a(zk; 0

Dk a’:_)/ s GA(zr;log(p:))

Eq.(36) ga(g;¢)=exp(—g+¢)GA(g;9)
ga(zi;log(pi))1(zk > zi)

= Dk Po Zk

-~ itk gA Zk710g( ))

p(bp=1)

p(z|bg=1)
= p(z|p;C = 1) Pr(bk = 1)
(45)

Gumbel-max trick tells us that Pr(by = 1) = pg, so we have the conditional density
required for the linking function:

6.2.1 sample p(z|p, = 1) via re-parameterization

from uniform random variables v, the link function to obtain z is:

z=g(v,b,p) (46)

we can obtain the link function by looking at the conditional:

1 ga(zi;log(pi))1(zk > 2:)

zlby = 1) = ga(zx; 0
plzlbe = 1) = ga(z )Z_#k GA(zx;log(pi)) “n
link function is different for zx and zx;:
A 79 f ;= k
o= {IAT (0 =k (48)
gATmmd (vi, log(ps ), 2k) otherwise
GA™ " (2k; vk, 0) = — log(—log(vx)) (49)

12



and we know:

gAtruncaleil(ua d)a T) = ¢ - IOg (exp(¢ - T) - log(u)) (50)
let
¢ = log(pi) 1)
T = 2z = —log(—log(vk))
then:

gAtruncate71 (Zi; Vi, lOg(pi)7 Zk)
— log(p:) — log ((exp (log(p:) + log(~log(v)) — log(u))

= log(p;) — log (exp (log (logzzivk) )) - log(u))

s (1) -t 2 )

= —log ((p%) logzzi)k) B p%) log(u))
M)

i

= —log ( —log(vg) —

6.2.2 relationship with how Gumbel-max trick is caculated

key point to remember, the above require the explicit values of z;xx, therefore, it uses
p(log(p;)) whereas Gumbel-max trick is calculated without the explicit value of z;«, there-
fore it uses Pr(log(p;))

6.2.3 Formulation for p(z|b) under recursive truncation 7

another problem is to add in further truncation 7 (this is not used in this setting), in here, no
requirement to obtain explicit value of z;, so we use GA(.)

and we perform the same trick, i.e., write down joint density:

13



p(max element = b, max value = z|7)

= p(G(b) =2z,G(b) > maXG( )|T> = p(z)p(blz)
_gEoi(z<T) H QA(z
D — Zib
Pr (G(z* zb):z|7') Pr (G(b)Zmaxi¢b G(i)|G(b)=z,‘r)
—exp(ortoi(z<T) x| LAl H using po(2) = exp(—2 + 6)GA (2 0)
7,7£b
— expgﬁk) exp(—z+log Z2)1(z < T)% using 2f[lgA(z; i) = GA(z;1og(2))

Py (2)=exp(—z+¢)GA(2;9)
exp(¢r) exp(—z + log Z)GA(z;1log(2)) 1(z < 1)
Z GA(t;1log(2))
ex a(z;log(Z
_ D) ggA((T; logig((Z)))) 1(z<7)
Pr(b) p(z|b,T)
= Pr(b)p(z|b, 7)

(53)
6.3 Re-parameterization in Bernoulli variable
just like the Gumbel-Max trick
Pr (k : k ~ (softmax(®1,...,®x))) = Pr (k = max(®1 + 21,..., P + 21)) (54)

where z; ~ ga(0,1)

in a similar way, instead of sampling b ~ Bernoulli(6), we can use re-parameterization
of u ~U(0,1)

Pr(b=1/6) = Pr (b = H(log (%) +log (ﬁ)))

=0
2(0,u) (55)

1 if 0
where u ~ U(0, 1) H(z) = e > .
0 otherwise

in fact, the above is a specialized Gumbel-Max trick of binary cases, where H is the
“max’ operator

14



6.3.1 Re-parameterization of binary case via Logistic Distribution

Logistic Distribution has the following properties:

PDF: p(u,s) =

1
CDF: Pr(y,s) =
14+exp =
1+exp =
1 _z—p 1 _z—p
= —=l+4+exp ¢ = ——1l=exp =
U U
:>log<l—1>: T—H
U s
1 1—u
= z=—log| ——1)s+pu=—log s+ pu
U U

x = (logu —log(1 —wu))s + p
6.3.2 Obtain linking function z = g(6, u) via Logistic Distribution

property: if z1 ~ ga(u1, 8) and z2 ~ ga(us, 8), then:

z = z1 — z2 ~ Logistic(u1 — p2, 5)

difference of two Gumbel RVs is a Logistic RV!

