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What is contained in here

I You should read my notes on Neural Networks Basics and Convolution Neural
Networks first, then in this notes we have:

I Recurrent Neural Neworks
I Generative Adversarial Networks
I Restrictive Botzmann Machine
I Other fun stuff
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Game theory

I maximin value of a player is the highest value that a player can be sure to get without
knowing actions of the other players

I equivalently, it is lowest value the other players can force the player to receive when they know
the player’s action.

vi = max
ai

min
a−i

vi (ai , a−i )

I Calculating maximin value of a player is done in a worst-case approach: for each possible
action of the player, we check all possible actions of the other players and determine the worst
possible combination of actions, the one that gives player i smallest value.
then, we determine which action player i can take in order to make sure that this smallest
value is the highest possible
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Generative Adversarial Training

I cost for discriminator

J(D)(θ(D)
, θ

(G)) = −
1
2
Ex∼Pdata log D(x)−

1
2
Ez log(1− D(G(z)))

I by training a discriminator, we are able to obtain an estimate of ratio at every x:

Pdata(x)
Pmodel(x)

I GANs make approximations based on supervised learning to estimate ratio of two densities

I This is what happen before training G properly:

(
when G(z) does NOT look like data

)
=⇒

(
D(G(z)) ↓

)
=⇒

(
log(1− D(G(z))) ↑

)
I So our aim for G is to:

(
make G(z) look like data

)
=⇒

(
D(G(z)) ↑

)
=⇒

(
log(1− D(G(z))) ↓

)
=⇒ min

G
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Adversarial Training

I a prior on input noise variables z ∼ pz(z),
I G is differentiable function with parameters θg it transforms z → x space.
I D(x ; θd ) outputs a single scalar. Represents the probability x came from data rather than pg .
I Simultaneously train both D and G:

I Train D to maximize the probability of assigning correct label to both training examples
and samples from G

I Train G to minimize log(1− D(G(z)))

min
G

max
D

V (D,G) = Ex∼pdata(x)
[log D(x)] + Ez∼pz (z)[log(1− D(G(z)))]

I This is what happen before training G properly:

(
when G(z) does NOT look like data

)
=⇒

(
D(G(z)) ↓

)
=⇒

(
log(1− D(G(z))) ↑

)
I So our aim for G is to:

(
make G(z) look like data

)
=⇒

(
D(G(z)) ↑

)
=⇒

(
log(1− D(G(z))) ↓

)
=⇒ min

G
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Adversarial Training algorithm

min
G

max
D

V (D,G) = Ex∼pdata(x)
[log D(x)] + Ez∼pz (z)[log(1− D(G(z)))]

for number of training iterations do
for k steps do

Sample minibatch of m noise samples {z(1), . . . , z(m)} from noise prior pz(z);
Sample minibatch of m examples {x (1), . . . , x (m)} from pdata(x) ;
Update the discriminator by ascending its stochastic gradient:;

Oθd

1
m

m∑
i=1

[
log D

(
x (i)
)
+ log

(
1− D(G(z(i)))

)]
end
Sample minibatch of m noise samples {z(1), . . . , z(m)} from noise prior pz(z);
Update the generator by descending its stochastic gradient;

Oθg
1
m

m∑
i=1

log
(

1− D(G(z(i)))
)

end
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Minimizing Negative Log-Likelihood

I Think about the following MLE or Minimizing Negative Log-Likelihood:

pX(θ) =
N∏

i=1

1
Z (θ)

fxi (θ) =
1

Z (θ)n

N∏
i=1

fxi (θ) where Z (θ) =

∫
x

fθ(x)dx

log[pX(θ)] =
N∑

i=1

log(fxi (θ))− n log(Z (θ))

L(θ) = − log[pX(θ)] = log(Z (θ))−
1
N

N∑
i=1

log(fxi (θ))

I The problem is that we don’t have an analytic form of Z (θ).
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Contrast Divergence (1)

L(θ) = − log[pX(θ)] = log(Z (θ))−
1
N

N∑
i=1

log(fxi (θ))

