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This lecture is referenced heavily from:
▶ https://lilianweng.github.io/lil-log/2018/04/08/

policy-gradient-algorithms.html. I borrowed it heavily, please check her
goodies on RL and GAN

▶ https://medium.com/@jonathan_hui/
rl-trust-region-policy-optimization-trpo-explained-a6ee04eeeee9,
Jonathan Hui’s blog. Again, lots of goodies.

▶ http://www.cs.cmu.edu/˜pradeepr/convexopt/Lecture_Slides/
conjugate_direction_methods.pdf
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What is Policy Gradient “on the surface”

▶ Gradient of Expected entire Rewards R(τ) collected by taking a “trajectory” τ following πθ :

∇θEτ∼πθ
[R(τ)] = Eτ∼πθ

[R(τ) · ∇θ log Pθ(τ)]

= Eτ∼πθ

R(τ) · ∇θ

T−1∑
t=0

log πθ(at |st )


▶ Derivative of Log-likelihood of Policy Gradient is:

∇θ log Pθ(τ) = ∇θ log

µ(s0)

T−1∏
t=0

πθ(at |st )P(st+1|st , at )


= ∇θ

[
log µ(s0)︸ ︷︷ ︸

no θ

+

T−1∑
t=0

(
log πθ(at |st ) + log P(st+1|st , at )︸ ︷︷ ︸

no θ

)]

= ∇θ

T−1∑
t=0

log πθ(at |st )

▶ log p(st+1|st , at ) has no θ is controversial, we need to see why
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Significance of Policy Gradient Theorem

▶ we use an alternative representation:

J(θ) ≡ Vπ(s0)

which we can expand using recursion as needed for unknow T :
▶ Computing gradient ∇θJ(θ) is difficult because it depends on both:

1. action selection directly determined by πθ , and
2. stationary state following action selection behavior indirectly determined by πθ

▶ difficult to estimate policy update effect on state distribution for generally unknown
environment

▶ however, Policy gradient theorem states:

∇θJ(θ) = ∇θ

∑
s∈S

dπ(s)
∑
a∈A

Qπ(s, a)πθ(a|s)

∝
∑
s∈S

dπ(s)
∑
a∈A

Qπ(s, a)∇θπθ(a|s)

▶ significance: above objective function does not involve derivative of state distribution dπ(.)
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Proof of Policy Gradient Theorem

▶ We want a policy to maximize J(θ) ≡ Vπ(s):
▶ first step is always to write Vπ(s) =

∑
a∈A πθ(a|s)Qπ(s, a):

∇θVπ(s) = ∇θ

( ∑
a∈A

πθ(a|s)︸ ︷︷ ︸
u

Qπ(s, a)︸ ︷︷ ︸
v

)

=
∑
a∈A

(
∇θπθ(a|s)Q

π(s, a)

︸ ︷︷ ︸
=ϕ(s) which contain ∇θ

+
∑
a∈A

πθ(a|s)∇θQπ(s, a)

︸ ︷︷ ︸
see how we make ∇θ disappear in this term

)

=ϕ(s) +
∑
a∈A

(
πθ(a|s)∇θ

∑
s′

∑
r

P(s′, r |s, a)
(

r + Vπ(s′)︸ ︷︷ ︸
immediate & future reward

))

=ϕ(s) +
∑
a∈A

(
πθ(a|s)

∑
s′

∑
r

P(s′, r |s, a)∇θVπ(s′)
)

remove part independent of θ

=ϕ(s) +
∑
a∈A

(
πθ(a|s)

∑
s′

P(s′|s, a)∇θVπ(s′)
)

retain marginal by integrate out r
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writing Vπ(s) and Qπ(s,a)

▶ Vπ(s):

Vπ(st ) = Eat ,st+1,at+1,...

[ ∞∑
k=0

γ
k r(st+k )

∣∣∣st

]

= Eat ,st+1,at+1,...

[ ∞∑
k=0

γ
k rt+k

]
let rt+k ≡ r(st+k )

by induction, Vπ(st+1) = Eat+1,st+2,at+2,...

[ ∞∑
k=0

γ
k r(s(t+1)+k )

∣∣∣st+1

]

A/Prof Richard Yi Da Xu richardxu.com Policy Gradient mathematics

richardxu.com


writing Vπ(s) and Qπ(s,a)

▶ Qπ(s, a):

Qπ(st , at ) = Est+1,at+1,...

[ ∞∑
k=0

γ
k r(st+k )

∣∣∣st , at

]

= Est+1,at+1,...

[ ∞∑
k=0

γ
k rt+k

∣∣∣st , at

]
let rt+k ≡ r(st+k )

= Est+1,at+1,...

