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a motivating example: Generative Adversarial Training

> Generative Adversarial Training

Algorithm 1 GAN with both Gy and D,

Require: data: xy,...,xp ~ p(x)
while some termination condition is not satisfied do
sample mini-batch of inputs {xq, ..., Xm}
sample noise {z1,...,2zn}

update discriminator parameter ¢:

¢ = arg¢min - {; ; log Dy (x) — % ; log(1 — Dd,(G(;(z)))}

update generator parameter 6:

) . D{)(Ge(z))

end while
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consider

» if Gy (z) generates contiguous samples, e.g., image pixels, everything is fine:
» when Gy (z) generates discrete samples: in the case of LSTM:

Ki  ~ softmax(p1(z, 0), . . ., ui(z, 0))
Go(2) v; = one-hot(K;)
Dy (v)
> can not take derivative: g—z

» can not back-propagate gradients through random nodes in a computation graph
>

» so the solution is use re-parameterization
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Gumbel-max trick and Softmax (1)

> pdf of Gumbel with unit scale and location parameter 4.

gumbel(Z = z; p) = exp [ —(z—p) —ep{—(z— u)}}

> CDF of Gumbel:

Gumbel(Z < z; p) = exp [ — exp{—(z — [J.)}:I

> given a set of Gumbel random variables {Z; }, each having own location parameters { 1.; }, probability of all other Zi;!k are less
than a particular value of z:

P (max{Zi#k} = Zk) =Ile» [ —exp{—(z — H,‘)}}
itk
> obviously, Z ~ gumbel(Zy = zj; py):
Pr(kis largest | {4s;}) = /EXP {=(2 — pg) — ep{—(zc — )3} [T exp {—exp{—(zx — pj)}} dz
i#k
[0 | =2+ ik — owt—a — wo¥] o0 [ = T ootk — up] aze
ik
/exp [ =z + ng — ep{— (2 — n)} — > ep{—(z — i"i)}} dzje
ik
/exp [ -z + pg — Zexp{—(zk — [J.(‘)}:| dzy
i

exp | — zj + pg — Zexp{—zk + u,')}} dzy
i

= /lexp [ — 2z + pg —exp{—2zc} ;exp{“i)}] dzy
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Gumbel-max trick and Softmax (2)

P keep on going:

Pr(kis largest | {u;}) = /exp [ — Z) + py — exp{—zk}z exp{u,/‘)}} dzy
i

= exptk /exp [ — 2z — exp{fzk}C] dz

—-C —
— [exp< (= 24)) oo }
c Zp=—o00
1 Hik
- [, - 0] ok
c Siexp{ni)}

LTy xT 6 in classification
L= ul-TvC for word vectors

P moral of the story is, if one is to sample the largest element from softmax:

K~ { exp(pq) exp(py) }
Siew(u) "X exp(rs))
= ie?qg:n‘;f”{@ s GLY where G; ~ gumbel(z; p;) = exp [ —(z = pj) —exp{—(z2 — [J.")}:|
= agmax {pq+G,...,u +G} where G id gumbel(z; 0) = exp [ —(2) — exp{—(z)}}
ie{1,...,L}

//richardxu.com arameterization and Gumb


http://richardxu.com

sample a Gumbel

> 50 we know that:

K~ { exp(piq) exp(pp) }
Siep(u;) S ep(ug)
= k= agmax {py+G,...,pu +G} where G iriggumbel(z; 0) zexp[—(z)—exp{—(z)}
ie{1,...,L}

P how are we going to sample Gumbel distribution?
> CDF of a Gumbel:

"= e exp— (X—R)/B

— log(u) = — exp~ X—H)/P
=> log(—log(u)) = —(x — p)/B
= —Blog(—log(u)) = x — p

— x=CDF '(U) = pu — B log(— log())

