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Gradient Descend: what is directional derivative

» Your aim to find:

argxmin (f(x))

> How? Solve Vf(xn) = 0! But in many scenarios, this isn’t easy!

> The rate of change of f(x, y) in the direction of the unit vector u = (a, b) is called
the directional derivative d,f(x, y). The definition of the directional derivative is:

f(x + ah,y 4+ bh) — f(x,y)
h

i) = Jm

»> Theorem the minimum directional derivative of a differentiable function f at
(X0, Y0) is —|Vf(xo, ¥o)| and occurs for u with the opposite direction as v£(xo, ¥o)
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Gradient Descend

Here is where Gradient Descend algorithm may help. The iterative algorithm looks
something like:

Xn+1 = Xn — anV{(Xn), n>0

Moral of the story, you must know how to compute the objective function’s derivative.
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Newton methods

> taylor expansion of f(x) around x, in 1-D:

1
(X0 + AX) ~F(Xp) + ' (X0) A + Ef”(xn)AxZ
» we need to find what is the “right” value of Ax that minimises f(.):

df(x, + Ax d 1, , ,
% T (f(x,,) + f(Xn)AX + 5f’ (x,,)Ax2> = f'(Xp) + "' (xn) AX

—1'(xn)
(X)) + ' (Xp)Ax =0 = Ax = 70)

Xni1 = Xn + AXx
= Xn — ("”(Xn))qf,(xn)

» taylor expansion of f(x) around x, in higher dimension:

= Xpt1 = Xp — (sz(xn)) B V(Xn)
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Newton methods (2)

» knowing,
df(x, + Ax)
T2 o
dAx
2 —1
= Xpt1 = Xn — (V f(xn)> Vi(Xn)
N ———’

> V2f(x,) is called Hessian matrix.

> bigger steps in low-curvature (where V2f(x,) is small)
» smaller steps in high-curvature scenarios.
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Conjugate Gradient Descend - why heed conjugate?

» we have a 2-d function f(x1, x2):
> suppose step k occurred along x;-axis, and led to position x**"
> at x¥*', f(x**1) is minimized in its x; component:

k+1
of(x"*1) ~0
X4

> next step is along x,-axis: that step leads to a position x**2: we find the approprate
step, such that:

of xk+2
o) _ 0
OXo
32)( k+2 Bf k+2 .

> we know Bxfxaxa) =& (%), then:
82f(xk+2) af(xk+2)
grx ) . g )
O0X20Xq Xy

> in words, it says if X+ is not overall stationery/saddle point, and we also know x**2 is
stationery point in x, direction; then it mustn’t be stationery point in x; direction

. . . k+2 .
> we want to move along direction other than x-axis, such that % remains zero
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Q-conjugate

> the next four slides are heavily referenced using
http://www.cs.cmu.edu/~pradeepr/convexopt/Lecture_Slides/
conjugate_direction_methods.pdf

» we need to search for new non-axis directions:
» {di, ds,...,dy} are said to be Q-conjugate, such that,

d'Qdi=0 j#k
» when Q is also symmetric, {\«, vk} are eigen-(value,vector) pair, we know all
eigen-vectors are orthogonal:
Qv = A Vi

= v Que=MV v =0 j#k

» so eigen-vectors {vy, ... vy} of symmetric matrix can be thought as special case of
Q-conjugate vectors, where these vectors are ortho-normal without Q
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CGD: Linear independence

> let Q be positive definite, then all its Q-conjugate vectors {d;, ds, . .., dp} are linearly
independent

» proof by contradiction, i.e., suppose one of its vector say dj can be written in linear
combination of dy, ..., dk_1:

O = 10y + -+ + ak_10k_1
- d,TQdk :d,;rQ(a1d1 +"'+Ock_1dk_1)
= d,;rQa1d1 +‘~+d,;rQak_1dk_1
=0

contradiction part is, by definition of positive definiteness: d Qdx > 0 Vdx # 0!
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compute ay independently

> if we are to minimize a quadratic problem:
min %XT Qx—b'x+c

xeR?

