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Start with two classification type regression:

> Logistic Regression
> Softmax(Multinomial) regression
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the BIG idea for logistic regression

Assume there is two classes that the classifier is capable to classify:
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sically, we want to build a classifier f(x, 6), such that:

f(x4, 6) should be as close to 1 as possible, e.g.,
f(x2, 6) should be as close to 0 as possible, e.g.,
6)

f(x3, 6) should be as close to 1 as possible, e.g.,

f(x4, 6) should be as close to 0 as possible, e.g.,
f(xs, 0) should be as close to 1 as possible, e.g.,

Let's see the mechanism to achieve this.

f(x,0) = 0.99
f(x2, 6) = 0.005
f(x3, 6) = 0.92
f(xs, 8) = 0.1

f(xs, 0) = 0.93
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Standard Sigmoid function o

> first we need some squashing (activation) function to map values between
(0...1).
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Properties of sigmoid function

1 _ltep(=f) -1 exp(=l) o(=t)

1—0o(t)=1- = = =
1+ exp(—1) 1 4 exp(—t) 1+ exp(—1)

s d(mmrn)  ee-n ( 1 ) ( exp(—1) )
dt dt T (1 +exp(—1)? 1+ exp(—t) 1+ exp(—t)
=o(t)(1 — o(t) it's always positive

2
Question what is the largest value of %? can you do so withuot compute d;’% =07?

dt dt T (T+exp()?

do(-t  9(mamm) | —ewlt) 7_( 1 )( exp(n)
1

N T+ew(t) ) \1T+ep(l)

o(—t)or1—o(t) o(t)
= —o(t)(1 — o(t)) it's always negative
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hing (activation) tanh function:

> obviously it's inappropriate for logistic regression, as tanh maps values (—1
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tanh derivatives

dx g2 ax ax cosh?

ait/g) g’ — fg’ _ dtanh(x) 9 (sinh(x) | cosh - sinh” — sinh - cosh’
B cosh(x) B

1 1
UL X -x\ _ [ X _ X)) =5
using: sinh’” = > (exp + exp ) cosh cosh > (exp exp ) sinh
dtanh(x) cosh? — sinh? sinh \ 2 2
= =1- (—) =1 —tanh
ox cosh? cosh
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Logistic Regression

> Finding a single Bernoulli probability: Pr(y; = 1| X,TB) :

P

PO, 1%, 6,6)

0 L L I I I I L L

= 0 2
X when 6 =0.5and 6 =2

» Write {x;,1} — x; and {0, 60} — 6:

n 1 Yi 1 1=y
PYX ) =TT — " | iV
r(YIX. 6) g [1 n exp(fxl.TB):| [ 1 +exp(7XiT9):|

Maximization is performed on the log space:

n 1 1
c(6) = — log[p(Y|X, 0)] = — <Z ilog {7} +(1 = y)log {1 7})
i=1

1+ exp(ijTe)
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Think Bernoulli again

Both functions are the same at end-points {0, 1}:

fo(x) = (1 = p)'p*
fo(x) = (1 = P)(1 — X) + px
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the BIG idea for Softmax

Assume there is four classes that the classifier is capable to classify:
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if data x; has label y; = 1, then y; can be written as [1, 0, 0, O]T.
if data x, has label y, = 2, then y, can be written as [0, 1, 0, O]T.
if data x5 has label y; = 2, then y; can be written as [0, 1, 0, O]T.
if data x4 has label y, = 3, then y, can be written as [0, 0, 1, O]T.

if data xs has label y5 = 4, then y5 can be written as [0, 0, 0, 1]TA

asically, we want to build a classifer f(x, ), such that:

f(x1, 6) should be as close to [1, 0,0, 0] T as possible, e.g., f(x1, 6) = [0.99, 0.005, 0.005, 0] T
f(x2, 6) should be as close to [0, 1, 0, O]—r as possible, e.g., f(xz, ) = [0.005, 0.99, 0.005, 0]—r
f(xs, ) should be as close to [0, 1, 0, 0] T as possible, e.g., f(xs, 6) = [0.005, 0.99, 0.005, 0]
f(x4, 0) should be as close to [0, 0, 1, 0] T as possible, e.g., f(xs, ) = [0.005, 0.005, 0.99, 0] "
f(xs, 6) should be as close to [0, 0, 0, 1]T as possible, e.g., f(x5, 6) = [0.005, 0.005, 0, 0.99]—r

Let's see the mechanism to achieve this.
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Expand to multiple classes: Softmax