=⇒
∂L(θ)
θ

=
∂ log(Z (θ))

∂θ
−

1
N

N∑
i=1

∂ log(fxi (θ))

∂θ

=
1

Z (θ)

∂Z (θ)

∂θ
−

1
N

N∑
i=1

∂ log(fxi (θ))

∂θ

=
1

Z (θ)

∂

∂θ

∫
x

fx (θ)dx −
1
N

N∑
i=1

∂ log(fxi (θ))

∂θ

=
1

Z (θ)

∫
x

∂fx (θ)
∂θ

dx −
1
N

N∑
i=1

∂ log(fxi (θ))

∂θ
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Contrast Divergence (2)

Here comes the trick:

fx (θ)
∂ log(fx (θ))

∂θ
= fx (θ)

1
fx (θ)

∂fx (θ)
∂θ

=
∂fx (θ)
∂θ

substitute into, one get:

∂L(θ)
θ
∝
∂ − log[pX(θ)]

θ
=

1
Z (θ)

∫
x

∂fx (θ)
∂θ

dx −
1
N

N∑
i=1

∂ log(fxi (θ))

∂θ

=
1

Z (θ)

∫
x

fx (θ)
∂ log(fx (θ))

∂θ
dx −

1
N

N∑
i=1

∂ log(fxi (θ))

∂θ

=

∫
x

∂ log(fx (θ))
∂θ

pθ(x)dx︸ ︷︷ ︸
population mean of

{
∂ log(fx (θ))

∂θ

}
−

1
N

N∑
i=1

∂ log(fxi (θ))

∂θ︸ ︷︷ ︸
sample mean of

{
∂ log(fxi (θ))

∂θ

}
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Simple CD example in estimating Gaussian mean µ

∂ log(fx (θ))

∂θ
=
∂
(
−τ

2 (x − µ)2
)

∂µ
= τ(x − µ)

=

∫
x

∂ log(fx (θ))

∂θ
px (θ)dx︸ ︷︷ ︸

population mean of
{
∂ log(fx (θ))

∂θ

}
−

1

N

N∑
i=1

∂ log(fxi (θ))

∂θ︸ ︷︷ ︸
sample mean of

{
∂ log(fxi (θ))

∂θ

}

=

∫
x
τ(x − µ)pθ(x)dx −

1

N

N∑
i=1

τ(xi − µ)

= −
1

N

N∑
i=1

τ(xi − µ)

= τµ−
1

N

N∑
i=1

τxi = τ

µ− 1

N

N∑
i=1

xi


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Restrictive Botzmann Machine

v1 v2 v3

h1 h2 h3 h4Hidden

Visible

Define: E(v, h) = −b>v− c>h− v>Wh

= −
∑

j

bj vj −
∑

i

ci hi −
∑

i

∑
j

vj Wij hi

p(v, h) = exp(−E(v, h)) = exp
(

b>v + c>h + v>Wh
)

I There are two separate offset parameters: b and c, associated with v and h respectively.
I Note that there is no interconnecting terms between elements of v and h. Otherwise, there will be a term

v>Wv v and h>Whh
I In this presentation, v and h are binary arrays.
I v and h can take other values, for example Softmax and Gaussian.
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RBM Marginal

p(v, h) = exp(−E(v, h)) = exp
(

b>v + c>h + v>Wh
)

= exp

∑
j

bj vj +
∑

i

ci hi +
∑

i

∑
j

vj Wij hi



p(v) =
1

Z

∑
h

p(v, h) =
1

Z

∑
h

exp
(

b>v + c>h + v>Wh
)

=
1

Z
exp(b>v)

∑
h

exp
(

c>h + v>Wh
)

=
1

Z
exp(b>v)

∑
h1

∑
h2

· · ·
∑
hN

exp

∑
i ci hi︸︷︷︸+∑i

∑
j vj Wij hi︸︷︷︸

=
1

Z
exp(b>v)

∑
h1

∑
h2

· · ·
∑
hN

exp

∑
i hi︸︷︷︸(ci+

∑
j vj Wij

)

