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1 Preamble

In this tutorial, my contribution mainly has been the attempt to summarize the referenced papers and blogs in
a unified and (hopefully) more intuitive for Computer Science researchers. I also tried to provide some gentle
introduction to people on what is a Gaussian Process and Kernel methods, in order to make this tutorial a bit
self contained.

This document contains contents up to NTK for initialization, and the NTK training will be in another
document.

In particular, the blogs below are extremely useful, and I encourage you to read the original blog as well.

1. https://www.uv.es/gonmagar/blog/2019/01/21/DeepNetworksAsGPs
2. https://bryn.ai/jekyll/update/2019/04/02/neural-tangent—-kernel.html

3. http://chenyilan.net/

1.1 notations

I attempted to unify notations, where I used the following definition for Neural Network functions:
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as we shall see later in section section NTK initialization, we need to use re-parameterized version in
NTK for layer I = 1, but for NNGP, both works

1. k€ {1,... Ny} indexes elements of 2!

2. i € {1,... N;41} also indexes elements of z!, and it is used when k is reserved to a specific index
3. j € {1,... Ni} indexes elements of z!~!

4, Whe RNi+1xM

5. x and 2’ are used to indicate two data points

6. k and k' indexes two functional output of 2!

7. size of data input is |djy|



1.2 Others minor contributions

I made the derivations a bit more verbose for people to follow
To make this turorial self-contained, I have included a very quick introduction on the relavant topics
incluce Gaussian Process, Kernel Trick and Central Limit Theorem



2 Gaussian Process

This tutorial makes frequent references to GP, so we talk about it briefly:

e GP is a (potentially infinite) collection of RVs, s.t., joint distribution of every finite subset of RVs is
multivariate Gaussian:

f~GP(u(z),K(x,z"))  forany arbitary z, '

e prior defined over p(f|X), instead of p(x) over X = {x1,...z}

fz1) k(zi,21) ... k(z1,zg)
p(f|X) =p : :N(o,K):N 0, : N 5
fzk) k(zg,z1) ... k(zg,zk)

2.1 marginal and conditional marginal under noisy output

e in aregression setting:

yi = fl@) e & S N(©0,07)

}T, after integrate out f:

)= /(7]

e joint [V, y*
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[xiYT} /) p(f|X, z*)df

" .

= [ (2] [A8] o21) sl tsas
[K(X,X) + o2l K(X,z*)
%,—/ _\‘ P

=N]o K(z*, X) K(z*,z*) + o?

e predictive distribution of y*|) using conditional formula of multivariate Gaussian:

p (y* |V, X, z*)
— * 2\ —1 _
=N(0_+ K@) (K(X.2) +020) " (V= 0),
H2 Yo q /\117‘\ H1
B(a*,a%) + 02 = K(a*, X) (K(X, X) + 021) ' K(X,2"))
—————— ——
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2.2 marginal and conditional marginal under noiseless output

e posterior of f given ) in regression:
Vi = FON _ K(X,X) 4021 K(X,z)
() = ([FE3]) = o [
for arbitrary variable x
conditional marginal of y*|) using conditional formula of multivariate Gaussian:

P(f]X, ) = GP (K (2, X)(K(X, X) + 021) 7'V,

k(z, ') — K(z, X) (K(X,X) + 021) " K(X, z'))

e deterministic function y; = f(z;) is used, e.g., neural network’s read-out layer f(z;), data y;

p([V,5*]T) no longer need to integrate f:

(] 15]) =2 ([F8]) = (o [£E53) £E523))

predictive distribution y*|) using conditional formula of multivariate Gaussian:

Py |V xat) = N (K@ 0K, 2) 7Y,

k(z*,2*) — K(z*, X)K (X, X)L K (X, x*))



3 Kernel methods

consider the equation:

y=o¢(z) w
pr(z)] "

w

bm (z)
[61(2) ... om(a)]w

using definition:

Y=y, )"
N [d)(xl)v ceey QS(:ZTL)]T
o1(z1) ... Om(z1)

$1(@n) .. dml(wn)

nxm

Ridge regression can be re-written as:

n
. 2
w* =argmin Y (y; — ¢(z:) Tw)” + Awl|3
wooi=1
= argmin ||y — dw||3 + A||Jw|]3
w
just like the normal ridge regression, the least-square solution is:

w' = (®Te4A) 0Ty

mXm

substitute w* back to y = é(x) T w for a single pair of data,output (x, y):

Yw* (2) = p(a) Tw*
)T (@Te+A) oY

_ TeT T -1
=¢(x)' @' (20 +XI)" Y

nxn

1xn

using identity (@7 @ +Al) @7 =T (00T 4 A1) 7"

3.1 Kaernel trick

@

3

“

()

6)

the above looks all good, except we want to avoid computing ¢(z) explicitly, especially when m is large!

However, knowing

[@07], = é(x) " d(x;) = K(ws, ;)
[6(2)T @], = 6(2) " b(x;) = K(=, ;)

we dodged the bullet of of computing ¢(x) explicitly!