61 ={601,1,01,2,01,3} 62 ={021,022,023} O3={6031,032,033}
Softmax Layer

» Linear Layer

3
.
up =x 6y = E X161,
i

3
.
U =X 6, = szez,i

i=1

3
.
U3 =x" 05 = ngesy,-

i=1

i >
let a single data x = (X, Xz, X3) Softmax Layer

exp(x] 61)

o = Py = 1%, 8) =
S ep(U) D03, exp(x] 6)

exp(Ua exp(x] 6,)

w2 = Pry; = 2|%;, 0) = —; ==
ohq exp(U) o1 exp(X/ 6y)

exp(U3) exp(X] 03)

73 = Pr(y; = 3|X;, 8) = 3 == ! =
k1 xP(Uk) k=t &P(X/ Ok)

> w4t =11
P easily extend them to multiple K arbitary classes
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Relationship between 2-class Softmax and Logistic regression

exp(x” 61)
exp(XT81) + exp(x707)
1
1+ exp (XT(62 — 91))
1
1+ exp (XT(—9))

exp (XTB)
- exp (x70) +1

m = w(y; = 1|x;,0) =
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Softmax in our three class example

n
exp(Uy) exp(x’ 01)
TT1.Data Scientist = " e
Xhou XL, en(x76)
T
exp(Uz) exp(x” 03)
T2:Scholar = 5 - A
SEou %, en(x76))
T
exp(Us) exp(x” 03)
T'3CE0 =

Su X, epxT0)

attribute 1 attribute 2 attribute 3 [o]

Attendee 1 50 64 12 Data scientist
Attendee 2 23 23 15 Scholar
Attendee 3 50 80 3.2 Data scientist
Attendee N 5 ) 25 cEo
Attendee N+1 60 43 12 ?

let a single data X = (x;, X, X3)

So, substitute into the neural network, you hope to get a set of @, such that:

1
X" = (50,64, 1.2) = (T1.paascenist = 15 Taschoar = 05 Waceo = 0)
2
X® = (28,23, 15) => (71 paasciomist = 05 Tzscholar = 1, Taceo = 0)
3]
x® = (50, 80,3.2) = (71patascenist = 15 Tascroar = 05 Taceo = 0)
N
X" = (5,90, 25) == (71.paascenisr = 05 Taschoar = 05 Taceo = 1)

An unique perfect O suitable for all the data obviously do NOT exist. We need to find a @ which minimize the sum of cost.
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Minimize cost function example: Softmax

> Logistic regression:

N 1 Yi 4 11—y
p(Y|X, 6) = [ — [
,-1;[1 1+ exp(—x] 0) 1+ exp(—x] 0)

> Softmax:

eo(] 6)) ]Ik . o
—_— = we write y; as an indicator vector, e.g., [100], [101]

N K
p(Y|X, 8) =

I [z;; ep(x] 6))
exp(XITBk)

S exn(x] 6))

N K
cO)=-> > Yi k log [
=1 k=1~
p(x)

} note the cross entropy form: H(p, q) = — Z p(x) log(g(x))
X

log(q(x))

=
M=

K
log exp(x;rﬂk) — log Z exp(xl-TB/):|
=1

P What is cross entropy?
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Cost function: Cross Entropy

Minimize the cost function: Cross Entropy can be thought of “how much” deviates between the “true” density p(x)
and recovered density “q(x)”".

H(p, q) = Ep[— log q]
== p(x) log q(x)

= Z —p(x) log q(x) + p(x) log(p(x)) —p(x) log(p(x))

72 —p(x) log p(x) +Zp tog 2
N, o (X)

= H(p) + Dx1(pllq),

Question If minimising cross entropy loss is equivalent of maximising multinomial likelihood estimation, then
minimising square loss is equivalent of maximising what likelihood estimation?
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Softmax or multinomial regression objective function

K
k=

CO)==3_> ik [Iog (ex"(""T %) )]

K
i—1 k=1 Sty exp(x] )

How may we find:
arg minC(0)
0

We solve it using Gradient descend.
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Find the derivatives of Multinomial regression

N K xp(x @
cO) =33y« [log <M>]

K, exp(x] 0))

Let Z, = x] @y, we have,

K op(2)
ac(e) zN: 2 (* ket Yiok ['°g (z,ﬁ‘ exS(L))D

82, “— 82,
2’“: { exp(Zy) ] ;
= ——— — ik see next page
= LXK, ewn(Z)
exp(Z) ¥i
ac(e) XN: K, expl(Z)) i1 Z( exp(Z)
=4 = = —_—
oz = o0lZ) =\ XK, exn(Z)
i=1 5F, ex;( Z) Yik i=1 =1
If we were to differentiate with respect to 6:
ac(e) oac() oz M ep(x] 0) T
= - = X | — 7y
26 aZ 96 I K exp(x] 0))
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Derivative for Softmax r

exp?

