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. Policy Gradient Theorem

. Mathematics on Trusted Region Optimization in RL
. Natural Gradients on TRPO

. Proximal Policy Optimization (PPO)

5.

Conjugate Gradient Algorithm

This lecture is referenced heavily from:
> https://lilianweng.github.io/1il-10g/2018/04/08/

policy—gradient-algorithms.html. | borrowed it heavily, please check her
goodies on RL and GAN

https://medium.com/@jonathan_hui/
rl-trust-region-policy-optimization-trpo-explained-ateel4eecece,
Jonathan Hui’s blog. Again, lots of goodies.

http://www.cs.cmu.edu/~pradeepr/convexopt/Lecture_Slides/
conjugate_direction_methods.pdf
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What is Policy Gradient “on the surface”

» Gradient of Expected entire Rewards R(7) collected by taking a “trajectory” = following mg:
VoErnng[R(T)] = Ernmg [R(T) - Vo log Pe(7)]

T—1
=Ernng [R(T) Vo <Z log 7"9(3:|St)>]

t=0

» Derivative of Log-likelihood of Policy Gradient is:

t=0

T—1
Vo logPy(7) = Vo log (H(So) 11 mo(arlst)P(stialst, at))

T—1
=V [log w(so)+ > ('08 mo(ar|st) + log P(str1lst, ar) )}
—— = —— —

no 6 no 6

T—1
=V > logmo(arst)

t=0

» log p(si+1]5t, ar) has no 6 is controversial, we need to see why
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Significance of Policy Gradient Theorem

» we use an alternative representation:

J(0) = V™ (s0)

which we can expand using recursion as needed for unknow T:
» Computing gradient VJ(6) is difficult because it depends on both:

1. action selection directly determined by 7, and
2. stationary state following action selection behavior indirectly determined by m¢

» difficult to estimate policy update effect on state distribution for generally unknown
environment

» however, Policy gradient theorem states:

Vod(0) =Vo > d"(s) Y Q"(s,a)m(als)

seS acA

<> d™(s) > Q"(s,a)Vemo(als)

sES acA

> significance: above objective function does not involve derivative of state distribution d™ (.)
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Proof of Policy Gradient Theorem

> We want a policy to maximize J(6) = V7 (s):
> first step is always to write V7 (s) = 3=, 4 7 (alS)Q7 (s, a):

VoVT(s) = Vo (a; mo(als) Q" (s, a) )

u v

= (ngg(a\s)o"(s, a+ > meas)veQ (s a) )

ac A ac A

=¢(s) which contain V o see how we make V g disappear in this term

=4(s) + 9(al$) Vg P’ ris,a)( r+VT(s) )
Z (v Cve) )
immediate & future reward

=6()+ > ( (als) Z Z P(s’,r|s,a)Vo VT (s )) remove part independent of 6

ac A
=6(8)+ > (we(a|s)z P(s'|s,a)Vg V”(s’)) retain marginal by integrate out r
ac A s’
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> V7 (s):

k
V(S0 = oy s | D00 )]

k _
% r,+k} let revx = r(Sevk)

(e I07e

= Eapspopoapere [

>
Il

0

: i - ok
by induction, V™ (st11) = Ea {519,800, [ny r(S(e1)+k) ‘Si+1:|
k=0
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> Q7 (s, a):

Q" (st,a) =

]Esm B SRR

ok
>y r(5t+k)’stvat:|

oo
K —
=Bsyiq,a01,0 [Z’Y fr+k|517at} let riok = r(St+x)
oSk
[fr + Z vy fr+k|3u 3r}

oo
e+ Z ’ka(t+1)+k)3r, az]

ES
Il
o

o
K
=Es 4 [ It By, 1 514008110, [Z’Y I(t+1)+k |Sr+w] )Sr, az]
~~ o

only sy ¢ affect it

= Es, [n + V7 (8141 )}
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> if we choose Advantage function to be:

A" (s,a) = Qu(s,a) — V) (s)
i.e., if we to construct two neural networks for Q and V, is very inefficient:
> now we can substitute Q" (s, a;) = Es,., [t + V™ (5141)]:
A (st,a) = Q" (st,a) — V7 (st)
T ER AT A
=Es,,, [r, + V7 (St1) — V”(st)] put V™ (s;) inside integral won't affect it
A™(s,8) = Eg p(s/|s,a) [T(S) + vV (s') — V7 (s)] drop tand write s’ = 5.4
» given above, one may approximate A™ (s, a), by s’ ~ P(s’|s, a) and compute:

AT(s,a) = r(s) + Y V7 (s") = V/(9)

using only one network v
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Difference between two polices J(7) and J(3)

> start with some not-so-well-known quantity E. |5 {Z;’jo VLA™ (st, a,)}

Erp [Z'Y'A"(Sn ar)}
t=0

—Eris | S A B oo [1(8) + 2 VT(S) — V"(s)}]
L t=0

r oo

=E. 5> 7 [r(s,) + VT (S141) — V"(s,)H inner sum Eg/ _p(s/ |5, @bsorbed by outer
- =0

=E :g’vt[’vvw(sm) - VW(SI)] +§;’y'[r(5t)H

allterms t > 1 cancels out except t = 0

=E 5] = V(s0) + Z’th(sr)}
L =0

= —Es8 {V”(So)] +Eri8 {thr(Sr)}

t=0

= —Eg~p(sy) [V”(So)} +E- 5 {Z Wtf(st)}

t=0
independent of policy
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Difference between two polices J(7) and J(3)

> start with some not-so-well-known quantity E. |5 [Zgo YA (st, a,)]

Erp {Z ~A™ (s, at):| = —Egy~pP(so) [V"(So)} +E- 5 [Z’th(st)]
=0 =0
= —Eg ~p(sy) [VW(SO)} + Es,~P(so) {an,s.,ag,...m [Z’Y'l’(sr)} }
-0
VB (s0)
= —J(m) + J(B)
> this implies:
I = ) + B [ S04 (1,0
=0
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Policy Gradient Theorem (1)

> let p™ (s — s’, 1) to be the probability of transition from state s — s’ in t steps.

Vo V™ (s) =¢(8) + ng als) ZP(S |s,a)Vy VT (s)
=¢(s) + ZZﬂg(eﬂs)P(s Is,a)VyV™(s") switch the two summation places
/ a
=¢(8)+ > _p (s =8, 1)VeVT(s) expand this recursion: s — s’ and s’ — s’/

=4(8)+ > P (s > ', N[e(s) + D78 = VeV

s’

s
+Zp (s =8, Do)+ DD pT(s = 8", 1)p" (s = 8", 1)V V7 (s")

s s

)+ s— s, 1)ps’) + (s —>s",2) Vo V™ (s")
Zp (s — )o( S e” )

s —
R expand Vg VT (.):
=p"(s = 5,005+ > »7(s = sV Vg + > p7(s = 5@, 2)¢(s®) + ...
— shes s@es

=1

> fj P (s = s, He(s)

{sh}es t=0

> asitroll out to fullest, you see the role of V4 V™ (s>°) becomes negligible
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Policy Gradient Theorem (2

» starting from a state sy:

Vd(6) = Vo V7 (s0)

=D 0" (s0 = s, 1) 6(8)

s t=0

n(s)

=S d"(s)s(s) where d”(s) =

is a normalized version of n(s)
s

=>d"(5)>_ Vgme(als)Q" (s, a)

» d™(s) acts like the weight of derivative concerning particular s
P in words, it says using policy , which is the probability end up in a particular state s
> also giving enough t, one may transition from s, to any any state s
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Policy Gradient Theorem (3)

> to write VJ(0) in terms of E [.]

Vod(0) x Y d7(s) Y Q(s,a)Vemg(als)

seS acA
v als
=>"d"(s) > mo(als)Q" (s, a) Vomolals)
ses ac A m5(als)

=>"d"(s) > me(als) |Q7(s,a) Vg log mg(als)
seES ac A —_—

Em

=Ex [Q"(s,a)VgInmg(als)]
» so we have the final equation:

Vod(0) < Ex [Q7(s,a) Vg Inmg(als)]
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Variance reduction using Baseline

» subtract a baseline function B(s) from policy gradient, note B(s) only depends on state s, not
depends on action a, such that:
Er[ Q7(s,a) Volnmg(als)]
N e’
replace withB(s)

so we have: E. [B(s)Vg Inmg(als)]