=
1

Z
exp(b>v)

∑
h1

exp
h1
(

c1+
∑

j w1j vj
)∑

h2

exp
h2
(

ci+
∑

j w2j vj
)
· · ·
∑
hN

exp
hN
(

cN+
∑

j wNj vj
)

=
1

Z
exp
∑

j bj vj
N∏

i=1

∑
hi

exp
hi
(

ci+
∑

j wij vj
)

=
1

Z

∏
j

exp
bj vj

N∏
i=1

(
1 + exp

ci+
∑

j wij vj
)
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RBM conditional

p(v, h) = exp(−E(v, h)) = exp
(

b>v + c>h + v>Wh
)

= exp

∑
j

bj vj +
∑

i

ci hi +
∑

i

∑
j

vj Wij hi



p(Vl = 1|h) =
p(Vl = 1, h)

p(h)
=

p(Vl = 1, h)∑
vl

p(Vl = 1, h)

=
exp
(
1× bl +

∑
i 1× Wil hi

)∑
vl

exp
(
bl vl +

∑
i vl Wil hi

) reduce
∑

j

into a single term

=
exp
(
bl +

∑
i Wil hi

)
1︸︷︷︸

vl=0

+ exp

bl +
∑

i

Wil hi


︸ ︷︷ ︸

vl=1

= σ

(
bl +

∑
i

Wil hi

)

By symmetry,

p(Hi = 1|v) = σ

(
ci +

∑
j

vj Wij

)
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The derivative of general Markov Random Field Likelihood

I In here, we did NOT use the structure of RBM, i.e.,
p(v, h) = exp

(
b>v + c>h + v>Wh

)
= exp

(∑
j bj vj +

∑
i ci hi +

∑
i
∑

j vj Wij hi

)
:

Lv(θ) = log(p(v)) = log

∑
h

exp−E(v,h)

− log (Z )

= log

∑
h

exp−E(v,h)

− log

∑
h,v

exp−E(v,h)


=⇒

∂Lv(θ)

∂θ
=

1∑
h exp−E(v,h)

∑
h

∂ exp−E(v,h)

∂θ
−

1∑
h,v exp−E(v,h)

∑
h,v

∂ exp−E(v,h)

∂θ

= −
1∑

h exp−E(v,h)

∑
h

exp−E(v,h) ∂E(v, h)

∂θ
+

1∑
h,v exp−E(v,h)

∑
h,v

exp−E(v,h) ∂E(v, h)

∂θ

= −
∑

h

exp−E(v,h)∑
h exp−E(v,h)

∂E(v, h)

∂θ
+
∑
h,v

exp−E(v,h)∑
h,v exp−E(v,h)

∂E(v, h)

∂θ

= −
∑

h

p(h|v)
∂E(v, h)

∂θ
+
∑
h,v

p(v, h)
∂E(v, h)

∂θ

p(h|v) =
p(v, h)

p(v)
=

1
Z exp−E(v,h)

1
Z
∑

h exp−E(v,h)
=

exp−E(v,h)∑
h exp−E(v,h)

note that the two Z are equal
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The derivative of RBM Likelihood

p(v, h) = exp(−E(v, h)) = exp
(

b>v + c>h + v>Wh
)

= exp

∑
j

bj vj +
∑

i

ci hi +
∑

i

∑
j

vj Wij hi


E(v, h) = −b>v− c>h− v>Wh

∂Lv(θ)

∂θ
= −

∑
h

p(h|v)
∂E(v, h)

∂θ
+
∑
h,v

p(v, h)
∂E(v, h)

∂θ

=⇒
∂Lv(θ)

∂wij
= −

∑
h

p(h|v)
∂E(v, h)

∂wij
+
∑
h,v

p(v, h)
∂E(v, h)

∂wij

= +
∑

h

p(h|v)vj hi−
∑
h,v

p(v, h)vj hi note the sign change

=
∑

h

p(h|v)vj hi −
∑

v
p(v)