(56)

(67

(5%)

(59)

in binary case, i.e., K = 2, max of K Gumbels, becomes “max of two Gumbel random
variables” with locations ;1 = log a1 and 2 = log aa respectively, and also let 8 = 1

U~U0,1), then z=z1—22=1logU —log(1 —U) +log a1 — logaa (60)

b_{l if 2>0

0 otherwise

it is obvious that:

H@%:H(bgU—byl—U)+bgC%))

where H is the unit step function

15
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Pr([b=H(z)] =1) = P(z1 > 22)

= P(Z1 — Z2 Z O)
:P<logU—log(1—U)+log% 20) (63)
Qa2
=P(z>0)
incasea; = fandas =1 —6:
= lo 0 + lo (64)
FTOBT g T % T U
6.3.3 verify re-parameterization of u:
in here, we work backwards to verify:
H(z)=1 ifz>0
(65)

= b=H(z(0,u)) =1 ifz(0,u) >0

so to find Pr(b = 1) we just need to find p(z(#,u) > 0), it turns out that z(6, u) is
monotonically increasing, so, let up € (0,1)

Pr(b=1)=Pr(z(6,u) >0) =Pr (u > uo| 2(6, u0) = O)

(66)
=1—up up is some cut-off
need to find cut-off ug, such that z(0,uo) = 0:
— 0 Uo —
z(0,u0) =0 = log(l_e)—i-log(l_u )—O
uo o 9 o 1—9
= tog (20) = —los (1=5) = s (2,) =los (<)
U o 1—9
1—’ZLO - (7]
= ug = 70><(17u) = ug X 1+1;0 _1-0
0= "% 0 0 0 0
1-6
— UOX@ZT —— Uo—l—e
(67)
to summarize:
Pr(b=1/0) = Pr(z(0,u) > 0|0) = Pr(u > ug) =1 —uo =0 68)

where u ~ U(0,1)

which shows it’s a Bernoulli distribution

16



6.3.4 p(z|b) under binary case

it may be tempting to solve it in the same way as you do for multi-class case, i.e., looking at
the joint density and hope to deduce p(z|b) of the something like:

p(br = 1|2)p(2z) = Logistic(z; log(#) — log(1 — 6)) 1(z > 0)
———
p(2) p(b=1|z)

(1+exp(—(z— ,u)))Q
__ exp(= (z —log 0 + log(1 — 0)))
(1 +exp (— (z — log 6 + log(1 — 9))))*

1(z > 0)

it is difficult to see where this leads, but there is an easier way to solve it, looking at [?]:

b=1 = z:log%—l—log

U
>0
1—u —

:>10g1u Zfloglg

> log 1
U 1-6
l—uZT
= uf>(1—-u)(l1-0) validas0 >0 u >0
>1—u—60+ub
= u>1-0

(70)
in words, it meant the unit line is divided by the point 1 — 6:
b 1 ue(l-0,1) this interval has length 6 an
10 we(0,1-06) this interval has length 1 — 6

so instead of sampling u ~ U(0, 1) in the prior case, for sampling p(z|b) we transform
u conditionally by:

1 "'=(1-6)+0
b vi=(1-0)+0u (72)
0 v'=(1-0)u
then compute the inverse of Logistic distribution using v':
0 v
= 73
z|b IOgl—G_HOgl—v’ (73)

17



7 Generalised Re-parameterization

7.1 a quick revision on change of variables in probablity
7.1.1 continous PDF

for re-parameterization knowing:

0z

ar(0) = | det 5 a2

74
oe (74)
0z

() = et 50

because let 2 = g(e) = e = g~ '(2):

(75)

dz - dz
_ dPrg(e) de
o de dz

de
—pe( )dz

= pe(e)
=pe(e)

when computing relationship between de and dz:

k‘ because of probablity
dz
Oe

det — for multi-dimension

0z

det — |dz = de (76)
0z

‘ Oe

when computing expectation:

Eaolf()] = [ 1
/f det— qe(e ))dz
/f det—‘dz)
:lﬂmmq@@

18
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looking at the relationship:

/ F(2)a(z)dz = / F(9(0))ae(e)de (78)

one may find that the Jacobian does not appear in the above equation. Therefore, as long
as one may establish relationship that:

€) = ’ det %{q(z)

then, we can use use the Eq.(77) for that. Note that without ¢(z) = | det 2<|q(e) being
established then equation Eq.(77) can not be true, as:

Eq(»)[f(2) /f
#/f det

— By [f(2)] # / F(9(€))ae(e)de

(e))dz 79

For example, remember in Normalizing Flow, knowing the relationsip between p(zy) =
’ det azk

p(zo) we can compute the expecation using samples from zo only:

EP(ZK)[h(ZK)] = / h(ZI\")p(ZK)dZK

ZK
= / h(f[( O:---0 fg o fl (z(]))p(zo)dzo (80)
z0
=Ep(zo) [M(fx 0+ 0 f2 0 f1(20))]
Another example is the well known Gaussian case, we let:
pe(e) = ——exp™"/? = N(e;0,1) 81
271' bl b
and letting:
9(0,€) = p+oe
_ ! _Zop
= e=g (z,0)= . (82)
de|_
dz|

substituting formula:

19



7.1.2 discrete case

apply to Gumbel-max case:

pr (K =

w=|
{z;} : arg max; ({zri+¢'i}):k

_ _exp(P)
Zi exp(¢:)

it’s actually simpler, as there is no Jacobian stuff

7.2 independent case

coming back to our focus of re-parameterization in Vg:

VoEq0)lf Vg/f (2;0)dz
—Vg/f det—qe( )dz
Oe
:/qu(e)n,f(,,) 5 dz

z/zqs(g_l(Z))Vu,/'(‘—) ‘de gz dz

#(2)

using generic change of variable in integral, and assuming:

o

let T(z) — g~ *(2), the RHS of Eq.(86):

det —

dz = d
o /eeT(z)¢(€) ‘

VoEqz;0)[f(2)] = Vo /f

:/qe(e)m,/'(w./))‘)de RHS of Eq.(87)

| S ——
#(€)
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gaz ({z})

(83)

(84)

(85)

(86)

87

(83)



it does not work if one was attempt to change g.(¢) — ¢(z; 0) back, i.e.,:

/q(z; Vo f(z)dz (89)

z

if you can do this, then Vg has to be put in front of g(z; 6) to look like Eq.(86). Other-
wise, conducting this “virtual” change of variable will make:

/ 0(2:0) Vo f(2)dz £ / Vo f(2)a(z:0)dz (90)

challenging conventional thinking, one usually think re-parameterization works by € ~
ge(€) first; however, one can replace this by:

z ~q(z;0) e=g '(2,0) o1

one way to think about this is that the @ effect by ¢(z; §) is “counteracted” by g~*(z, 8),
such as e independent of 6

7.3 “weakly” dependent case

now look at a situation where € and 6 are “weakly” dependent, this means both € and z are
dependant on 6:

qe(e;0) +— q(z;0) 92)

VoEq(z0)[f(2)] = Ve/f(Z)Q(Z;e)dZ

—— ——

v

= /Vg ( f(g(e.0)) q(e; 0) )de re-param € using Eq.(88), but placing everything after Vg

- / 4e(€:0)Vo 1 (g(c, 0))de + / £ (9(e.0)) Voq.(c; 0)de

:/qe(e;6)ng(g(e,0))de+/f(g(e, 0))qe(€;0)Valog ge(e; 0)de Reinforce trick

greP geor

93)
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7.3.1 look at g":

5 = [ ale.0)%af (g(e.0))de

-/
:/ep
:/ﬁ( 6)V. f(2)h(c.0)

— / q(2,0)V.f(2)Vog(g ' (2,0),0)dz  re-parameterization to z via Eq.(87)

z

det%’q(z;e)vef(g(ﬁve))de using Eq.(74)

det % ’q(z; OV.f(z) |z:g(679)V9g(e, 0)de using chain rule

0z
Oe de

= E,(ei0) V=S (2)Vog (97 (2.6),9)]
94)