D> d™(s) > Vomo(s, a)B(s)

sES acA

=> " d"(s)B(s)Ve > _ ma(s, a)
seS acA

=0

» A good baseline is B(s) = V7 (s):

without baseline Vod(0) =E[Q7(s,a)Ve Inmg(als)]
with baseline Vod(0) = Ex [VoInmg(als)(Q(s,a) — V™ (s))]
=Ex[VoInmg(als)A™ (s, a)]
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Off policy

» change behavioral distribution from 7 to 8 but target policy is still w4 (als):

0)=>_d"(s) > Q"(s,a)me(als) =E,_gqs [ > Q" (s, a)mo(als)]

sES acA acA

» adding Importance sampling

Vod(0) = VoE, s [ S Q7(sa) we(a\s)]

aGAh\’d
u v
E,6 | X;‘ (s, 8)Vormo(als) + mo(als)Vo Q" (s, a)) |
ac
=~ ]ESng [ Z Q7 (s,a Vgrrg(a|s)] big assumption: Ignore the red part:
acA
(a\S) ™ Vome(als)
= Epgp [ X 00019 505 070 O
_ mo(als)  ox
,Eﬂ[ e AV |n7r9(a\s)]
N——

importance weights

» using 8 = rrkgk(a|s), you have on-policy, so we use /3 genericaly
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Importance sampling interpretation

» looking at:

VoJ(9) = Eg [

mo(als)

B(als)

Q" (s,a)Ve In m,(a|s)]

» this can also be interpreted by:

Vod(0) |6 = VoEnr, (ais) [ log(mo(als)Q" (5. a)|

=Erp @)

=Erp @l

=E

- E”eold

- J(Q) = ]E‘zr@old(a|s)

T6oig (31S)

(als)

ol

((Tee)
'(Vm(a\s)}eow
T0o1d

<7v"“(a‘s) ) ar (s, a)}

Togq(als)

mo(als) \ o«
Vo <7T90|d (@s) ) Q7 (s, a)}

90|d> Q" (s, a)]

) Q" (s, a)] Tg(als) is determined, but Vg (als) nc

ol

ol

Oold

[/ mo(als) \
(”9old(a|s)>o © a)]
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t region policy optimization (TRPO)

» ook at the equation for off-policy + baseline:

[779(3\5)

Vel =Es] Sl
N —’

Vo Inmg(als)(Q7 (s, a) — V7 (s))]

> 0, is the policy before update, as we do not need to update each time. It can be made same as 3 (then we
have on-policy)

JO) = p lold 37 (mo(als)Agyy(s, a)

ses ac A
=3 P 3 (Blals) e als) 5 Agyy (s, @)
ses ac A als)

mg(als) ,
s~p7r9°|d,a~ﬂ[ Blals) o1d (52 a)]

=E
> as a side note, if we were to take derivatives to compute for gradient descent:

Vod(0) = 3 p %08 37 Vomo(als)Agy,(s: a)

SES acA
™ wg(als) Vomg(als) »
=3 "% S als) ALILUY S
s€S ac A plals) mo(als)

) [Ma\s)
s~p %0l a5 | p(als)

=E log (v97r8(a|s))2\gold (s, a)]
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TRPO objective

» objective function, assume we let 8 = 0qq4:

max (J(m) — J(8))

» basically, finding the best new policy = to improve upon the previous behavioral policy 8
> however, we need it to:

max(J(r) — J(8))
J(x) = IB) 2 L) = CB,_ s KLxl )]

_ — _tm(alst) 45 _
=E-vp ;’) B(af\s[)A (st ar) C]ESNdE[KL(WHB)[S]]

lower bound £ g ()

> so we just need to maximize £ () instead
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equality occurs ( = )7

o als
J(B) = J(B)=E. [Z ~ (ar\lsx; (st a,)} —-CE £ KL(3]8)[s]]
t: t1St s~ dy
[ —
=what? =0, well, that's KL

P looking atE. g |25 ~AB (s, a,)]:

Efwa {Z ’Y'Aﬁ(sh 3r):| = Z’Yr Z AB(SM ar)

t=0 =0 g €A

+ (QB (s, ) — VP (sn)

a €

a€A

M8 EF”% I8

ceA
—y’( Z Q (s,,a,) —VB(sy)
(

2 v (s1) — v8 51)) =0

I
°

> As aside note: if instead we look at E g [Zg’] ~tf(a)AB (s, af)} :