P for standard Gumbel, i.e., p = 0, 8 = 1:

x = CDF~ ' (u) = — log(— log(u))
P therefore, sampling strategy:
U~ u(0,1)
G = — log(— log(U))
K= agmax {uq1+G,...,u +G}
ie{t,....K}

v = one-hot(K)

> let’s hold that thought for now: take a look at re-parameterization trick
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Score Function Estimator

> we love have integral of the form:
[ f@p2)z = B polf2
z
as we can approximate the expectation with:
N P R
ST #2D) 20 ~ p(2)
=1

> we do not love [, f(2)vgp(z|6)dz,

> in general, V4p(z|6) is not a probability, e.g., look at derivative of a Gaussian distribution:

8 [ exp—(z—n)/o* 2(z — p) exp—(F—n1/o?
o V2ro o2 Vero
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Score Function Estimator

> however, in machine learning, we have to deal with:

Vo [//(z)p(z|9)d2] = /vg [f(z)p(zw)] dz = /f(Z) Vop(2|60)]dz

z

» e.g., in Reinforcement Learning: letN = {sy, ay,...,Sr,ar}

;
Po(M) = po (81, ai, ... s7,ar) = p(s1) [ [ mo(als)p(selse, a)
=1

.
= 0" = arggmax {]El'lwpg(”) [Z R(st, at)} }

> we use REINFORCE trick, with the follow property:

0
P(210)(2)7 ol p(210)] = p(zl)f(2) “PED) _ f(z)9, [p(zw)]
p(z10)

P looking at the original integral:

[ 1@, [mzwﬂdz: [ pzio@ 9ot pizioaz

= Eepele) [f(z)w[log P(Z\H)]]

» suffers from high variance and is slow to converge
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meterization trick

> weletz = g(x):

By [900)] = E, o) [2]

E,p(x) (90X, )] = E,p, ()2l paramterize the distribution with 6
Eymp() [F(9(X, O] = E, g () [(2)] introduce function f(.)
[ et oppeasx = [ H2pa(aoz
XEQ, z€Q,

> only need to know deterministic function z = g(x, 6) and distribution p(x)
> does not need to explicitly know distribution of z

> e.g., Gaussian variable: z ~ N'(z; 4(0), o2(0)) can be rewritten as a function of a standard
Gaussian variable:

= pu(6) + xo2(0) can be re-parameterised into X~ N(0,1)
N——r N———
9(x,0) p(x)
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revision on change of variable

> lety=T(x) = x=T""(y):

Fy(y) =Pr(T(X) < y) = Pr(X < T7'(y) = Fx (T () = Fx(x)

_dFy(y)  dFx(x)  dFx(x) dl dx

=f(x) —
dy dy dx dy X(

fr(y) dy

» without change of limits

fy(y)|dy| = £ (x) |dx]|

» with change of limits

fy(y)dy = £ (x)dx

A/Prof Richard Yi Da Xu http: //richardxu.com Re-parameterization and Gumbel-max Trick


http://richardxu.com

re-parameterization trick (2)

» main motivation p(x) is not parameterized by 6:

By [F(9(X, 6))] = / (g(x, 6))p(x)dx

%]
= %]Exr\ap(x)[f g(x, 0))] /f (x, 0))pl

- / | 2 Hatx. 0))] P(x)dx

1M s 0
2 551000, 0)  x~ plx)

i=1

]
= — Vof x(’), ] use shorthand notation: vy[-] = —[-
N 2 ofax?, 0y ol1= 511

> imagine: p(x) is also paramterized by ¢

Eyp(x|0)[f(9(x; 0))] :/f(g(X, 0))p(x|0)dx

a
= B piel o) (9%, 0) / (g(x, 6))p(x|6)dx

/ Vo [f(g(x, 0))p(x|0)] dx
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re-parameterization trick: example (1)

> let u(0) = ad + b, and 0'2(6) = 1, and we would like to compute:
9*:argmax[/ 22 N(a9+b, 1 )]
0 Z~~ —— =~
1(2) u(®) o2(0))