7.3.2 look at g*":

let u(e, 0) = Vo log

95)

0z
Oe

g = /qe(e; 0)f(g(e,0)) Vo log gc(e; 0)de

€

-/

- /eq(z;e)f( 2) (Volog

————

det a’ q(z; O)f(z) Vo log (I det e ‘q(z, 9)>de using Eq.(74)  (96)

0z

—|d
de |

det

det g ’ + Vologq(g(e, 9);9))

looking at Vg log q(g(e, 0); 9) , there are two path of derivatives for computing V:

Vologq(g(e,0); 60 ) =V.logq(z;0)Veg(e; )+ Vologq(z;0)
—_—
Y 2

N

1 2

) Volog

( det —' + V. log q(2;0)Vag(e; 0) + Vo logq(z; 0))dz re-parameterize to z
(u €,0)+ V. logq(z G)Vgg(e 0) + Vo logq(z 0))

e

=Ey0) [f(z) (u(g_ (2,0),0) + V. logq(z; H)Vgg(g_l(z, 6), 9) + Vo logq(z; 9))]
(98)

u(g 71 (2,0),0)+ V. 10gq(z;9)V9g(gfl(z,9),9) + Vo logq(z;H))dz replace all € — 971(6,9)
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7.3.3 to compute weakly-dependent re-parameterization

to summarize:

VOEQ(Z;B) [f(z)] = grcp + gcorr
= Ey(ei0) V=S (2)V09(97(2,0),0)|
+Eqz0) [f(z) (u(g_l(z, 0),0) + V.logq(z;0)Vog(g ' (2,60),0) + Vo logq(z; 9))]
99)

therefore, it seems that to re-parameterize any distribution g(z;6), one needs to first
compute:

1. Vog(e,0) = Vog(9~"(2,0),0)

2. u(e,0) = Vglog | det 3—?

7.4 Example: Dirichlet Distribution

looking at definition of Dirichlet distribution:
q(z; o) = Dir(a) with e = [a1,. .., o], and g = >, o

(100)
and

P(a1) — P(ao)
1 = Eq(uion llog(2)] = : (101)
P(ak) — (o)

looking at individual element of co-variance matrix X; ;

R i
¥,,; = Cov(log(z:),log(z;)) = ZZJ(Ct )~ ¥(ex) ne J (102)
-1’ (o) otherwise
the whole 3:
W' (ar) 0 1 .01
> = : : (o) |1 (103)
0 0 (o) 1 ... 1
by construction, 3 is positive definite, hence:
T=VDV'
(104)

— 22 =VDIV'
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let’s look at:

B 0z B dexp (EéeJr/L)

J=2% _
Je Oe
2 231 e+ m
) : Jexp :
) o (105)
B 2k 32+ puk
o Oe - Oe
T
= Ji; = E}/JQ exp (Z%i,; €+ ,ui)
= E,},?Zi
it is then obvious that the Jacobian J looks like:
Ei/le Ei/,le Ei/le 21/321 zr ... 0
J= : = : g = = : :
co-variance matrix is symmetric
(106)
substitute .J in:
Z1 R 0
Idet@ :‘detJ‘: det | 22 :
Oe .
0 ... =z (107)
k
1
= det (25) H Zi drop absolute operator as all positive
i=1
from definition of Dirichlet distribution:
K
Dir(z; @) = 7};(0‘0) l_sz‘F1
[Tz T(ew) 33
(108)
k k
= log (Dir(z; a)) = log (T'(x0)) — Zlog I(o) + Z(ai —1)log(z:)
i =1
derivative of log ¢(z; ) is:
8 a; — 1
5, losa(z ) = ——
0 OlogI'(aw) | OlogT'(as) | Oaylog(z:)
1 ;) =
day 8 a(z ) da; + da; + da; (109)

= (@) 522 + () + log(z:)

= (o) + P (ci) + log(z:)
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7.4.1 Finding Vg (e, 0) and u(e, 0) = Ve log | det 2= | for Dirichlet
and be reminded again that:
z = g(€,a) = exp (2% (o) € + p(a)) (110)

for Vg (e, 0), looking at individual Jacobian matrix: 2%

[Nl

Oz _ exXp (2 i, €+ ,Ui) 3(2%1-,;6 + ,ui)

o A(S2ie+ ) dov;

