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Gaussian, or normal distribution

» 1-dimensional case:

p(X) = p(X = x) = N(X|p,0?) =

» k-dimensional case:

PX) = N (X, >) = (27r)_k/2|):|71? exp*%(X*M)TZ”(xfu)
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First Order moment of multivariate Gaussian E(X)

E[X] = / X(2m) YRI5 | 2 exp 20 E 0o gy letz = x — p
X
= (2m)"9/?|5| "2 / exp 22T Z(z 4 p)dz
V4
Ty—1 1,Ty—1
=(2r 7d/2|2|71§/exp7%z 2z dz+u/exp7§z X2dz
(2m) i i

even odd
4
(2m)b/2|x|2

Richard Yi Da Xu Probabilities and Estimations



Second Order moment of multivariate Gaussian (1): pre-requesits

>

Let A% = (x — )T (x — p) A\ = mahalanobis distance
Let (A\1,e1)...(N\g;€q) be eigen (value, vector) pairs of

v

Ye = \e;
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Second Order moment of multivariate Gaussian (2): pre-requesits

Let’s change the axis to make vector x — 1 eigen-vector aligned:

> Let each dimension of Y, i.e., y; = e,.T(x — )

[M} [er
> Y=|...|=|...
Ya e;

A 0 d 1
P ) ey

Ix11
9
ox Vi1
> J= 5y = |-
OXg1
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Second Order moment of multivariate Gaussian (3): pre-requesits

()= (Een) - (B (Zier) (£
) j=j=
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Second Order moment of multivariate Gaussian E(XXT)

E[XXT] = / xxT(2r) 925 | % exp= 20-WT T 0-m gy etz = x —p
X

= @n) 9P [ e B R )z 4 )T | O o2
V4

1 1Tyt
:(27r)7d/2\):|_§/‘exp_§z Y2 22T 4 2T+ p Tz | dz
z ~N~ =~
odd odd

Te—
:u,uT—i—(27r)7d/2|Z|_1§/exp_%z o
z

Te—
So, let’s find out what [, exp 22 T2 z7Tdz s
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Second Order moment of multivariate Gaussian E(XXT) = ¥

.y1 1
LetY:|:...:|: | (x=p)=E"Z then,Z=[e1,...,eq] Y = 3%, ey,
Yd ez; SN——
z

e e

i=1

2 2
=Ze,e, /exp dy; H /exp dyx | only terms i = jremain
i=1 Yi k=1,ki Yk
Ajema)1/2
M7y gpi@mrn'/2

d
= @2m)"?12]2 S el A
i=1
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Let’s look at some Important Distributions: Exponential Family

Most of the distributions we are going to look at are from exponential family
exponential family can be expressed in terms of its natural parameters:

exp (T(x)Tn — A(n) — B(x))
Think about why is this representation useful?

Always have in mind ask yourself where are the support of these distributions, i.e.,
where p(X) > 0?
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More about Gaussian 1-d: Natural Parameter Representation

_(=p)?
N (% p,0%) = (216%) "2 exp 202

X2 —2xp+p2 A >
= exp (—T ~3 In(27o ))

_ T o, K pe 1 2

= exp (_QX + ?X 252 3 In(270“)
T 2 2

_ x el Iz 1 2

= exp <{X2} [2;2] “o52 3 In(2mo ))

_ 2
= exp <T(X)T17 - (4;721 — ;In(—2n2)> — ;In(27r)>

> 700 =[] Am) = 75 — 3 in(~2n2)
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1-d Positive Distributions

» Gamma Distribution

a
p(X) = Gamma(X|a, b) = b ya- Texp ¥

r(a)”
>> a = 1; b = 2; gamrnd(a,b, 10)
» Inverse Gamma Distribution
p(X) = IG(X|a, b) = r( 7 —a=1 expb/x

X ~ Gamma(a, b) = & ~ IG(a,b)
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Positive Matrix Distributions

> Support X € S,
» Wishart Distribution:

p(X) = Wishart(X; ¥, v) = X

E(X) = vV

>> Psi = [1 0; 0 1]; nv = 10; wishrnd(Psi,nv)

Largern = X — nV = VAR(X) -0
> Inverse Wishart Distribution:

5 v 1 —
PX) = IW(Xi W,v) = —p—— X[~ 5 o3 XD
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Weight distributions

» k-dimensional Dirichlet Distribution
> Support: 3K p; =1

Dir(py, -, Pilaxts - . o) =

(Z’ 1a’> H a1

1 r(al)

> Beta Distribution
» Support: 0 < p <1

r(a+18) a—1

Beta(p|a, 8) = r(a)r(B)P (1-p)°T
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Discrete distributions - modelling K-class number of occurance

» k-dimensional Multinomial Distribution

k
_ ) nj
Mt -omder.--p) = 2= 11
» Binomial Distribution
|
Binomial(ny, nz|p) = Mpm (1—p)m

nylno!