[
rt +

∞∑
k=1

γ
k rt+k

∣∣∣st , at

]

= Est+1,at+1,...

[
rt + γ

∞∑
k=0

γ
k r(t+1)+k

∣∣∣st , at

]

= Est+1

[
rt︸︷︷︸

only st+1 affect it

+γEat+1,st+2,at+2,...

[ ∞∑
k=0

γ
k r(t+1)+k

∣∣st+1

]∣∣∣st , at

]

= Est+1

[
rt + γVπ(st+1)

]
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writing advantage function

▶ if we choose Advantage function to be:

Aπ(s, a) = Qπ
w (s, a) − Vπ

v (s)

i.e., if we to construct two neural networks for Q and V , is very inefficient:
▶ now we can substitute Qπ(st , at ) ≡ Est+1

[
rt + Vπ(st+1)

]
:

Aπ(st , at ) = Qπ(st , at ) − Vπ(st )

= Est+1

[
rt + γVπ(st+1)

]
− Vπ(st )

= Est+1

[
rt + Vπ(st+1) − Vπ(st )

]
put Vπ(st ) inside integral won’t affect it

Aπ(s, a) = Es′∼P(s′|s,a)
[
r(s) + γVπ(s′) − Vπ(s)

]
drop t and write s′ ≡ st+1

▶ given above, one may approximate Aπ(s, a), by s′ ∼ P(s′|s, a) and compute:

Aπ(s, a) = r(s) + γVπ
v (s′) − Vπ

v (s)

using only one network v
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Difference between two polices J(π) and J(β)

▶ start with some not-so-well-known quantity Eτ|β

[∑∞
t=0 γt Aπ(st , at )

]

Eτ|β

[ ∞∑
t=0

γ
t Aπ(st , at )

]

= Eτ|β

[ ∞∑
t=0

γ
tEs′∼P(s′|s,a)

[
r(s) + γVπ(s′) − Vπ(s)

]]

= Eτ|β

[ ∞∑
t=0

γ
t
[
r(st ) + γVπ(st+1) − Vπ(st )

]]
inner sum Es′∼P(s′|s,a) absorbed by outer

= Eτ|β

[ ∞∑
t=0

γ
t
[
γVπ(st+1) − Vπ(st )

]
︸ ︷︷ ︸
all terms t ≥ 1 cancels out except t = 0

+

∞∑
t=0

γ
t
[
r(st )

]]

= Eτ|β

[
− Vπ(s0) +

∞∑
t=0

γ
t r(st )

]

= −Es0|β

[
Vπ(s0)

]
+ Eτ|β

[ ∞∑
t=0

γ
t r(st )

]

= −Es0∼P(s0)

[
Vπ(s0)

]
︸ ︷︷ ︸

independent of policy

+Eτ|β

[ ∞∑
t=0

γ
t r(st )

]
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Difference between two polices J(π) and J(β)

▶ start with some not-so-well-known quantity Eτ|β

[∑∞
t=0 γt Aπ(st , at )

]

Eτ|β

[ ∞∑
t=0

γ
t Aπ(st , at )

]
= −Es0∼P(s0)

[
Vπ(s0)

]
+ Eτ|β

[ ∞∑
t=0

γ
t r(st )

]

= −Es0∼P(s0)

[
Vπ(s0)

]
+ Es0∼P(s0)

[
Ea0,s1,a2,...|β

[ ∞∑
t=0

γ
t r(st )

]
︸ ︷︷ ︸

Vβ (s0)

]

= −J(π) + J(β)

▶ this implies:

J(β) = J(π) + Eτ|β

[ ∞∑
t=0

γ
t Aπ(st , at )

]
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Policy Gradient Theorem (1)

▶ let ρπ(s → s′, t) to be the probability of transition from state s → s′ in t steps.

∇θVπ(s) =ϕ(s) +
∑

a

πθ(a|s)
∑

s′
P(s′|s, a)∇θVπ(s′)

=ϕ(s) +
∑

s′

∑
a

πθ(a|s)P(s′|s, a)∇θVπ(s′) switch the two summation places

=ϕ(s) +
∑

s′
ρ
π(s → s′, 1)∇θVπ(s′) expand this recursion: s → s′ and s′ → s′′

=ϕ(s) +
∑

s′
ρ
π(s → s′, 1)

[
ϕ(s′) +

∑
s′′

ρ
π(s′ → s′′, 1)∇θVπ(s′′)

]
=ϕ(s) +

∑
s′

ρ
π(s → s′, 1)ϕ(s′) +

∑
s′

∑
s′′

ρ
π(s → s′, 1)ρπ(s′ → s′′, 1)

︸ ︷︷ ︸
∇θVπ(s′′)

=ϕ(s) +
∑

s′
ρ
π(s → s′, 1)ϕ(s′) +

∑
s′′

ρ
π(s → s′′, 2)

︸ ︷︷ ︸
∇θVπ(s′′)︸ ︷︷ ︸

Repeatedly expand ∇θVπ (.):

= ρ
π(s → s, 0)︸ ︷︷ ︸

=1

ϕ(s) +
∑

s(1)∈S

ρ
π(s → s(1), 1)ϕ(s(1)) +

∑
s(2)∈S

ρ
π(s → s(2), 2)ϕ(s(2)) + . . .

