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Sampling Normalised Random Measure
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Sampling malised Random Measure
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This is because:
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Sampling malised Random Measure

It can be deduced that,
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Sampling Normalised Random Measure

Pr(N =, {6} €dc:c e}, U € dulu)
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Infinite Divisibility

= (Z Y,("’) ~p(y) Y; ~p(y)
=1

» As nincreases, increments becomes finer, p(")(x) also change
» But Y ~ p(x) remain unchanged.

For example:

n
Y = (Z Y/.(")> ~ Pois(1) Y™ ~ Pois(1/n)
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Sum of two random variables:

Sum of two (not necessarily independent) random variables: Z = X + Y

oo pz—y
Pz <2)=Prx+Y<2)= [ [ " pcylrydxy

d o pz—y
pz(2) = d72/ / Px,y(x, y)dxdy

[ (55 ] prrtryion) oy
= /_O:o (:—Z Pr(z—y,y)) dy

=/ px,y(z—y,y)dy

When X and Y are independent:

p2@)= [ pxz-pdy  PZ=2)= > PX=KP(Y=2-K)

k=oo

Richard Yi Da Xu Bayesian Non parametrics - Completely Random Measure (CRM)



Sum of two independent random variables:

N-Fold convolution S, = X; + X + - - - + Xp, n-fold convolution
fon) = (B % gy -k M, ) (%)

Py(Y) = (PP(YV) % PO (V) ...k (V) (¥)
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Moment Generation function:

Mty (t) = Epy y(x+y[exp(t(x + ¥))]
= Epy v (x+y) [EXP(1x) exp(ty)]
= Ep, (x) [€XP(EX)]Ep, (1) [exp(1y)]
= Mx(t)My(t)

If M(t) is differentiable at zero, then n'" moments about the origin are given by M("(0):

My (t) = ]pr(x)[exp(tx)] = My(0) = IEpX(X)[exp(Ox)] =1
My (t) = Ep, ()X exp(tx)] = My (0) = Ep (X exp(0x)] = Ep, () [X]
M)/(/(t) = ]pr(x)[xz exp(tx)] = M)/(I(O) = pr(x) [X2 exp(Ox)] = pr(x)[xz]

M) (1) = Epy (0 [x" exp(tx)] = ML (0) = Ep, () [x" exp(0X)] = Ep, () [x"]

1= M(0)
02 = Epy[(x — )] = Bpy %] — 2uBpy [x] + 122 = Epy %] — (Epy [x])?
= M{/(0) - (M}(0))?
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Cumulant Function or Characteristic Equation

Cumulant function C(.)of Y = Y; + Yo + - - - + Y; Yi... Y ~p(Yq)
Cy(0) =1In ((;by
[ [exp’eyl] where ¢, (0) is characteristic equation
\—,_/
Py (0)
—In (]EP R exp (,V1+...+yt)D

U(E [exp’”1 ) )

7tln ]Epy e)(p'ay1 )

=1In (]EP exp .. expmy’])

=tCy, (0)
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Levy-Khintchine representation

> Suppose Y is a Levy process with non-negative increments, the kumulant function can be written as:

oo
Cy, (0) = —ap +/ (exp“’y 71) v(dy)
0
_ e —oy
= ¢y(0) =exp ( —ad + A (exp —1) v(dy)
> where a > 0 and v is a measure on A" such that:
oo
/ min{1, y}r(dy) < oo think about the function of min{1, y}
0

» Kumulant function of all non-negative Levy processes can be written in this form.
> important Non-negative Levy processes are completely determined by a and the Levy measure v
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Compound Poisson Process

Let N; also be a random variable:

” .
y=>"% X; % Pr(x) N; ~ Pois(\)

Cy(6) =In (]EPr(N1 Y1) [expfey‘ D
_osM x
=1n (IEPr(N1) {]EPr(X1 e X)) [QXP Xt |N1} })
B e -0k X B
—n (Z {/)(1 B I OB Pr(xk)} Pr(Ny = k)>
oo K
(Z { [/)(1 exp” % Pr(x )} } Pr(Ny = k))
=1n (io: { [expCe(n)]k} Pr(N; = k))
=In (i expkCo(X1) pr(N, = k))

=1n (]EPr(N1) [N1 Cx, (9)})
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Compound Poisson Process (2)

Let Go(A) = A mj, % Pr(m)
Cy(6) = A (expc"(e) 71)
N <exp|n[f7,Emg exp™ 07 Pr() Pr(dr)] 71>

= /;GA Go(w)/;reR (ex0 ™77 Pr(x) — 1) Pr(dr)