> if matrix Q € R"*" is positive definite, then minimal value x* is:

Qx" =b
» let {dp, di, ..., d,_1} be arbitary Q-conjugate set
X" = agdy + -+ + apn_1dh_1 linearly-independent basis
= d] Qx" =d Q(do+ - - + ap_10h_1) x by arbitrary k™

= Ockd,;r Qdk
daraxs  dib

T drad " 9l ad

> beauty is that we don’t need to know x* to compute ay, only Q-conjugacy is required
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Conjugate Direction

X" =gl + -+ ap_10h_1

d
dJ b . _dib
d; ad, dk substitute ay = W

1

>

=0
> the above can be achieved in parallel, where each dy does not minimizing anything

» also it is not an algorithm, it simply decomposes x*
> instead, we try to solve along a path, with an initial point x°:

X1 = Xo + Otodo
Xk = Xo + gl + - -+ + ak_10k_1

X" =X+ oy + -+ + an_1dn_y

» what about the new «y to match with this path?
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now we have Xg

Xo € R" be an arbitrary starting point:
so instead of writing x* = S"9-" v di

we also know gx = VF(xx) = Qx,x — b= Qx, — QX" = Q(xx — X*)
instead of decompose x*, let’'s now try to decompose x* — Xg:

vvyywyy

X1 — Xo = Xp + Dtodo —Xo
——
X1
Xk — Xo = Xo + gy + - - - + axOk_1 —Xo = oo + - - + ak_10k_1

Xk

X" —Xog =X+ oy + -+ 4+ ap_10h_1 —Xog = aglp + - - - + ap_10n_1

e
== d;Q(X* — Xo) = d,;ro(aodo 4+ -4 Oén,1dn,1)
= d Qaydk

d’ Q(x* — Xo)
= Q= —————
k a7 Qdy
_ q 9
d,’ Qd
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re-cap

» recap, for x* = apdy + - - -

» recap, for x* = apdp + - - -

*

X

» we will see that to write a,
terms of x,

+ ap_1dy_1:
d—1
N a’ b
X'=>_ grag, %
k=0 _k
N —
=73

+ ap_1dp_1 + Xo:

d-1
dd Q(x* — Xo)
—Xo=) ———Fm Ok
kz:; d; Qdy
g
d—1
N dd Q(x* — Xo)
X = - dk+ Xo
kz:; d; Qdy
g

in terms of Q(X* — Xo) may not be as useful as to write in
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Expanding subspace theorem

» looking at:

dl QX" —Xo) = d QX" — Xk + X4 — Xo) = d QX" — Xk) + di Q(xx — QXo)
=d] QX" — X¢) + d Q(aodo + -+ + an_10h_1)
=d, Q(x* — xx)

> noted that d,' Q(x* — xo) = d}| Q(X* — xk) =& QX" — Xo) = Q(X* — Xk)
> think about the case:
1 1NMvy=[1 1]wn=5 but wvw=[4 1]landw =[1 4] satisfy

» therefore:

d Q(x* — Xo) d % dl Q(x* — X¢) dy g«
ak = = — = = —
d" Qady d’ Qdk d Qady d’ Qdk
» recap: we move from X, by adding Q-conjugate directions {di, . . . d,}, each time by
_ 94l
ak = — 3 g, amount

» we need to prove why this movement is getting “better”, i.e., each k step minimizes all
previous directions
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Looking at the algorithm closely

v

. . PR . . . . . dTg
to know if X, is minimizing dimensions along its path using step size ay = — d-’; as :
k k
o X i o1 X kg
X —— Xk41 Xgp1 ————— Xk42

where each X, is used to compute its corresponding gx = V(Xx)
starting in the first step, given arbitrary point Xo:

X1 = Xo + oo
go = Qxg — b

obviously, we hope x1 to minimize the line (direction) xo + aodo
this is equivalently saying, g1 = Vf(x1) L (Xo + o)

think this way, we now have changed the coordinates from one ortho-normal basis to another:
[x1, x2] — [u, v] let:

of of of
= d d L —, = | =10, —
(u=(Xo+ agdh) and v Lu) = [8u av} [ 6v]
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Looking at the algorithm closely