=
∑

{s(t)}∈S

∞∑
t=0

ρ
π(s → s(t), t)ϕ(s(t))

▶ as it roll out to fullest, you see the role of ∇θVπ(s∞) becomes negligible
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Policy Gradient Theorem (2)

▶ starting from a state s0:

∇θJ(θ) ≡ ∇θVπ(s0)

=
∑

s

∞∑
t=0

ρ
π(s0 → s, t)

︸ ︷︷ ︸
η(s)

ϕ(s)

=
∑

s

dπ(s)ϕ(s) where dπ(s) ≡
η(s)∑
s η(s)

is a normalized version of η(s)

=
∑

s

dπ(s)
∑

a

∇θπθ(a|s)Q
π(s, a)

▶ dπ(s) acts like the weight of derivative concerning particular s
▶ in words, it says using policy π, which is the probability end up in a particular state s
▶ also giving enough t , one may transition from s0 to any any state s
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Policy Gradient Theorem (3)

▶ to write ∇θJ(θ) in terms of Eπ
[
.
]

∇θJ(θ) ∝
∑
s∈S

dπ(s)
∑
a∈A

Qπ(s, a)∇θπθ(a|s)

=
∑
s∈S

dπ(s)
∑
a∈A

πθ(a|s)Q
π(s, a)

∇θπθ(a|s)
πθ(a|s)︸ ︷︷ ︸

=
∑
s∈S

dπ(s)
∑
a∈A

πθ(a|s)

︸ ︷︷ ︸
Eπ

[
Qπ(s, a)∇θ log πθ(a|s)︸ ︷︷ ︸

]

= Eπ
[
Qπ(s, a)∇θ lnπθ(a|s)

]
▶ so we have the final equation:

∇θJ(θ) ∝ Eπ
[
Qπ(s, a)∇θ lnπθ(a|s)

]

A/Prof Richard Yi Da Xu richardxu.com Policy Gradient mathematics

richardxu.com


Variance reduction using Baseline

▶ subtract a baseline function B(s) from policy gradient, note B(s) only depends on state s, not
depends on action a, such that:

Eπ

[
Qπ(s, a)︸ ︷︷ ︸

replace withB(s)

∇θ lnπθ(a|s)
]

so we have: Eπ

[
B(s)∇θ lnπθ(a|s)

]
=
∑
s∈S

dπ(s)
∑
a∈A

∇θπθ(s, a)B(s)

=
∑
s∈S

dπ(s)B(s)∇θ

∑
a∈A

πθ(s, a)

= 0

▶ A good baseline is B(s) = Vπ(s):

without baseline ∇θJ(θ) = Eπ

[
Qπ(s, a)∇θ lnπθ(a|s)

]
with baseline ∇θJ(θ) = Eπ

[
∇θ lnπθ(a|s)(Qπ(s, a) − Vπ(s))

]
= Eπ

[
∇θ lnπθ(a|s)Aπ(s, a)

]
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Off policy

▶ change behavioral distribution from π to β but target policy is still πθ(a|s):

J(θ) =
∑
s∈S

dβ(s)
∑
a∈A

Qπ(s, a)πθ(a|s) = Es∼dβ
[∑

a∈A
Qπ(s, a)πθ(a|s)

]
▶ adding Importance sampling

∇θJ(θ) = ∇θEs∼dβ

[∑
a∈A

Qπ(s, a)︸ ︷︷ ︸
u

πθ(a|s)︸ ︷︷ ︸
v

]

= Es∼dβ

[∑
a∈A

(
Qπ(s, a)∇θπθ(a|s) + πθ(a|s)∇θQπ(s, a)

)]
(i)
≈ Es∼dβ

[∑
a∈A

Qπ(s, a)∇θπθ(a|s)
]

big assumption: Ignore the red part:

= Es∼dβ

[∑
a∈A

β(a|s)
πθ(a|s)
β(a|s)

Qπ(s, a)
∇θπθ(a|s)
πθ(a|s)

]
= Eβ

[ πθ(a|s)
β(a|s)︸ ︷︷ ︸

importance weights

Qπ(s, a)∇θ lnπθ(a|s)
]