* Loaa e (o077 Pr) =) e prs

v(dw,dw)

For normal Poisson Process:

Cy(0) = /L;;EA/NE]R (ex0 ™77 Pr(x) — 1) Go(w)on

v(dm,dw)
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Gamma Process

> G/\JFP(O&,G{))7 VAi,..., Ak € Q:

G(Aj) ~ Gamma(Gy(A;), o)

a—1 —bx

where Gamma(x; a, b) = exp

r(a)

> Let G = {(m;,w;)}2, be a realization in product space R* x Q:

G ~ GaP(a, Go)

= Z 7r;69,

where mi~mexpT " drr

S —
Gamma(0,c)

wi ~ Gy

» is a Completely Random Measure with Levy intensity:

v(dr,dw) = 7" exp™ " dr Gy (dw)
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Gamma Process: Derive its levy intensity (1)

b2 X2 exp ™ = G(A) ~ Gamma(Go(A), @)

Using defintion Gamma(x; a, b) = G
i0G(A
¢6(4)(9) = Egumma(G(A), Go(A), o ) [exp: ( >]
N N SN

™ a b

. oo . b2
exp’®™ Gamma(r; a, b) = / exp®™ mwaq exp 27 dr
=0 a

oo
w=0

b? i
° aa1 exp_ﬂ(b_le) dr

n=0 T'(a)
Lety = w(b—i6) = = = 5 Y —(b-if) = dr= (biyl.g)
b2 a—1 1
:7/()0( y') exp Y —dy
r(a) J==0o \b—i6 (b—i6)
b2 1
= /OQ ¥ exp oy
(b—i0)2 T(a) Jx=0
=1
B b2 _( b )a_(bfie)*a_(1 40)*3
T (b—iga \b—io) b B b
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Gamma process: Derive its levy intensity (2)

> daa)(0) = (1 - %'9) - looks nothing like Levy-Khintchine representation

> From Frullani integral: if f/(x) is continous and integral converges, f(0), f(co) are finite, then:

oo f(Mx) — f(Nx) .~ N
'/X:O S = [f(0) — feo)]in (H)
f(Mx) = aexp~ =% — M= (b—i6)

bx

f(Nx) =aexp” " = N=b

= f(x) = aexp” ~

[£(0) — f(o0)] In (%) = afep® —ep~>]in (bi‘e) — aln (bfw) —In [(1 - %9)7&]

o\ —4 oo aexp (=10 _gexpbT oo exp™ (01O _ exp—b7
(1 — 7) = exp dn | = exp a/ _ dm
b =0 L =0 I
= exp [a < (exp_'p’ —1) a TexpP7 dw]
=0

= exp [GO(A) /DO (exp”‘g’ —1) a Texp O dﬂ']

= exp / /O<7 (exp”er —1) 7 exp ™™ drrGy(dw)
weA N e

(dm,dw)
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» G is a Beta process, with base distribution Gy and concentration parameter «:
G ~ BP(aGp), if
G(Ax) ~ Beta(aGo(Ax), (1 — Go(Ak)))

» Given an infinitesimal partition (Aq, ..., Ax) with K — oo and Gy(Ak) — 0 the
samples correspond to the density function:

G= Z Ti0u;
where m; ~ Beta(0, @)
wi ~ Go
» Beta process is a Completely Random Measure with Levy measure on product
space [0, 1] x © with Levy measure:

v(drdf) = ar™'(1 — 7)*~'dr Gy (dw).
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Total measure: v (R™, Q)

» Compound Poisson Process:

v(dr, dw) = Go(w) Pr(dr) = v (R, Q) = Go(Q)

» Gamma Process:

v(dr,dw) = 77 exp T " drGy(dw) = vH(RY,Q) =

» Beta Process:

v(dr, dw) = ar (1 = 1) TdrGo(dw) = vT(RY,Q) =0
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Negative Binomial Process

> X is a Negative Binomial process, with base distribution Gy and parameter p:

X ~ NBP(Gy, p), if
X(Ag) ~ NB(Go(Ak), p)

n
Using identity — In(1 — p) = 3352, &

Cxa)(0) =In {]E [expeX(A}]} = Gp(A) [In(1 —p)—In(1 — pexpie)}

oo NN ion n o . n
= Go(A) [Z pee %} = Go(A) [Z(exp“’”q)%}
n=1

n=1 n

= Go(A) |:§:(expf9" _1)§: 6m(dn)%:|
n=1 m=1

oo . oo pm
= [ @0 1) Y om(dn) - Go()
wEA 1Ty m=1 m

v(dn,dw)
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Negative Binomial Process (2)