804]'

(% (a)e + puile)
3a]-

052, .(a) , Ouile)

- Zi(E’a) 804]' € aOéj

TSR

=2z
(111)

= zi(€, @) add

fill the whole Jocobian: iz:

[ 0z1 9z
daq day,
Vog(e,0) = :
Oz Oz
L Oy day

052, (o) + ()

1
daq ) 82211:(0‘)6"‘ Buta ()

Zl(€7a day day

1
922, () (=)
o€+ g5 oo zi(e

L
o) 22nale) ()

_Zk(67a) day
(112)

to find u(e, ) = Vy log } det %

, since we know

0z .
‘detae‘—det(ﬁﬂgzi

0z PR 1
= Valog|det a| = Valog (det (22)gexp (Zzi,;e-l-ui)) (113)
1 k 1
:Va[logdet(fﬁ)+ZZ§L;€+M}

i=1

note that V4 log ’ det g—ﬂ is a vector, not a matrix:

1 1
dlogdet(X2) + 82?:1 22 (), etp;(a)
Jap day

Va log | det %‘ = : (114)

1 1
dlogdet(X2) + Ok | 32 ()i, etpi(e)
day day,
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is:

so the only thing remain is to compute in Vg (e, 6) and V4 log ‘ det 22

¥(a1) — ¢(a)
1. %: since p = : , therefore:

Wlow) — (o)

o oven) 1 [ 0v(e)d 1
— oo ~ Beag D —¢' (o)
8/“ i :8 [ i 8: agp) 8 ’
o, = | el = Tt = et - Thar g | = V(@) — v (aw)
9v(exo) D) O o
L - Baio h L - Baoo 8%-4(: h w (O’,())
(115)

1 1
922 'this is hard, and from the original paper stating, 85,2 is the solution of Lya-

2. =
puﬁov equation:
9% 9% 1 1933
= ¥z 432 (116)
Oa; o + Ja;
where, by change 3 — % in Eq.(103):
(1) ... 0 1 1
mol S N CTON B (117)
da; : - : 0 -
0 0 "(ax) 1 ... 1
9log det(£2)
3. Qlogdet(z7),
this is easy and follow matrix cookbook, one may obtain:
1 1
Ologdet(X2) 10%2 (118)
7@0@ = trace (E 2 Bas )
7.5 Apply to Variational equation
ﬁ(e) = IEq(z|9) [Ing(xa Z) - 1Og Q(z; 9)}
- ]Eq(z|6) [Ing(x7 Z) ] _Eq(z;e) [IOg q(Z; 9)]
N——
(119)

f(=) H[q(=:0)]

=Eq¢10) [f(2)] + H[a(20)]
VoL(0) = VoEqz0) [ f(2)] + VeH [q(z;0)]
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VoL(0) = Voly(-10) [/ ()] + VoH [a(2]6)]
=g+ g™ + VoH|[q(0)]
= Eyei0) [V-£(2)h(g 7 (2,0),6)] (120)
+Eqapo) [£(2) (ulg ™ (2,0),0) + V. loga(210)h(9 " (2,6),0) )
+ VoH [q(2]6)]
special case 1 : if distribution ¢(¢, #) does not depend on the variational parameters 0,

then:

Vologge(e,0) =0

(121
= VoL(0) = /qe(e, G)ng(g(e, 0))de + VgH[q(z|9)}
special case 2 : if g(e,6) = e
g(e,0) =€ = Vygg(e,0) = Voye =0 (122)

= u(e,0) = Vg log ’ det Veg(e, 9)’ = Vs log ’ det Vge‘ =0

= VoL(0) =g"" + ¢°" + Hlq(2]0)]
= Eq(210) [sz(z) Vyg(g_l(z,ﬁ), 9) }
=0
+ By [ £(2) (g™ (2,0),0) +V - log a(=:6) V(g™ (2.6),0) +Vs log a(:0) ) |
=0 -0
+ VoH[q(z|9)]

= Eqz10) [/ (2)Vologq(2;0)] + Vo H [g(2]6)]
(123)
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