▶ using β = πk θk
(a|s), you have on-policy, so we use β genericaly
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Importance sampling interpretation

▶ looking at:

∇θJ(θ) = Eβ

[πθ(a|s)
β(a|s)

Qπ(s, a)∇θ lnπθ(a|s)
]

▶ this can also be interpreted by:

∇θJ(θ)
∣∣θold = ∇θEπθold

(a|s)

[
log(πθ(a|s))Qπ(s, a)

]∣∣∣∣θold

= Eπθold
(a|s)

[((∇θπθ(a|s)
πθ(a|s)

)∣∣∣∣θold

)
Qπ(s, a)

]

= Eπθold
(a|s)

[(∇θπθ(a|s)
∣∣θold

πθold

)
Qπ(s, a)

]
πθ(a|s) is determined, but ∇θπθ(a|s) not

= Eπθold
(a|s)

[(∇θπθ(a|s)
πθold (a|s)

)
Qπ(s, a)

]∣∣∣∣θold

= Eπθold
(a|s)

[
∇θ

(
πθ(a|s)
πθold (a|s)

)
Qπ(s, a)

]∣∣∣∣θold

=⇒ J(θ) = Eπθold
(a|s)

[(
πθ(a|s)
πθold (a|s)

)
Qπ(s, a)

]∣∣∣∣θold
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Trust region policy optimization (TRPO)

▶ look at the equation for off-policy + baseline:

∇θJ(θ) = Eβ

[ πθ(a|s)
β(a|s)︸ ︷︷ ︸∇θ lnπθ(a|s)

(
Qπ(s, a) − Vπ(s)

)]

▶ θk is the policy before update, as we do not need to update each time. It can be made same as β (then we
have on-policy)

J(θ) =
∑
s∈S

ρ
πθold

∑
a∈A

(
πθ(a|s)Âθold

(s, a)
)

=
∑
s∈S

ρ
πθold

∑
a∈A

(
β(a|s)

πθ(a|s)
β(a|s)

Âθold
(s, a)

)
= E

s∼ρ
πθold ,a∼β

[
πθ(a|s)
β(a|s)

Âθold
(s, a)

]
▶ as a side note, if we were to take derivatives to compute for gradient descent:

∇θJ(θ) =
∑
s∈S

ρ
πθold

∑
a∈A

∇θπθ(a|s)Âθold
(s, a)

=
∑
s∈S

ρ
πθold

∑
a∈A

β(a|s)
πθ(a|s)
β(a|s)

∇θπθ(a|s)
πθ(a|s)

Âθold
(s, a)

= E
s∼ρ

πθold ,a∼β

[
πθ(a|s)
β(a|s)

log
(
∇θπθ(a|s)

)
Âθold

(s, a)
]
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TRPO objective

▶ objective function, assume we let β ≡ θold:

max
π

(
J(π) − J(β)

)
▶ basically, finding the best new policy π to improve upon the previous behavioral policy β
▶ however, we need it to:

max
π

(J(π) − J(β))

J(π) − J(β) ≥ Lβ(π) − C E
s∼dβk

[KL(π∥β)(s)]

= Eτ∼β

[ ∞∑
t=0

γ
t π(at |st )

β(at |st )
Aβ(st , at )

]
− C E

s∼dβk
[KL(π∥β)[s]]

︸ ︷︷ ︸
lower bound Lβ (π)

▶ so we just need to maximize Lβ(π) instead
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Why equality occurs (π = β)?

J(β) − J(β) = Eτ∼β

[∞∑
t=0

γ
t β(at |st )

β(at |st )
Aβ (st , at )

]
︸ ︷︷ ︸

=what?

− C E
s∼d

β
k

[KL(β∥β)[s]]︸ ︷︷ ︸
=0,well, that’s KL

▶ looking at Eτ∼β

[∑∞
t=0 γ t Aβ (st , at )

]
:

Eτ∼β

[∞∑
t=0

γ
t Aβ (st , at )

]
=

∞∑
t=0

γ
t
∑

at∈A
Aβ (st , at )

=

∞∑
t=0

γ
t
∑

at∈A

(
Qβ (st , at ) − Vβ (st )

)

=

∞∑
t=0

γ
t
( ∑

at∈A
Qβ (st , at )

)
− Vβ (st )

=

∞∑
t=0

γ
t
(

Vβ (st ) − Vβ (st )

)
= 0

▶ As a side note: if instead we look at Eτ∼β

[∑∞
t=0 γ t f (at )Aβ (st , at )

]
:

Eτ∼β

[∞∑
t=0

f (at )γ
t Aβ (st , at )

]
=

∞∑
t=0

γ
t
∑

at∈A
f (at )