» Bernoulli Distribution

Bernoulli(x|p) = p*(1 — p)' =~
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Some very useful property of Dirichlet-Multinomial (

We let:
o [Sh InT(Zh + 2 + /377,-) — T (Zpe + Za + )]
. p(@ica ) pzicalwp(u)du = oAy
u 'mul mul D(Bﬂ')
where:
> u=pi,...p ~DIR(Bmy, ..., Brk)and K =1
e, re=;
> Dirichlet constants: Zp(Br) = %()W/)
> Wi ions: \A* . 5 IAl .
Component-wise summations: =>4z Z =8 2
> Constants: Zpx = Z/K 2 Zp = Z/K zh
K
v Zi! Zji
> multinomial constants: Cry = H‘A* (%#) CA, = H\AI (H/ 197 >
(N l'

We also let:

exp [SK4 InT(2) + 7)) — InT (24 + 5)]

/S2 | PlEicAlu)pWdl = S Zotm)
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Some very useful property of Dirichlet-Multinomial (2)

Therefore:

Joy P (zica, 0) P(zicalu)p(u)du
fQu ZIEAlu (u)du

1 exp [Z, (INT(Zhe + 24 + Bm) — InT (Za + Za + 5)]

G exp [Z;’L InT(Zh + Bm;) — InT (Za + /3)]

K
c* op [ S0 [In F(Zh. + 2, + 8m) — InT(Zh + ﬁﬂj)] —InT (Z4x + Za+ B) +InT (Za + B)
'mul j=1
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Discrete distributions - Poisson distributions

» Poisson Distribution

AX
Poisson(x|\) = o exp(—A)
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Relationship between Binomial and Poisson

> Imagine you increase the number of independant Bernoulli draws (e.g. hours to seconds), i.e., n increase.
> The probablity (p) per time interval (e.g. prob. car appears) decreases.
> However, there is a constant relationship A = np

Using identity:

x\n
exp(x) = nimoo (1 + ;)

. . nm n—x n! A X by nex
Binomial(x|n, p) = (X)p (1—p) = m; - ;)

X noo A\ =X
= - = (1=

x! (n—x)! n"( n)

~N — —

constant
nn—1),...(n—x+1)
[N —
_ )\7)( nterms (1 _ 3)”7)(
x! nx n

X nn—1 n7x+1(1 A)"(1 A)*X
xtn n n n n
X n —X
_’\—1<171>...<17X+1>(17i) (173>
x! n n n n
. . . _ - n X n—x
n|~|>moo Binomial(x|n, p) = nl;moo (X)p (1-p)

AX 1 1 A\” A\ XX
=— lim <1 — 7) ... lim (1 s ) lim (1 — 7) lim (1 - 7> = — exp(—2A)
X! n—oo n n—oo n n— oo n n—oo n x!
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Relationship between Multinomial distribution and Poisson

K
. AX n;)! ‘
Poisson(x|\) = = exp(—\) Mult(ny, ..., nklps, - px) = om)t o
X! mloomd g !
suppose:
> xy ~ Poisson(x|A1),..., X, ~ Poisson(x|\x) =

> The above generated two random variables:

k
1st random variable: (n =y x,-) ~ Poisson(Ay + Az + - - + Ax)
i=1
) A
2nd random variable: X = (X1, ..., Xk)|n ~ Mult(n, py, . .. px) where p; = —
Ej:1 Aj
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Relationship between Gamma and Poisson distributions

> X ~ Poisson(\)
»> T denote the length of time until k arrivals.
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Extend this Relationship to Process

»> Grouped data x1, ... xy for any measurable disjoint partition Ay, ... Aq of Q,
> Jointly model the count random variables {X;(Aq)}-
> Poisson process X; ~ PP(G), with a shared Completely Random Measure G on
Q: X;(A) ~ Pois(G(A))
> X; ~ PP(G)
= X; ~ MP(X;(Q), G), X;(Q) ~ Pois(G(2)) where G =

(Q

Rt

X; ~ NBP (Go, ! ) /PP(X|G)GaP(c Go)dG

NNBP(GO,p):/GPP(X,|G)GaP(J( 5 ),Go) dG
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Non-exponential family distribution

They often can be constructed from two exponential family distributions:

» Student-t distribution

t(x|, a,b) = /;N(X; 1, A~ Gamma(); a, b)