P in words, it says: find mean of Gaussian, so the “expected square of samples” from this Gaussian are minimized; it's obvious that
you want y to close to zero

> which implies 6 = — 2
_(e=p)?
> to solve it by gradient decend in a traditional way, we need to let £ g (z) = log 1 exp 202
oV2mr
2] ou(0)
VoLg(2) = VpuLpu(z) = — (Lo(x) X Y
I3

(z — () x a=a(z— abd — b)

> to substitute it into derivative:

vyl

V0Eznpg ()] =By nr (2:00-+06,1)

=By N (2i2045,1) [2a(x — a0 — b)]
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ameterization trick: example (2)

>z~ N(z;pu(6), 02(9)) can be re-parameterised into:

> if we need to compute: f(z) = 22

X ~ N(0,1)

7= g(x, 0) = p(6) + xo2(6)

P the re-parameterised version is:

vGIE)""P(X)[f(g()(’ N = ]EXNN(X;OJ) [Vo (ZZ)]
= By n (x0,1) (70 (1(0) + x02(9))?]
= Ex~j\/’(x;0,1) [vg(ab + b+ X)Z]

= Exw./\/’(x;(],1) [2a(ab + b + x)]

> both of them must achieve the same result!
> knowing p(X) and g(x, 6) is sufficient, we do not need to know explicitly p(Z)
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another example of re-parameterisation: variational auto-encoder

»> encoder x — z
> decoder z — x’, such you want x and x’ to be as close as possible
» autoencoders generate things “as it is”

would be better, if we could feed z to decoder that were not encoded from the images in actual dataset
> then, we can create new, reasonable images

> anidea: when feed database of images {x} to encoder, the corresponding {z} are “forced into” to

form a distribution, so that a new sample z’ randomly drawn from this distribution creates a
reasonable image
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variational auto-encoder

> loss at a particular data point x;:

(6, ¢) = —E,q, (z]x) [log Py (xil2)] +KL(Qq(2]x)]1p(2))
— — —

regularizer

reconstruction error

> wewantE, g, (z|x) [log Py (x;2)] to be high, it needs for:

> Q(zlx) + = Pg(x12) Tand Qp(z]x) L = Py(x|2) 4

> therefore, the optimal solution may be for Qy(z|x;) and Py (x;|2) to be just a single delta function in a
X — z plane

» and all rest of {x, z} are delta functions lies on a monotonic curve on the x — z plane

> regularizer KL(Qy (z|x;)||P(2)) ensure Qy(z|x;) doesn’t behalf the above, i.e., Qy(z|X;) are
distributed as close to Gaussian distribution as possible

> Pg4(x;|2) is just supervised learning: pixel value x; is its label/value
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objective function illustration

> loss at loss function again:

n(wy,1)

(6, ¢) = =B,y (z]x) [log Py (xil2)] + KL(Qq(2]X)|1p(2))
N— —_——

reconstruction error regularizer

» without reconstruction loss, same numbers
may not be close together, i.e., they spread
across the entire multivariate normal N N
distribution (so Py (Qg(x)) doesn’t look like x Wpoo oWy owy Wy 11 v

» without regularizer, same digits will stick
together, but they don't form overall multivariate
Gaussian distribution (so you can’t sample)
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real example on variational auto-encoder

> a bit of mathematics:

P(X|2)P
KL(QEX)IIP(21X)) = Ez-oq [1o8 Q(zIX) ~ g %]

=Ez~a(x) [Iog Q(z|X) — (log P(X|2) + log P(2) — log P(X))}
=Ez o(x) [Iog Q(z|X) — log P(X|z) — log P(2) + log P(X)]
= Ez_o(z1) [ log Q(z|X) — log P(X|2) — log P(2)] + log P(X)
KL(Q(zIX)IIP(2]X)) — log P(X) = Ez._.a(z ) [ log Q(2IX) — log P(X|2) — log P(2)]
log P(X) — KL(Q(Z\X)||P(Z|X)) = ]EZNO(Z\X) [Iog P(X|z) — log Q(Z|X) + log P(Z)}
=Ezwq(zx) [ log P(X12)] — Ezq(z|x) [ log Q(z|X) — log P(2)]
=Ez q(|x [ log P(X|2)] — KL( (z|X)11P(2))