(
Qβ (st , at ) − Vβ (st )

)

=

∞∑
t=0

γ
t
( ∑

at∈A
f (at )Q

β (st , at )

)
︸ ︷︷ ︸

̸=f (at )V
β (st )

−f (at )V
β (st )
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Always improve the result

▶ we know,

J(β) − J(β) = 0, and, J(π) − J(β) ≥ Lβ(π)

=⇒ J(π) − J(β) ≥ 0 after we optimized Lβ(π)

▶ meaning the new policy is always as good as the previous one
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KL penalized vs KL constrained

Two different constraints for KL(π∥β)
▶ KL(π∥β) = C:

max
π

[
Eτ∼β

[ ∞∑
t=0

γ
t π(at |st )

β(at |st )
Aβ(st , at )

]
︸ ︷︷ ︸

Lθk
(θ)

−C KL(π∥β)
]

▶ KL(π∥β) ≤ δ:

max
π

[
Eτ∼β

[ ∞∑
t=0

γ
t π(at |st )

β(at |st )
Aβ(st , at )

]
︸ ︷︷ ︸

Lθk
(θ)

]

s.t. KL(π∥β) ≤ δ

▶ solving the above is hard, we approx both Lθk (θ) and KL(π∥β) part

▶ KL(π∥β) part need concept of natural gradient
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Natural Gradient manifold: KL(π∥β) = C

▶ Taylor (order 1) expansion of L(θ):

L(θ + h) ≈ L(θ) + ▽θL(θ)⊤h

=⇒ arg min
h

{L(θ + h)} ≈ arg min
h

{▽θL(θ)⊤h}

▶ look at steepest gradient descent: we minimize at an equiv-euclidean-distance
hyper-sphere:

h∗ = arg min
h

{L(θ + h) : ∥h∥ = 1}

≈ arg min
h

{▽θL(θ)⊤h : ∥h∥ = 1}

= −▽θL(θ)

▶ now instead, we minimize at an equiv-KL-distance manifold:

h∗ = arg min
h

{
L(θ + h) : h ∈

(
KL[pθ∥pθ+h] = c

)}
≈ arg min

h

{
▽θL(θ)⊤h : h ∈

(
KL[pθ∥pθ+h] = c

)}
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Natural Gradient manifold: KL(π∥β) = C
▶ solving

h∗ ≈ arg min
h

{
▽θL(θ)⊤h : h ∈

(
KL[pθ∥pθ+h] = c

)}
▶ solve using Lagrange Multiplier:

= arg min
h

(
▽θL(θ)⊤h + λ(KL[pθ∥pθ+h] − c)

)

▶ if we can prove second degree Taylor approximation:

KL[pθ∥pθ+h] ≡ KL[p(x|θ)∥p(x|θ + h)] ≈
1
2

h⊤Fh A

▶ then,

h∗ ≈ arg min
h

(
▽θL(θ)⊤h + λ

(1
2

h⊤Fh − c
))

=⇒
∂

∂h
(
▽θL(θ)⊤h +

1
2
λ h⊤Fh − λc

)
= 0

∇θL(θ) + λFh = 0

h = −
1
λ

F−1∇θL(θ)
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A why second order Taylor Expansion KL[pθ∥pθ+h] ≈ 1
2h⊤Fh

▶ look at taylor expansion:

f (x0 + h) ≈f (x) + f ′(x)h +
1
2

h⊤f ′′(x)h | x = x0

▶ to avoide confusion: x0 → θ0 is constant, and θ′ → θ is variable

KL[pθ0 ∥ pθ+h] ≈ KL[pθ0 ∥ pθ ] +

(
(∇θKL[pθ0 ∥ pθ ])

⊤h +
1
2

h⊤(
∇2

θKL[pθ0 ∥ pθ ]
)
h
)∣∣∣∣

θ=θ0

= KL[pθ0 ∥ pθ0 ] +
(
∇θKL[pθ0 ∥ pθ ]

∣∣∣
θ=θ0

)⊤
︸ ︷︷ ︸

1

h +
1
2

h⊤ (
∇2

θKL[pθ0 ∥ pθ ]
∣∣∣
θ=θ0

)
︸ ︷︷ ︸

2

h

= 0 + 0 +
1
2

h⊤Fh

=
1
2

h⊤Fh
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1 look at Kullback–Leibler divergence

▶ note the ordering when computing ∇θ f (θ, θ0)

∣∣∣∣
θ=θ0

: take derivative first, then substitute.