A\ 1/2 A 2\ 6% a1 —ba
=/ (= BTG P Gy
A(%) exp{ 2 “)}r(a) P
b? 1\ 1/2 A 2\ ya—1__ _—bx
ra (z) [ { 0w

rl(,:) (217)1/2/A>\a+1/271exp{7 [bJr%()\iM)z} )\}

A ARYs ra+1/2)
( ) : a+

“ta \zr 4b+ T H)2]a+1/2

e (1) o ) () (1)
| S —

ba
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Conjugacy

Looking at the posterior, prior relationship:

p(X10)p(9)

p(0X) = T, p(X10)p(8) ™

o< p(X16)p(6)
> Wouldn't it be good if p(8]X) and p(#) are the same family of distributions?
» Many conjugacy exist
For example:
> the prior p(u) = N (o, 03)
» and the likelihood p(X|ux) = N (p, o).
> and the posterior p(u|X) is also a Gaussian distribution
> Exercise, derive the above
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Another Conjugacy example

Multinomial-Dirichlet

P(p1, -y pxlMms ..oy k)

(ZI 1al> aj— n!
| LI I

Dir(py,....pxloe s oro) - MUIt(ny .| P15 -Pk)

k k k
ai—1 np __ aj—14n;
o [Tp" TIp" =11P;
i=1 i=1 i=1

= Dir(py, ... pklei + N, . .. cue + Ni)
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Maximum Likelihood Estimation - Simple Example: 1-d Gaussian

Normal distributed data Maximum Likelihood Estimation
> You believe data = X = {x1,...xn} » which “normal” distribution parameter
are Normal distributed: 0 = (p, o) is more likely?

> |t appears that the blue distribution is
more likely than the green distribution.
But why?

» In terms of probability, we find a
I particular 6 that maximises the
o3r 1 likelihood p(X|6)

OMLE = arg max (p(X|0))

N
= arg max (H./\/'(X,-; , a))

i=1

— > How to solve this “argmax”? It
depends on the distribution. But in the
case of Gaussian, it's simple
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MLE - log-likelihood

Instead of perform OMLE = arg maxy (p(X|9)), we perform:

OME — arg max | log[p(X|0)]
6 ———

£(6)
N
=argmax ; log(N (Xi; 1, o))

L(0]1X) = log[p(X|0)] is called the log-likelihood function. It's NOT a probability
distribution.

Why is log chosen?
» Firslty, log is a monotonically increasing function: A > B = log(A) > log(B)
> Secondly, log transforms multiplication into addition: log(AB) = log(A) + log(B)
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MLE - Gaussian

When need to perform MLE over Gaussian. Substitute Gaussian definition into:

N
6ME = arg max[£(0]X)] = arg max (Z log (N (xi; 1, U”)

i=1

N 1 3 (xf7§)2
= arg max log exp 2o
60 ; oV2r

» Taking derivative with respect to both 1 and o2

» Which one first? In Gaussian, only works if we take derivative with respect to i
first
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MLE - Gaussian umie

When need to perform MLE over Gaussian. Substitute Gaussian definition into:

» Taking derivative with respect to both 1 and o2

> Which one first? In Gaussian, only works if we take derivative with respect to u
first

op
(6 /;)2 )

O > ilqlog |exp 2o (Z, | -y )
N op N op

N
_ Z (xi —n)
= 2

-1 7

(x 1Y
:Z : =0 = ZX/ NH:>.“MLE:NZX/

i=1 i=1
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oy
LE - Gaussian oy ¢

Once obtained 1\ g, we substitute it into the £(6|X) function:

o N ; _ (Xi*uwzmg)z
>oity log oy 20
o2
(=t p)?
o Zf; log |exp 252
-9 Z, 4 log aﬁ
o2 o2

MMLE)
—g@log(azvzﬂ) (E, 1= )
- +
do2 do2

(Y N 1[N 1

=52 3 <Z(Xl — HMLE) ) % =52t (Z(X/ - HMLE)2> 022
1 N 5
=00z | N ;(X;‘ — HMLE)

N AN N AN
=N+ [ > — pme) — =0 = ST — umie) E:N

i=1 g i=1

>N — pae)?

= o'
MLE = N
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MLE - Multinomial

» Think about the observations 1425 12351222 122124
> equivalently, ny =5,nm =8,n3=1,n3=2,n5 =2

5 8 1 2 2
> Why (%) (%) (11—6) (%) (%) gives maximum likelihood?

n)!
MUlt(nh---,ﬂk\Ph---Pk = (Z ) Hp
k

= argmaxln(Pr(m,...,nk\p1,,..pk)):argmaxZn,-In(p,')
P1s---Pk Pis-Pk 4

k k
= LM(\, p1,...px) = > _ niIn(p;) +A(Zp,- - 1)
i=1 i=1

MNP, P) _ M o=l
AP - PR) —0 — p =
hy

op; P/
k k
OLM(X, p1, - - - Pk) nj
Pt SO A A A —1= — = = =N
Y Zp,1 0:;/\ 1=>)\M|_Z
g =
P/ML—N
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MLE - Multinomial with geometric mean-like operation