> Using identity — In(1 — p) = 322, 4

gk

. oo o™
Cx(a)(0) = /weA (exp" —1) 2:1 ém(dn)?Go(du)
o

n:

v(dn,dw)

> Total measure: v+ = (21, Q) = —In(1 — p)Gy(Q)
X
> Log(x;p) = ﬁ%

» adraw from the NBP consists of a finite number of distinct atoms almost surely

L
L ~ Pois(— In(1 — p)Gy(2)) X =" b,
D —— —1
vt "
Go(w)
ny ~ Log(n; ~
k ~ Log(n; p) “k ™ Go(@)

> However this is NOT conjugate
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Negative Binomial Process - Chinese Restaurant Table Distribution

» G~ DP(a, H) and N data points, the probability of K is:

)] K
Pr(K = k|N, a) = CRT(K; N, a) = N, K)o,  k=0,1,...,N
( [N, o) ( a) FN+ )|S( e 0
» This means that,
N
(N
S IV, K)ot = TR )
k=1 M(a)

» it can be sampled as k = >N, by, bn ~ Bernoulli (ﬁ)
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(From probability notes) Relationship between Multinomial distribution

and Poisson

k
. N _ ) n;
Pois(x|\) = X exp(—A) Mult(ny, ..., nglp1, ... pk) = m gpi
suppose:
> Xy ~ Pois(x|A1),..., Xk ~ Pois(X|\x) =

» The above generated two random variables:

k
1st random variable: (n = Zx,-) ~ Pois(Af + Ao 4 - 4 k)
i=1
. Aj
2nd random variable: X = (xy,..., Xk)|n ~ Mult(n, p1, ... px) where p; = ———
Zj:1 Aj
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Extend this Relationship to Process

> Xi,...X, for any measurable disjoint partition A, . .. Aq of Q,
> Jointly model the count random variables { Xj(Aq)}.

> X; ~ PoissonP(G), with a shared Completely Random Measure G on Q :
Xj(A) ~ Pois(G(A))

= X(Q) ~ Pois(G(Q))  X|X(Q) ~ MP(X;(Q),G)  where G = @

1
Xj ~ NBP (Go, 7> = / PP(X;|G)GaP(c, Go)dG
c+1 G

less preferred

~ NBP (Go, p) = /C;PP(X,\G)GaP (@7 Go) dG

preferred

J
X= (Z X,-) ~ NBP(Go, p) X/(A) ~ NBP(Go(A). p)

=1
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Negative Binomial Process

» CRP(K;N,a) = NM |s(N, k)|ak
> L ~ CRTP(X, Gy) as CRT process:

foreachAeQ:  LA)=3 Lw), Lw)~ CRI(X(w),Go(w))
we V- V-
N a

> X(A) customer count and L(A) table count. Each A € Q. Number of tables:

L(A) ~ Pois(— Go(A) In(1 — p))

> assign Log(p) customers to each table, with X(A) total number of customers.
> X(A) ~ NB(Gy(A), p) customers and assign them into L(A) ~ >= . 4 CRT(X(w), Gow))

tables:
L
L|Go, p ~ PoissonP(— Gy In(1 — p)) X|L,p ~ Y Log(p)
num of tables =
is equivalent: X|Go, p ~ NBP(Gy, p) L|X, Gy ~ CRTP(X, Gp)
—\,_J

num of people
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Negative Binomial Process (2)

> conjugate property:

Pois({x;}; A) Gamma(X; a, b)
——

1 -3

r(k)ok

n
oc Gamma ()\; k + Z Xj,
i=1

xk—=1 exp

0
né + 1
NB({x;}: r, p)Beta(p; a, b)
N
o Beta | pra+ D X, b+ N
i=1
> prior:
p ~ Beta (ag, by)

> G~ IP(a, Gy) =
G(A;) ~
Gamma(Gy(A;), 1/ )

> Note the “flip” between «
from process to distribution
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> posterior:

b . JO-p)
G|Xy.y, P, Gy = PoissonP(X; G)TP ( G ————, Gy
R e —— P

Pr(X|G) P

= PoissonP(X; G)Gamma <G; Gy, L)
)

_p
= Gamma <G; Gy + X, #)

T +1
P4
—rp <7J(1*’:) ,Go + X
J(1—p)
1_
=TIP (1+u,GO+X)
o

J
—rp (—,GO+X>
P

pIX(Q), Go(Q) = NB(X(Q); Go(R), p) Beta(p; ap, bo)
—_— Y
Pr(X(2)|Go(Q).p) p(plag,bg)
= Beta(p; a + X(Q), by + Go(Q))
Beta(p; & + X(Q), bo + o)