» it shows that:

min (1(6, 8) = ~E..goz]) g P (X 2)] + KL(G0 (21%)]1P(2)))
= minimize KL(Q(z|X)|/P(z|X))
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KL between two Gaussian distributions

> compute KL(A k1, T1) [N (k2, T2))

1 P 1 1
KL:/ [—l el LT I ) + E(X—uzft;‘(x—uz)} x p(x)dx

2 % 2

= Lig 22l 7" {810 px = o) 12*‘}+ B — 1) 5y X — )]
P = 1 1 p2) X, M2
1 |52 1 —q —1

=3 log E - E'T(/u) + *(uw — p2) 5y Nt — p2) + EU’{ZQ %}
1] %l _ B

- [Iog gty Y+ (e — ) Ty (2 — m)]
2 =]

P substitute up, = 1 for each dimension, £, = | is a £, is a diagonal matrix:

KLING2 (), ZOOINO, D] = = ((EX) + 10T w(X) = k = log det(E(X))

<Zz *Z“ (X) — 217@;1_[:()())
k k

(Zz *Z“ X) - 2172\%2()())
k k k

=3 zk: (): —1 - |og):(X))

N = N =

N =

A/Prof Richard Yi Da Xu http: //richardxu.com Re-parameterization and Gumbel-max Trick


http://richardxu.com

there is a simpler way to compute KL

» encoder net Q(Z|x) takes input X and output two things: 1 and &
>

/Prof Richard Yi Da Xu http://richardxu.com Re-parameterization and Gumbel-max Trick


http://richardxu.com

where does neural network come in to play?

> to do Bayesian properly, we need:

P(z|x;) o< Pg(xilz) P(2)
N——

Encoder network A/(0,/)

> this is certainly not Gaussian! therefore, we need to use variational approach, and to define
Qo (21X) = N (u(x;, 6), =(X;, 6))

> we can choose any distribution, but having Normal distribution making KL computation a lot easier in
objective function

» how do we obtain the parameter value of this Gaussian?

> of course a linear, or a kernel won't do its trick, we need a Neural Network for both (x;, 0), Z(x;, 6)
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apply re-parameterization trick to softmax

> when we have the following

L L
Exsoftmax(ye,(8), .. 0 (6 = > f(v(k) Pr(k|6) = D f(v(k))(softmax(u1(6), - - . , 10(0))),
k=1 k=1
> can we find their corresponding:
=9(9,0) g ~ p(9)
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Back to Gumbel-max trick

» Gumbel-max trick also means:

U~ u(,1) G = — log(— log(U))

p(G)
k = IEa{rﬁTii(}{m(G) +G,...,ux(0) + G} v = one-hot(k)
9(G,6)
> this is a form of re-paramterization:
instead of sample v ~ softmax(u1(6), . . ., uk(0)), we sample G instead

» the only remaining problem: sample v also has an arg max operation, it's a discrete distribution!
> one can relax the softmax distribution, for example softmax map
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Back to the Gumbel-max trick

» softmax map

exp(pk /)

fr (X = —PHRT)
ON = S el /)

pk = k()
> the new density:

K —7—1

. exp(ek) X K—1
Pu,+(X) = (n— 17" <77 X EA

g Z:(=1 exp(ki)X; T

» check to see when = = 1:
e pr0— (-] (M)
’ k=1 Zf(:1 exp(p;)

> then we can apply the same softmax map with added Gumbel variables:

(X7 = Fr(u + Gl = (

exp(uk + Gi)/7)
YK exp(ui +G)/T) ),
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