Taking geometric mean-alike operations:

(P1Pap2p5 ) (P1P2P3P5P1P2P2P2) %2 (1 P2P2P1 P2Pa) %

:p$a1 +232+2a3)p§a1 +432+333)Pé32)p‘(131 +a3)pga1 +ap)

:psfh )péﬁ”péﬁ‘"’)pf“)péﬁs)

Some pattern matching with previous slide shows:

nj

k —_
>ic N

= PimL =
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Solve MLE using Natural Parameters

N(x; 1, 02) = Noat(m1,712) = exp <T(X) n— ( -5 In( 2n2)> - % |n(27r))
In(Nnat(Xii 71, m2)) = <477 E 27]2)> - %In(27r)
= ; In(Naat (i 11,m2)) = T(x) T — <477 |“( 2772)) n— g In(27)
—nd (-
S nWabim ) O (w 2 In( 2”2)) " 0
an on
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Solve MLE using Natural Parameters (2)

o —m
»n_[m}_[ EE ] Reverseis:e_{’é}_[%g}
1 p _1
"2 202 210
- _ 1
P (W -1 In(—2772)) n
an =T(x)
. 2n7;2 ZLix
= m 1| = e
anZ ~ 2mp =
" 27:1 Xi
n
— |:u2 +02} n, Xi2
n

which is same as without using natural parameters
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Maxmimum A Posterior Example: 1-d Gaussian

> What if | have some prior knowledge of of p, for example, u ~ N (ug, op). This
type of estimation is called Maximum a Posterior (MAP):

Onap = arg max (log[p(X|0)p(0)])

Say what you need is to find the mean, i.e.,

i=1

N
Hinmap = arg max (Z log [N (Xi|p, )N (1; ,uo,ffo)])

> How to solve “argmax”? Well easy, take the deriviative and let it equal zero. Works
in the Gaussian case.
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Does conjugacy always for Exponential family distribution?

» Prior
P(6,018,7) =exp | 870+ 5708 — vA(8,0) —Xg10]13 — Xollvec(®) |1
h(6,0)

» Likelihood

P

PMRF(x|6,0) = exp | 87x + x"0x — > In(xs!) —A(6, ©)
s=1
N e
h(x)

> Posterior

P(6,0]x) cc exp | (x+ B8)760 + (x + B)T© (x + B) — (v + 1) A6, ©) =g 10115 — Xe lIvec(O)|I1
N——— N~ N N~

B B B gl h(e,0)
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A case study

P(W, 04...k,©1...|X) = P(X|W, 61...k, O1...k) P(61...k, ©1...k|W)Ppjr (W) )
K T P .
r
cepy | Dowo | x+xT( S we; X—Zm(x N ania,.—1 )
J=1 j=1 M(ev) - - Flak) i3
PMRF(x|w,8;...,,0;...4) Por (w)

X Hexp {ﬁ w0 + B W,@,B — YA(W;6;, w;9)) — ,\QHWIGIHZ _ AI\VCC(W/@,)\h} @)
j=1

P(81...4,©1...x|W)

T K T X
(ZW/ />X+<ZW,-9,-> B+BT<ZV|/,®,->B )
j=1 j=1

k k
- ("/A(erfa w;0;) + Aol w615 + AI\VCC(W,'@/)Ih) +> (e = 1)n w,} (5)

j=t =

T
o<exp{<zw,9,> X+ B8)+ (x+8) <ZWI®/>X+B ®)
j=1

k k
-> ("/A(Wjep w;;) + g [|W;6;13 + Anvec(w,-e,)||1) +> (@ —1)n w,} )

J=1 j=1

7(6,0)
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A case study (2)
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MAP Example Conti.

> Same trick applies: take the derivative with respect of 1 and let it equal zero
> If you write out the expression for Gaussian fully, you will get:

2 2
HMAP = % (1 Z 7#0
nag + 02 no?2 ot o2

»> see what happens if cp — oo
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Sum of variables - discrete case

G(z) = E(z¥) = p(x)Z"

x=0

logarithmic distribution:

7pk

m N ~ Poisson(N; —rIn(1 — p))

Yn ~ Log(p) = p(k; r,p) =

Z( rln1fp))Ne"" p)ZN:exp(—fln(1—P))(Z—1)

Then (X =N, Yn) ~ NB(r, p)
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stochastic process

> A stochastic process {N(t),t < 0} is said to be a counting process if N(t)
represents the total number of events that have occurred up to time t.

> Xi, Xo,... are times between events (or life times, or inter-arrival times).
> S, = Xjy +---+ Xy is the time of the n'" event.
Definition implies:
> N(t) <0
> N(t) is integer valued
> If s < t, then N(s) < N(t)
> For s < t, N(t) — N(s) equals the number of events in (s, f].
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