Negative Binomial Process (3)

> conjugate property: > posterior:

Pois({x;}; X\) Gamma(X; a, b) L|X, Gy ~ CRTP(X, Go)
N

W:‘Wx*—‘ exp

u 0 ) 70l L(R), p = Pois(L(Q); —o In(1 — p)) Gamma(~o; €, 1/f)

oc Gamma (/\; k+ an

i=1

D=

no +1
Pr(L]~o,p) Pr(o)

= Pois (L(Q); —o IN(1 — p))

> prior:
—In(1 =
Gamma <—Fyg In(1 — p); &, M)

(70 = Go(Q)) ~ Gamma (ep, 1/fy) %
> X ~ Gamma(k, ) = — In(1—p)
¢X ~ Gamma(k, c6) = Gamma | —~o In(1 — p); & + L(Q), b

7ln(’:7p) 1
—In(1 —
= Gamma (770 In(1 — p); e + L(Q), M)
—In(t —p)+ 1y
1
= Gamma <’Yu; e +LQ), ———MM
i —p)+
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Negative Binomial distribution (4)

A gamma-NB distribution:

m ~ NB(r, p) r ~ Gamma(ry,1/cy)

!
m =" Log(p) I ~ Pois(—rIn(1 — p)) r ~ Gamma(ry, 1/¢1)
t=1

|
=" Log(p) | ~ Pr(p,cy) = /Pois(frln(1 — p))Gamma(ry, 1/cy)dr = NB(ry, p’)
t=1 r

—In(1—=p) .

/o
denote p’ = G5

/ 4
m~ > Log(p) I'~ >~ Log(p') I" ~ Pois(—ry In(1 — p’))
t=1 t/=1

Equivalently,

1
m ~ " Log(p) /" ~ CRT(I,ry) |~ NB(ry,p).
t=1
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Sample Negative Binomial distribution - with a Gamma Prior

Let {my1, ... mp }j=1,4

mj; ~ NB(r;, pj) li| = ~ CRT(mj, ;)
pj ~ Beta(a, bo) N
/!
rj ~ Gamma(ry, 1/c) fj]— ~ CRT Z/jhr1
i1

ry ~ Gamma(eg, 1/f)
o = —N;In(1 — p))
7 c—NIn(1 —p)
m ~ NB(r, p) =

J
ri|— o< [[NB(ji 11, p')Gamma(ry; €, 1/%)

!
m ~ " Log(p), | ~ Pois(—rIn(1 — p)) j
t=1
J
1
= I|m,r ~ CRT(m, r) ~ Gamma [ e + /,y—
;I fo =L In(1 —p))
N,

d
11— o< T [ NB(my; 1j, pj)Gamma(rj; 1, 1/ )
i

1

N
 Gamma (“ 22 0N,|n(1p,)>

i=1

i=1

N
pjl— ~ Beta (ao + > my, b+ N,r,)
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Approximating G ~ 'P(c, Gp)

K
Go = 20,
k=1

K
G=> rIkdu,
k=1

rx ~ Gamma(~o/K,1/c)
wk ~ go(wk)

G ~ 'P(c, Gp) becomes a draw from the gamma process with a continuous base
measure as — oo
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Block Sampling Trick

m ~ NB(r, p) = Nik|v0, P ~ NB(v0/K, p) =

/ ke
m~ > "Log(p) I~ Pois(—rin(1 — p)) Nl p ~ > Log(p)  Iklvo, P ~ Pois(—o/KIn(1 = p))
t=1 t=1

= Ilm,r ~ CRT(m, r) = Ik, vo ~ CRT(ny, vo/K)

Block sample rk, nj, lkvolp:

Pr(ni|ri, I, vo, P) = Pr(n|r)
= Pois(r)
P Ny e, Yo, P) = Pr(n|rc)p(rk|vo, P)
= Pois(ny)Gamma(ri; vo/K, p/(1 — p))

Pr(l|nix, re> Y0, P) = Pr(lk| i, vo)
= CRT(lk; N, vo/ K)
Pr(vol{k}, i, rc, ) = Pr({l} 1N, vo0)p(v0)

K
= [ Poisti; —vo/KIn(1 — p))Gamma(en, 1/%)

k=1
= Pr(nil~o, P)P(70)
= NB(nj; vo/ K, p)Gamma(~o; €, 1/f)

not conjugate
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Sampling Negative Binomial Process

Let Go = SOK | 26u,:

Xji ~ F(wg) Pr(z; = k|—) o< F(Xji; wi)rk
wk ~ Go(wk) le|—= ~ CRT (g, vo/K)

i ~ NB(v0/K, p) K
Yol— o< T NB(k: i, vo/K)Gamma(~o; €, 1/)
np~Rois()  r~Gamma(~o /K,p/(1—p)) K

K K
1
N, = Ny ~ Gamma | € + Iy ————
=2 (++ Sk e

k=1

p ~ Beta(ay, bo) J
p|— ~ Beta (ao + Z’Vpbo +“/o>

Yo ~ Gamma(éo, 1/1) —
I|— ~ Gamma(~o /K + ng, p/J)
plwkl— o< T FOii wi)go(wn)

Zi=k

N; ~ Pois(r) (Mjts ooy M) ~ MUR(N /oo e /1)

zj ~ Discrete(r /r, ..., fx /1) k=Y 8(zi =k)
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Gamma Negative Binomial Process

Let Go = Ky J 0wy

K Owk-
Xji ~ Flwz;) Pr(zj = k| =) oc F(Xji wk)
wk ~ go(wk) fix| = ~ CRT(n, rc)
ry~ Gamma(~o /K, 1/¢)
/
nj ~ NB(rk, pj) lg]— ~ CRT Z/jk"‘/O/K
—_— J
nj~Pois(6j) 6 ~Gamma(ry,p;/(1—p})) pjl— ~ Beta(ag + N;, by + r)
N K p' _ —Z/- In(1 — pj)
i:l;"ik c— 3 in(t - p)
p; ~ Beta(ag, 1
1 (2. bo) ~Yo|— ~ Gamma 90+Zl,§,7
~o ~ Gamma(eg, 1/%) e i — o)

4
— ~ Gamma K+ Ly, ———————
Ykl (’Yo/ ;/ c—In(1—pj)>
Ojk|— ~ Gamma(rk + nj, pj)

plwkl— o< TT Flxi: wi)do(w)

Zji:k
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Block Sampling Trick - Gamma-NB

Block sample ri, 0k, N, k., Iy, Yol p:

Pr(nicl i, Ok, I, lg» Y0, P) = Pr(nic|6x) = Pois(nj; 0)
P(re|nigs Ie> Yo, P) = Pr(mic| i )p(rk 1o, P)
= Pois(ny ) Gamma(rk; vo /K, p/(1 — p))
Pr(l|nix; f, Y0, P) = Pr(lk| i, v0) = CRT(; N, vo/K)
Pr(vol{k}, N> ric, P) = Pr({l} 1N, v0)P(v0)

K
= ] I Poisk; —vo/KIn(1 — p))Gamma(ey, 1 /)
k=1
= Pr(ni|~o, P)P(0)
= NB(nj; 7o/ K, p)Gamma(-o; €, 1/1)

not conjugate
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Multiple Author Model

OIONMOIO
()
i S

>0

Richard Yi Da Xu

r() ~ rP(Co7 H)
Fa~TP(ca, M)
M =la ®la,® - ®Ta,

X4 ~ NBP (rg,p)

rO ~ rP(007 H)
la~TP(ca o)
M =Tla ®la, ® - ®Ta,,

1—pg d)
Fg~TP (7,F
Pd é

Xy ~ PoissonP(I4)
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Multiple A Model

Yo ~ Gamma(eg, 1/f) Yo ~ Gamma(eg, 1/f)
f0,k170, Co ~ Gamma(vo /K, 1/¢cp) f0,k170, Co ~ Gamma(vo /K, 1/cp)
ra,klrfos Ca ~ Gamma(rg x, 1/ca) raklrfo, €a ~ Gamma(rg x, 1/ca)
Pqg ~ beta(ag, bo) Pqg ~ beta(ag, o, ba,0)
d
Tak = Tag k O lag k © -+ ’g,k:’a1,k@ra2,k@"'
d Pa P,
rg,k|ra; pg ~ Gamma (rayka ) rg,k|ra; pg ~ Gamma rgk, d
1 — pg 71— pg
Ng .k ~ Pois(ry k) r,
fs.k ~ Gamma a—’k, Pd , ae Ad
K Ay 1 —=pg
Ny =3 Mok a
k=t 23, ~ Discrete | 2K ...
1 ' r
1.k ~ —H R
o Ng =33 Zin
Z, ~ Mult d.1 fd,2 fd,3 A "o
. Sy g Sy’ gk =D 8240 = k)
n

Wa,n ~ 0z4 o .
' Nak=>_> 8(24n=kANDiy, = a)
d n

where vg = [ dH
ng k= 06(zg,n=kANDig = a)
n

(1)
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