▶ look at KL between p(x|θ) and p(x|θ′):

KL[p(x|θ) ∥ p(x|θ′)] = Ep(x|θ)

[
log

p(x|θ)
p(x|θ′)

]
= Ep(x|θ)[log p(x|θ)] − Ep(x|θ)[log p(x|θ′)]

▶ taking first derivative with respect to θ′:

∇θ′KL[p(x|θ) ∥ p(x|θ′)] = ∇θ′
[
Ep(x|θ)[log p(x|θ)] − Ep(x|θ)[log p(x|θ′)]

]
= −Ep(x|θ)

[
∇θ′ [log p(x|θ′)]

]
= −

∫
p(x|θ)∇θ′ [log p(x|θ′)] dx

A/Prof Richard Yi Da Xu richardxu.com Policy Gradient mathematics

richardxu.com


1 what’s ∇θ′→θ KL[p(x |θ) ∥p(x |θ′)]?

▶ let θ′ → θ:

∇θ′KL[p(x|θ) ∥ p(x|θ′)] |θ′ → θ

= −
∫

p(x|θ)∇θ [log p(x|θ)] dx

= −
∫

p(x|θ)
▽θ [p(x|θ)]

p(x|θ)
dx = −

∫
▽θ [p(x|θ)]dx

= −▽θ

[ ∫
p(x|θ)dx

]
= 0

A/Prof Richard Yi Da Xu richardxu.com Policy Gradient mathematics

richardxu.com


2 what’s ∇2
θ′→θ KL[p(x |θ) ∥p(x |θ′)]?

∇θ′KL[p(x|θ) ∥ p(x|θ′)] = −
∫

p(x|θ)∇θ′ log p(x|θ′) dx

=⇒ ∇2
θ′ KL[p(x|θ) ∥ p(x|θ′)] = ∇θ′

[
−

∫
p(x|θ)∇θ′ log p(x|θ′) dx

]
=⇒ ∇2

θ′→θ KL[p(x|θ) ∥ p(x|θ′)] = ∇θ′

[
−

∫
p(x|θ)∇θ′ log p(x|θ′) dx

]∣∣∣∣
θ′=θ

= −
∫

p(x|θ)∇θ

[
∇θ [log p(x|θ)]

]
dx
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2 what’s ∇2
θ′→θ KL[p(x |θ) ∥p(x |θ′)]? cont.

∇2
θ′→θ KL[p(x|θ) ∥ p(x|θ′)]

= −
∫

p(x|θ)▽θ

[
▽θ [log p(x|θ)]

]
dx = −

∫
p(x|θ)▽θ

[
▽θ [p(x|θ)]

p(x|θ)

]
dx

= −
∫

p(x|θ)▽θ

[
▽θ [p(x|θ)]︸ ︷︷ ︸

u

p(x|θ)−1︸ ︷︷ ︸
v

]
dx

= −
∫

p(x|θ)
[
−▽θ [p(x|θ)]p(x|θ)−2▽θ [p(x|θ)]︸ ︷︷ ︸

uv′

+ ∇2
θ [p(x|θ)]p(x|θ)

−1︸ ︷︷ ︸
u′v

]
dx scalar form

= −
∫

p(x|θ)
[
∇2

θ [p(x|θ)]p(x|θ)
−1 − ▽θ [p(x|θ)]2p(x|θ)−2

]
dx

= −
∫

p(x|θ)
[
∇2

θ [p(x|θ)]
p(x|θ)

]
dx +

∫
p(x|θ)

[(
∇p(x|θ)
p(x|θ)

)(
∇p(x|θ)
p(x|θ)

)⊤]
dx vector-matrix form

= −
∫

∇2
θ [p(x|θ)]dx + Ep(x|θ)

[(
∇p(x|θ)
p(x|θ)

)(
∇p(x|θ)
p(x|θ)

)⊤ ]
= −∇2

θ

[ ∫
p(x|θ)dx

]
+ Ep(x|θ)

[
∇ log p(x|θ)∇ log p(x|θ)⊤

]
= 0 + F

= F
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Something about Fisher Information (1)

▶ now, let’s have a look at the second derivative:

∇2
θi ,θj

[log pθ(x)] = ∇2
θi ,θj

(∇θj pθ(x)
pθ(x)

)
= ∇θi

(∇θj pθ(x)
pθ(x)

)
= ∇θi

(
∇θj pθ(x)︸ ︷︷ ︸

u

pθ(x)−1︸ ︷︷ ︸
v

)

=
∇2

θi ,θj
pθ(x)

pθ(x)︸ ︷︷ ︸
u′v

−
∇θi pθ(x)

pθ(x)
∇θj pθ(x)

pθ(x)︸ ︷︷ ︸
uv′

=⇒ Ep(x|θ)

[
∇2

θi ,θj
[log pθ(x)]

]
= Ep(x|θ)