= — C=— | R where =1
Pk >, o0 Zk: Yk log Pk zk: Yk

when k = i:

2k expk
o] 2} (Te/xsxpz, ) 9 (expZk + 22,4 exp? ) 9 exp%

0z 0z 9 exp(zx) 0z
We know the identity:
Bﬁ ax(x+c¢)”! (x+c¢)—x c

_ v Te -1 _ 72:7:7
ax ax =(x+o X(x+0) (x +c)? (x +c)?

Therefore,

9 expk
Opx exp + 32, 4 exp? 9 exp Z/;:’k exp”!
1% =
02z 9 exp(Zk) 0z (27;1 e><pzl)2
X e exp?

T (T een) (S o)

X exp

=pPc(1 = Pe)
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Derivative for Softmax r

when k # i, We know the identity:

6 ex] 2k
Opk expii + 37, exp 9 exp?
X

oz; 9 exp(Z;) oz;
exp® 2
ey — X exp
(Zis exp®)
Z; 2
exp’ exp’
== X = —PiPx

(Ciewm) (X exp?
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Derivative for Softmax regression

Pk _ {Pi(1 -p), =k
8z —PiPx s i#k

ocC B Z O log Pk
oz, 4 T 9z

1
= 7zyk78p;.<

K Pk 02

= —y(1-p) Zyk— )
ki Pk

=—y(1=p)+>_y(p)
i

= —Yi+ Y+ yilp)
ki

=pi <ZYk> ~Yi
k
=Ppi

—Yi
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Gradient Descend for multinomial regression

N K T K m
Xpi1 = Xp — anVF(X,), >0 exp(X; 6) A 2
eO) = =3 3 iwlos | T~ |+ 2 >3 6
f bl
=1 k=1 1y ew(x]6)) 245 5=
N T T
exp(X; 6
"' = 0" — a, Zx,[#—y,} +x6" ], n>0
= 01y exp(X[6))

What's this % Sioi X[y 6% ; business? It's the regulariser we added.
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Linear Regression

y=XB+e
where
Y1 xi X1 o Xip B €1
Y2 X, Xor e Xpp B €2
y= X = = B = e =
Yn XI Xm o Xpp Bp €n

You have seen it so many times! There is an analytical solution to it:

B=XX""Xy = (Z x,-x,T) - (Z x/yf) .
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Linear Regression

y=XB+e
where
Y1 xi X1 o Xip B €1
Y2 X, Xor e Xpp B €2
y= X = = B = e =
Yn XI Xm o Xpp Bp €n

You have seen it so many times! There is an analytical solution to it:

B=XX""Xy = (Z x,-x,T) - (Z x/yf) .
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T

—A—\ 2
Silvi—¥
Fi=t- zg(y,—y)z

> the better linear regression fits the data relative to a simple average, the closer the
value of R? is to 1.

» |f the chosen model fits worse than a horizontal line, then R? is negative
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Polynomial Regression

For each of the data pairs (x;, y;):

2
Vi = a+aixi+ax: + -+ apx” +¢;

The model can be written as a system of linear equations:

2 m.
Vi 1 X XE )(1,77 a 1
Yo X2 x% R a &2
m
sl |1 x3 X3 ... X§ a n €3
= )
Yn 1 xp x2 ... x¢lltém €n

or,

Ordinary least squares estimation is:
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Mixed effect model

Imagine we have the following setting:

A particular company “develops and markets products for the early detection of target
organ damage and management of cardiovascular and renal disease.”. In five years
time, this company will have 10000 employees worldwide, HR needs a good model to
reward its employees:

»> has N = 10000 number of employees.

> has q = 45 working departments throughout the world.

» each department has Ny number of employees, i.e, N = Z]‘.” n;

» The HR has collected p = 6 attributes from each employees, including:

utilisation hours

yrs of experience

salary

last year’s rating

number of awards received
market value

VVYVYVYYY

v

each y; is the amount of “shared” profit each employee should receive.
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Mixed effect model

» In the matrix form:

y=XB+2Zy+e

»  write down the dimensionality:

NX1 NX1 NX1 NX1
—_—— —_———
~~
y = X B+ Z Yoo+ e
Al A
NXp  px1 NXq gx1
P substitute numbers into:
10000x1 10000x1 10000x1 10000x1
P —— —_——— N
y = X B+ z N+ B
M~ ~~ ~~
10000x6 6X 1 10000x45 45X 1

utilisation hours  yrs of experience  salary last year’s rating number of clients ~ market value

1 64.97 0 1 6087 4.87
X= 1 53.92 0 0 6700 4.68

1 56.07 o’ RN 6430 4.73

Pz, is a one-hot vector, indicating which Department the employee belong to.
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