» we have,

g1 = Vf(x1) = QX1 —b
= Q(Xo + apdh) — b = (QXo — b) + apQdy
= go + aoQd

» g1 L d in general, but we can show a particular choice aig makes it do, i.e., x; minimizes the
line xg + oy
d) g1 = dy go + d 0 Qcly xd, on each side
= dy go + dy Qdy
dngo
d," Qdo

:dngo— dy Qdy sub ag = —
o

=dy go—dh go=0
:>d0J_g1

» above shows the choice d; is also somewhat arbitrary

» to understand by choose a different xo, results a different go, having an arbitrary (go, do) pair
ngo
a, Qdg

results a unique ag = making X1 the minimum of the line Xo + aody

> however, a sensible choice is dy = —Vf(X0) = —go
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Expanding Subspace Theorem

» knowing g; L dp, we also can prove similarly that:

9k L span(cb, - - ., dk_1)
————

k terms

for example, if xo L (Xg + ap0p) and Xxo L (X4 + «1dy), we know that x, L a surface
span of the two perpendicular lines dp and d;, we write this as:

92 L span(ap, di)
N——"
2 terms
we can drop X and x4
> we can see that X, minimizes f over {Xo +span(db, . .., dk_1)}
» therefore, it's obvious”

1
X, = arg min _X'Qx—b'x
Xx€ {Xo+span(dp, ..., d,_ )} 2
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determine directions

> oge more thing missing, we know it works well for any arbitrary Q-conjugate vectors
{b, ..., dn}:
» a sensible guess of d; wouldbe (we already used dy = —Vf(Xg) = —Qo:

di = =VI(X1) + Both = —91 + Boh

» use definition of conjugacy:

" Qdy = 0

= (—0i + Both) " dh =0

—9{ Qdy + Body Qdy =0
_ g/ Qa
dy " Qay

Bo
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Conjugate Gradient Algorithm

1. let f be a quadratic function:

f(x) = %XTQX +b'x+c

2. initialize: Let i = 0 and x; = Xo, d; = dy = Vf(Xo)
3. compute «p to minimize the function f(x; + a.d}):

T (Qxk + b)
dk " Qadi

_ dd gk

= 747 ody

o =

4. update

Xkt = Xk + ady
5. update the direction:

_ 91 Qdk

A= di T Qdi

6. Repeat steps 2-4 until we have looked in n directions, where x € R”
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A quick demo to show Stochastic Gradient Descent (1)

A simple example:

N
FO =Ko —yI? =3 (70~ y)°

i=1

VF(9) = 2x"(x0 —y)
x X0 —y

N
=2 %0~y
i=1

> Traditional gradient descent approach: 6,.1 = 6n — an (Z}L x,.To - y,-)

> However, think about what if N is 1,000, 000, which happens often in the BIG
DATA era.

» Stochastic Gradient Descent HELPS!
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A quick demo to illustrate Stochastic Gradient Descent (2)

Idea, instead of

3| e el
‘9n+1 =0h—an <

N
> oxTo- y,»)

i=1

Each iteration, we select randomly a data
point pair (x;, y;), and do:

(] 0,002 0.004 0.006 0.008 001

Onit = 0n—an (x[0—y)  j~UQ,...N)

It surprisingly works quite well in many
settings. See demo
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g-norm Regulariser

» The objective function:

Ep(w) + aEw(w)

> Example:

% > (t” - ""T¢’(xn)>2 + %wTw = wyL = (al + ¢T¢)71 o7t

n=1

> A generalised example:

N M
1 2
> (tn - wT¢>(xn)) + % > [w|9 = wy not so easy to obtain

2 n=1 Jj=1
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Diagrams of ¢; and struggle between Ep(w) and a.Eyy (W)

1/q
Plot of various norm functions: g-norm ||w||q := (Z, 1 |wil ) =1:

q=0.5 g=1 qg=2 q=4

minimise Ep(w) + aEw (W) becomes the “tradeoff” between the two:

w2

D P
N
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