[∇2
θi ,θj

pθ(x)

pθ(x)

]
− Ep(x|θ)

[
∇θi pθ(x)

pθ(x)
∇θj pθ(x)

pθ(x)

]
= 0 − Ep(x|θ)

[
∇θi [log(pθ(x))]∇θj [log(pθ(x))]

]
= 0 − Fi,j
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Something about Fisher Information (2)

▶ as a consequence, one may compute:

Fi,j = Ep(x|θ)
[
∇θi [log(pθ(x))]∇θj [log(pθ(x))]

]
or,

Fi,j = −Ep(x|θ)

[
∇2

θi ,θj
[log pθ(x)]

]
▶ of course, we pick the easier of the two!
▶ now we just proved that,

F =
(
∇2

θKL[pθ0 ∥ pθ ]
∣∣∣
θ=θ0

)
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Final equation: KL(π∥β) = C

repeat the steps until convergence:
1. feed-forward
2. compute ▽θJ(θn)

3. Compute: F = Ep(x|θn)

[
▽θ [J(θn)]▽θ [J(θn)]

⊤]
4. θn+1 = θn − αF−1∇θn J(θn)

Then, for policy gradient, we just need to have:

θn+1 = θn − αF−1∇θ

(∑
s∈S

dπ(s)
∑
a∈A

πθn (a|s)Q
π(s, a)

)
= θn − αF−1

(∑
s∈S

dπ(s)
∑
a∈A

∇θ log πθn (a|s)Q
π(s, a)

)
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Compatible Function Approximation (1): about F−1∇θnJ(θn)

▶ J(πθ) ≡ J(θ) =
∑

s∈S dπ(s)
∑

a∈A πθ(a|s)Qπ(s, a)

▶ if w̃ = F−1∇θJ(θ) is a single natural policy gradient step, then:
▶ If we can prove w̃ also minimize sqaured error:

w̃ = arg min
w

(∑
s

dπ(s)
∑

a

πθ(a|s)
(
w⊤∇θ log π(a|s, θ) − Qπ(s, a)

)2
)

▶ interpretation: Good actions, i.e., those with large Qπ(s, a) value should have feature vectors
∇θ log π(a|s, θ) that have a large inner product with the natural gradient w̃ .
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Compatible Function Approximation (2)
▶ We start the reverse: let w̃ minimize sqaured error:

w̃ = arg min
w

(∑
s

dπ(s)
∑

a

πθ(a|s)
(
w⊤∇θ log π(a|s, θ) − Qπ(s, a)

)2
)

▶ then,

∇w ϵ(w̃) = 0

∇w ϵ(w) = ∇w

(∑
s

dπ(s)
∑

a

πθ(a|s)
(
∇θ log πθ(a|s)

⊤w − Qπ(s, a)
)2

)

=⇒
∑

s

dπ(s)
∑

a

πθ(a|s)∇θ log πθ(a|s)
(
∇θ log πθ(a|s)

⊤w̃ − Qπ(s, a)
)
= 0

=⇒
∑

s

dπ(s)
∑

a

πθ(a|s)∇θ log πθ(a|s)∇θ log πθ(a|s)
⊤

︸ ︷︷ ︸
F(θ)

w̃

=
∑

s

dπ(s)
∑

a

πθ(a|s)∇θ log πθ(a|s)Q
π(s, a)

=
∑

s

dπ(s)
∑

a

∇θπθ(a|s)Q
π(s, a)

︸ ︷︷ ︸
∇θJ(θ)

=⇒ Fw̃ = ∇θJ(θ)

=⇒ w̃ = F−1∇θJ(θ)
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Solve TRPO KL(π∥β) ≤ δ

▶ elements of the objective equation:

Lθk (θ) ≈ Lθk (θk )︸ ︷︷ ︸
0

+g⊤(θ − θk )

= g⊤(θ − θk ) where g = ∇θLθk (θ) |θk

K̄L(θ∥θk ) ≈ K̄L(θk∥θk )︸ ︷︷ ︸
0

+∇θK̄L(θk∥θk )︸ ︷︷ ︸
0

+
1
2
(θ − θk )

⊤F(θ − θk )

=
1
2
(θ − θk )

⊤F(θ − θk ) where F = ∇θ
2K̄L(θ∥θk ) |θk

A/Prof Richard Yi Da Xu richardxu.com Policy Gradient mathematics

richardxu.com


Objective function

▶ objective function of:

max
π

[
Eτ∼β

[ ∞∑
t=0

γ
t π(at |st )

β(at |st )
Aβ(st , at )

]
︸ ︷︷ ︸

Lθk
(θ)

]

s.t. KL(π∥β) ≤ δ

can be re-formulated as:

θk+1 = arg max
θ

[
g⊤(θ − θk )

]
s.t. =

1
2
(θ − θk )

⊤F(θ − θk ) ≤ δ

▶ answer:

θk+1 = θk +
1√

g⊤F−1g
F−1g
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KKT condition

Let x ≡ (θ − θk ):
▶ primal:

f = max

[
g⊤x

∣∣ 1
2

x⊤Fx ≤ δ, x, c ∈ Rn
, F ∈ Rn×n

]
▶ Lagrangian

L(x, λ) = −g⊤x + λ
1
2
(x⊤Fx − 2δ)

=⇒ ∇xL(x, λ) = −g + λFx

▶ KKT conditions:

−g + λFx = 0, λ ≥ 0, λ(x⊤Fx − 2δ) = 0, x⊤Fx ≤ 2δ
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find x∗

▶ condition λ(x⊤Fx − 2δ) = 0 states two cases: if x⊤Fx < 2δ =⇒ λ = 0, and from
condition −g + λFx = 0 =⇒ g = 0, which can not be the max
Hence we take another case: λ > 0, x⊤Hx = 2δ

▶ find expression of λ without having x

−g + λFx = 0 =⇒ x =
1
λ

F−1g

x⊤Fx =

(
1
λ

F−1g
)⊤

F
(

1
λ

F−1g
)

=
1
λ2

g⊤ F−1︸︷︷︸
symmetric

FF−1g =
1
λ2

g⊤F−1g = 2δ

=⇒ λ
2 =

g⊤F−1g
2δ

=⇒ λ =

√
gT F−1g

2δ
sinceλ ≥ 0

▶ substitute λ in the expression of x :

x∗ =
1
λ

F−1g =

√
2δ

gT F−1g
F−1g
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Gradient descend via finding maximum first

▶ solving it using:

x ≡ (θ − θk ) =⇒ x∗ ≡ (θk+1 − θk )

=⇒ θk+1 = θk +

√
2δ

ĝk F̂
−1
k ĝk

F̂
−1
k ĝk

▶ F̂
−1
k is too computational! but we don’t need to compute it, however, we can compute

F̂
−1
k ĝk together!
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How to find F̄ḡ?
▶ how does it translate to our problem, i.e.,

θk+1 = θk +

√
2δ

ĝk F̂
−1
k ĝk

F̂
−1
k ĝk

▶ if matrix Q ∈ Rn×n is positive definite, then minimal value x∗ is:

Qx∗ = b =⇒ x∗ = Q−1b
▶ as per Conjugate Gradient Ascend algorithm, which requires computation of Qdk , or

F̄ḡk (note, not F̄−1ḡ)
▶ Direct method can help with it:

Fij =
∂

∂θj

∂KL
∂θi

fk =
∑

j

Fkj gj =
∑

j

∂

∂θj

∂KL
∂θk

gj =

(
∂

∂θ

∂KL
∂θk

)⊤
g

=
∂

∂θk

∑
j

∂KL
∂θj

gj︸ ︷︷ ︸
scalar

=
∂

∂θk

(
∂KL
∂θ

)⊤
g︸ ︷︷ ︸

scalar

▶ please refer to my notes on Conjugate Gradient Descend
https://github.com/roboticcam/machine-learning-notes/blob/
master/files/conjugate.pdf
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Proximal Policy Optimization (PPO)

▶ the penalised version is expressed as:

max
π

[
Eτ∼β

[ ∞∑
t=0

γ
t π(at |st )

β(at |st )
Aβ(st , at )

]
− C

√
E

s∼dβk
[KL(π∥β)[s]]

]

▶ PPO is expressed as, using rt (θ) =
πθ (a|s)
β(at |st )

:

max
π

[
Eτ∼β

[ ∞∑
t=0

γ
t min

(
rt (θ)Aβ(st , at )︸ ︷︷ ︸, clip

(
rt (θ), 1 − ϵ, 1 + ϵ

)
Aβ(st , at )︸ ︷︷ ︸

)]]

▶ if rt (θ) falls outside (1 − ϵ) and (1 + ϵ), Aβ(st , at ) will be clipped
▶ sign of Aβ(st , at ) plays a part:

1. if Aβ(st , at ) > 0, PPO clips at rt (θ) = 1 + ϵ

2. if Aβ(st , at ) < 0, PPO clips at rt (θ) = 1 − ϵ

▶ Therefore PPO is not the same as:

max
π

[
Eτ∼β

[ ∞∑
t=0

γ
t min

(
rt (θ)︸︷︷︸, clip

(
rt (θ), 1 − ϵ, 1 + ϵ

)︸ ︷︷ ︸
)

Aβ(st , at )

]]
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