-

oo
f(ar)’YlAﬁ(Sr:ar)} =S f<a,>(03(s,,ar) - vﬁ(sn)
=0  a€A

8

Il
3

3 H@)0f (s a) ) ~Ha) VP (s)
a€A

]
8

2
—

Aa)VP (s)
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Always improve the result

> we know,

J(B) = J(B) =0, and, J(7) — J(B) = Lp(m)
= J(mr) — J(B) > 0 after we optimized Lz(7)

» meaning the new policy is always as good as the previous one
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KL penalized vs KL constrained

Two different constraints for KL(r|| 3)
> KL(7||B) =

> ¢ m(arlst) B - -
m:\x[]ETNﬁ[g’y 5(3t|3t)A (Sfaat)] C KL( Hﬁ)]

Lo, (0)

> KL(x]|8) < &

e[ S5 ]
t=l

B(ar|st)

Lo, (0)
st KL(r||B) <6

> solving the above is hard, we approx both Lg, (¢) and KL(~ || 3) part
> KL(=||3) part need concept of natural gradient

A/Prof Richard Yi Da Xu richardxu.com Policy Gradient mathematics


richardxu.com

> Taylor (order 1) expansion of £(6):
L6+ h) ~ L(6)+VeL(6) h
= argmin{L(0 + h)} = arg min{VgL(f))Th}
h h

> look at steepest gradient descent: we minimize at an equiv-euclidean-distance
hyper-sphere:

h* = argmin{L(6 + h) : ||h|| =1}
h
~ argmin{VoL(0) h: |hl] =1}
h
= —VoL(0)

» now instead, we minimize at an equiv-KL-distance manifold:

h* = arg’:nin {6+ h): he (KLpg|lposnl =€) }

~ arghmin {veL(0)"h: he (KL[psllposnl =€)}
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Natural Gradient manifold: KL(7||8) = C

» solving
h* ~ argf:nin {Vg[,(a)Th che (KL[p9||p9+h] = c)}
» solve using Lagrange Multiplier:

= arg min (70£(0) " h+ A(KL[ps [|po-1] — €))

» if we can prove second degree Taylor approximation:

1
KLIPo 2o 1) = KLip(xlo)lip(xle + M = 50 Fh - (A)

» then,

1
h* = arg min (Veﬁ(e)Th + )\(éhTFh — C))
h

0 1
= (VoL(0) h+ 32 h"Fh—xc) =0

VoL(0)+ AFh=0

-
- £(o
h )\F Vo L(0)

A/Prof Richard Yi Da Xu richardxu.com Policy Gradient mathematics


richardxu.com

@ why second order Taylor Expansion =

> look at taylor expansion:

f(xo + h) =f(x) + f'(X)h + %hT f"(x)h | x = Xxo

» to avoide confusion: X, — 6 is constant, and 8’ — @ is variable

]
KL{po, || Po-+1] ~ KL{ps, | po] + ((WKL[peQ 1pal) T h+ 5T (VEKLLpe, | pe])h>

0=6

1
= KLpo, [| o] + (VoKLIPa, 1 Pal|,_ )™ 1+ 51T (VEKLpo, o], )

O ®

=0+0+%hTFh

1,
_Eh Fh
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@ look at Kullback—Leibler divergence

> note the ordering when computing V,f(6, 6y) : take derivative first, then substitute.

0=6,

> look at KL between p(x|6) and p(x|6’):

p(x|0)
p(x16)

KL[p(x]0) || p(x|0")] = Ep(x|e) {log } = Ep(x|6)[log P(X]0)] — Ep(x6)[log p(x]0")]

> taking first derivative with respect to ¢’:

Vo KL[p(X[0) || p(X10")] = V 4/ [Epx|e)llog P(X|0)] — Epx|e)llog p(x]0")]]
= —Epxj0) [V llog p(x]6")]]

_ / P(X|0)V 1 [log p(x]6")] dx
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(1) what's Vg KL[p(x]0) || p(x|0')]?