∑
h

p(h|v)vj hi

= p(Hi = 1|v)vj −
∑

v
p(v)p(Hi = 1|v)vj

Because:
∑

h

p(h|v)vj hi =
∑
h1

· · ·
∑
hN

N∏
k=1

p(hk |v)vj hi =
∑
hi

p(hi |v)vj hi ×
∑
hk 6=i

N∏
k 6=i

p(hk |v)

︸ ︷︷ ︸
=1

=
∑
hi

p(hi |v)vj hi = p(Hi = 1|v)vj = σ

(
ci +

∑
j

vj Wij

)
vj
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Average derivative of RBM Likelihood over data

∂Lv(θ)

∂wij
=
∑

h

p(h|v)vj hi −
∑
h,v

p(v, h)vj hi

= p(Hi = 1|v)vj −
∑

v
p(v)p(Hi = 1|v)vj

I when we are given a set of observed v:

1

N

∑
v∈S

∂Lv(θ)

∂wij
=

1

N

∑
v∈S

∑
h

p(h|v)vj hi −
∑
h,v

p(v, h)vj hi

=
1

N

∑
v∈S

(
Ep(h|v)[vj hi ]− Ep(h,v)[vj hi ]

)
= 〈vj hi 〉p(h|v)q(v) − 〈vj hi 〉p(h,v)

where q(v) is the sample distribution

I without going through the normal contrast divergence equation, we put RBM in the CD form above:

∂ − Lv(θ)

∂wij
∝ 〈vj hi 〉p(h,v) − 〈vj hi 〉p(h|v)q(v)

I Exercise how complex is 〈vj hi 〉p(h|v)q(v)? say h and v each have 100 nodes?

I Exercise how can we deal with such complexity?
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RBM LLE via Contrast Divergence

the answer is to use Gibbs sampling: In each step of Gradient Descend, one performs
the following:

I Let v(0) = v
I Obtain a new set of Monte-Carlo sampled v iteratively:

I sample h(t) ∼ p(hi |v(t)) sample v (t+1)
j ∼ p(vj |h(t))

I until we obtain v(k)

I Update parameters {Wi,j}, {bj} and {ci} as the gradients:

∂Lv(θ)

∂Wi,j
≈ p(Hi = 1|v(k))v (k)

j − p(Hi = 1|v(0))v (0)
j

∂Lv(θ)

∂bj
≈ v (k)

j − v (0)
j

∂Lv(θ))

∂ci
≈ p(Hi = 1|v(k))− p(Hi = 1|v(0))
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RBM Collaborative Filtering

I each user can rate one of the m available movies, with a score between {1 . . .K}
I therefore, each user has a V , observed binary indicator matrix sized K × m

I with vk
i = 1 if a user rated movie i as k and 0 otherwise.

I it’s a softmax function with
∑K

k=1 p(vk
i = 1|h) = 1:

p(vk
i = 1|h) =

exp
(

bk
i +

∑F
j=1 hj W k

ij

)
∑K

k=1 exp
(

bk
i +

∑F
j=1 hj W k

ij

) =
exp
(

bk
i + W k

i,:h
)

∑K
k=1 exp

(
bl

i + W k
i,:h
)

I each user has h ∈ {0, 1}F , a binary values of hidden variables
I thought of as representing stochastic binary features that have different values for different

users:

p(hj = 1|V) = σ

(
bj +

m∑
i=1

K∑
k=1

vk
i W k

ij

)
= σ

(
bj +

K∑
k=1

(W k
:,j )
>

vk
)
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Recommendation via RBM

I traditional RBM joint energy

E(v, h) = −
m∑
i

bi vi −
F∑
j

bj hj −
m∑
i

F∑
j

vi Wij hj

I Exercise in terms of recommendation engine, how is traditional RBM useful?
I In recommendation setting with a rating range, it has changed to:

E(v, h)−
m∑
i

K∑
k=1

bi v
k
i −

F∑
j

bj hj −
m∑
i

F∑
j

K∑
k=1

vi W
k
ij hj v

k
i

missing missingv1:K
2 v1:K

3 v1:K
5 v1:K

6

h1 h2 h3 h4 h5

Visible

Hidden
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