> leto’ — 6:
v KL[p(x|0) | p(x]0)] 10" — 0
- / P(x10)s[log p(x|6)] dx
-/ p(x\a)v"[f(le” dx = — [ valpxiolax

=—Vp [/p(x|9)dx]

=0

A/Prof Richard Yi Da Xu richardxu.com

Policy Gradient mathematics


richardxu.com

(2) what's V2, ., KL[p(x|) || p(x|0')]?

V. KLp(x00) (16 = — [ (x10) 1 g plx) O
— V2, KLP(x19) | p(x[6)] = Vo [— [ pwiorvs logp(xw’)dx]

— V2, KL[p(xI6) | p(X|6")] = ¥ [— [ puxiorv, logp(xw’)dx]

0'=0

=~ [ p(x10) V4[4 oz p(xi0)] ) dx
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(2) what's V2, ,, KL[p(x|0) || p(x|6")]? cont.

V5o KLIP(X10) || p(x]6")]

/p x|0) Vo [V [log p(x]6)] ] d /p X|0) ve{ve[&‘);l)o)]} dx

7/p(xw)w[w[p(anp(xwr }dx
—_——— ——

u v

=~ [ pxio) [—w[p(x\e)lp(xwrzw[p(xw)l +v2 [p(xw)]p(x\e)ﬂ dx scalar form

uv’ u'v

=~ [ pxio) [vslp(anp(xwr‘ - w[p(anzp(xwrz} dx

_ V3 Ip(x|6)] Vp(x|9) [ VP(x|6)\ T -
_—/ﬁuw%—%ﬂ?—kx+/ﬁxwﬂ<pww))(puw))}M'wmmmwam

_ _/V?,[p(x\e)]dxﬂgp(xls)[(Zﬁiﬁ;’)) (Zf())(:%(j))j

-2 [/p(xw)dx] + Epgxo) [v |ogp(x|o)vuogp(x|eﬂ

=0+F
=F
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» now, let’s have a look at the second derivative:
2 o2 Vo Po(X)\ V,P6(X)
Vei,e,["’gpe(x)] = Vo,.0, (T(X) = Vy, “PelX)
- v, (vs,pe(x) po ()" )
——
u v
_ Vé.0Pe(X)  V4,ps(x) Ve,Pe(X)
Po(x) Po(X)  po(x)
e ——
u'v uv’
Vg,,elpe(x):| _ [Volpg(x) Vglpe(X)
Po(x) P Tpe(x) pe(x)
=0 — Ep(xj0) [ Vo, [log(Po (X))] V 4, [log(Pe (X))]]
—0-F,

= Epxi0) [Vg,,ej[bgps(x)]] = ]Ep(xw)[
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» as a consequence, one may compute:

Fij = Epxj0) [V o, [log(pe (X))1V 6, [log(pe (x))]]

or,
2
Fij = ~Epxio) [Ve,.,e, ['ogpe(x)]]

» of course, we pick the easier of the two!
> now we just proved that,

F = (V5KUps, llpsl|,_, )
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Final equation: KL(7||8) = C

repeat the steps until convergence:
1. feed-forward
2. compute VoJ(05)
3. Compute: F = Ep(xja,) [VG[J(en)]VH[J(Gn)]T]
4. Opp1 = 0p — aF Vg, J(6n)
Then, for policy gradient, we just need to have:

Opi1 = On — a F~ Vg ( S7d7(s) Y e, (als)Q7 (s a)>

ses acA
— 0y —aF! ( ST d7(s) S Vo log o, (alS)Q7 (s, a)>
SES acA
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Compatible Function Approximation

v

J(mg) = J(0) = 355 d7(8) 2o,e.4 To(alS)QT (s, a)
if w = F~1v4J(0) is a single natural policy gradient step, then:
If we can prove W also minimize sgaured error:

i = arg min <Z d™(s) > mo(als)(w' Vg logn(als,0) — Q7 (s, a))2>

interpretation: Good actions, i.e., those with large Q™ (s, a) value should have feature vectors
Vg log w(als, 0) that have a Iarge inner product with the natural gradient w.
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Compatible Function Approximation (2)

> We start the reverse: let W minimize sqaured error:
W = arg min <Z d™(s) > mo(als)(w' Vg logn(als,0) — Q7 (s, a))2>
w
s a
» then,

Vwe =

Vwe(w) =

/—\

Z d™(s) > me(als)(Vologmo(als) ' w — Q7 (s, a))2>
= > d"(s an(a\s)ve log 7 (als) (Vg log mg(als) T W — Q" (s, @) = 0

= > d"(5)D_ mp(als)Vg log mg(als)Vg log mo(als)

F(6)

= d"(s) D m(als)Vp log 79 (als)Q" (s, a)

=>"d"(5) D Veme(als)Q" (s, a)

VJ(0)
= Fiv = VoJ(0)
= W =F""VyJ(0)
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Solve TRPO KL(x||8) < &

» elements of the objective equation:

Lo,(0) ~ Lo (0x) +g" (6 — 6k)
——
0
=97 (0—06k) where g = Vo Lo, (9) |0k

~ = = 1
KL(0]16k) ~ KL(0klI6k) + Vo KL(6k|0k) +50 - k) TF(0 — 6))
—_— ——

0 0
= 15(9 — 0x) "F(6 — k) where F = V2KL(0]|6) |0«
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Obijective function

» objective function of:

i (@lst) 48
mfx[E“‘* [Z” sals)” % at)] }

t=0

Lo, (0)

st KL(x]|8) <6

can be re-formulated as:

Okp1 = arg;nax [QT(Q — Gk)]

e

st.=5(0 - 6) "F(0 —6x) <&

» answer:

1 _
Ot = O + ———F""
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KKT condition

Let x = (0 — 6k):
» primal:

1
f = max ng|§xTFx§6, x,ceR", FeR™"

» Lagrangian

LA =—9g x+ )\%(XTFX — 29)
= VxL(X,\) = —g+ AFx

» KKT conditions:

—g+AFx=0, A>0, Ax'Fx—25§=0, x Fx<2§
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» condition A(x T Fx — 25) = 0 states two cases: if x"Fx < 26 = X = 0, and from
condition —g + AFx =0 = g = 0, which can not be the max

Hence we take another case: A > 0, x " Hx = 2§
> find expression of A without having x

1
—g+ A \Fx=0 = X:XF”g

wEx= (1Fg) F(1E
AU 9

= %QT i;‘ FF'g= %QTF_1g: 25
symmetric

Te—1
2_9g F'g
= A =%

TE—1
:>/\:wgl;sg sinceXx > 0

> substitute X in the expression of x:

= 1F*1g: 25 g

X aF g 9
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Gradient descend via finding maximum first

» solving it using:
X=(0—6k) = X" = (6k11 — 6k)

25 a1,
= Ot = O+ | ———Fx O
9Fr Gx

> ?;1 is too computational! but we don’t need to compute it, however, we can compute
B gy together!
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How to find Fg?

» how does it translate to our problem, i.e.,

» if matrix Q € R"*" is positive definite, then minimal value x* is:

Qx*=b = x*=Q b
» as per Conjugate Gradient Ascend algorithm, which requires computation of Qdj, or

Fgx (note, not F~
» Direct method can help with it:

o oKL
00; 00;

Z 5} aKL 0 OKL T
a6; 39k 00

00y
_a 6KL‘_6 aKL
7aekj ’70

N—_——
scalar

F,'j:

J

scalar

P please refer to my notes on Conjugate Gradient Descend
https://github.com/roboticcam/machine-learning-notes/blob/
master/files/conjugate.pdf
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Proximal Policy Optimization (PPO)
> the penalised version is expressed as:

mﬂax[ .y { AT Z'E‘;Af* s,,a,)] -c.fE s [KL(wum[sn}

mg(als) .
Blarls) "

» PPO is expressed as, using r;(0) =

max |:E.,,\,B |:§: ~' min (r,(e)Aﬁ(s,, a,),clip(rt(e),1 -1+ e)Aﬁ(S;,az)):H

t=0

> if r;(0) falls outside (1 — €) and (1 + ¢), A®(st, ar) will be clipped
» sign of A%(sy, &) plays a part:

1. if A%(st,a) > 0,PPOclipsat () =1+

2. if AP(st,a) < 0,PPOclipsat () =1 — e
» Therefore PPO is not the same as:

max |E 3 [min< 0), cli 0),1 — e, 1 (»:)A[3 R
12 { s [Z’Y &() clip(r(9) +e) (st at)”

t=0
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