()



3.2 relationship with Neural Tangent Kernel

Taylor Expansion of f, () around wo:

fw(m) = f(wﬂﬂ) ~ f(w07$) + wa(wo,m)T(w - 'LUO) + ...
—_————
B()T

®)

s0, in theory, one may solve this using Kernel regression. However, question is why still using neural
networks?
in here, we have not made any linkage to gradient descend yet.

3.3 relationship with gradient flow

This is a simplified version to Section[??]:
Gradient descend algorithm:

Ot41 =0 —nVoL(Ot11)
0 —0
LT VoL(Bi41) ©
0 —0 do(t
I Sl (O —VeL(0)
n—0 7 dt

let’s substitute that into least square problem:

)= 3150 — w3
) = Voy(0) (5(6) — v) (10)

0
G
)
t

L
= VLl
do . -

S “a = —Voy(0) (9(9) - y)

so let’s look at %:

dij(6:) _ 9§(0(t) T do(t)
dt a0(t) dt

Ve@(e)( ~ Vo5 (0)(5(6) — y)) (11)
= —Voi(0) " Vou(¥) (5(6) — )
———

—K(00)(5(0) - v)

Q



4 Reproduced Kernel Hubert Space

4.1 convergence

when we express a function convergence f, — g, we can have:

1. point-wise convergence:

fn(x) = f(x) (12)
2. norm-wise convergence:
lfn —gll =0 13)
an evaluation functional 0. (f) is define as:
6 (f) = f(®) (14)

however, f,, — f does not always implies 6, - fr,

5 First attempt for modeling Neural Network at initial-
ization
5.1 neural network function

using parameters:

0= {wl ok, . wh (15)

Deep neural network function fy(X) is defined as:

fo(X) = Whel(X) +b"
— WL (¢L71(X)WL71 + bL*l) 4 bL

(16)
=WEo (W X) + o)+ ) +bF
it should be noted that non-linear output ¢*(.):
Lx)y=o¢l(x|6%,...,0071
84(X) = 6H(X | ) -

= d)L(X |W1,b1, o WL—lij—l)
5.2 Apply NN function in predictive distribution

However, applying NN function in predictive distribution: prior is defined over 0 instead of over f. i.e., i.i.d
noises are injected to each element of 6. The predictive distribution:

([l = (A

The integral is not analytic!!

(z*)

UZ(X)} ,031) N(8]0,021)d6 (18)



5.3 what is the predictive distribution

eventually, we will need to ask an even harder question on, i.e., suppose we let N! = |Wl |, i.e., the “width”
of the neural network at each layer [, and we would like to study the effect of:

P([]1) st

(19)
NL 500
however, firstly, we ask the question on, what is:

X
(] 1)) = e
attempt to compute it directly, by looking the mean and variance:
E||Y% X
y* Z*T
X
E [ {yy*] [y ] || T

5.3.1 look at the mean:

[yy*} ‘ [ffg((ii))}oﬁ) dy dy* N'(0 | 0,031)d0

#{ [ [4EY)

y* fo(z™)

= }cg((ii))} N(60,021)d0 to expand one layer :

r L 1L L .

:/ j{éﬁ%,,ffw} N(WE 0,62 )N (" | 0,62DN (0" L1 [ 0,021)d0" "1 dw™ dbl
[ ol (X) / WENWE 0,62 Daw 't + / bEN (BT | 0,021)dbE

| P

=0
oL (z*T) /WLN(WL | 0,02 1dwT +/bL/\/(bL | 0,02 1)db"

N(OYL=1 | 0,621)dgl L1
L =0 =0
_ 10
|0
ey
note we are not dealing with infinity at the moment
5.3.2 look at co-variance
X
o[ 2]



Apply same trick as calculating mean, i.e., introducing € and then integrate it out:

:/y/y/ep< L}”’} [v" v]|0 {TXT} >p(9\03)dadydy*
= [ L L v ([ [8] otr) o wo r0.8mas @

E[Z2] Z is not mean-subtracted
Let Z = L}’i] :

var[Z] = E[Z?] — (E[Z])? = E[Z%] = Var|Z] + (E[Z))?

:/9 o L{z((f))} o) fo(a*)N(0 ] 0,031)d0

Var[Z

(E[Z])?
L( L 3L LT .Lis\T o pLT L( L 3L LT AL xT\T o pLT
=o; /+/ { gﬁ d)*TV;/L—:_bbz)(I(/;/LTd)L(,()z—)T-:_bbL‘?) (((;z *T;/‘[jVL—:_bbg)(‘(/‘[jVL‘?(ﬁé?m*T))T—:_bbLW))} N | O,JgI)dG
(24)

realize Cov (z' (X)WL, bk) =0

WLWLT L( ) —‘rbLbLT ¢L(X)WLWLT1‘L(:D*T)T+bLbL
=it [ |l

*T WLWLT¢L(X)T bLbLT ¢L($*T)WLwLT¢L (II* ) + bLbLT:| N(9 ‘ 07 Ugl)de

(25)
factorize N\ (9) as each element of 6 is independent:
N(8]0,021)do = N (6L | 0,621) N(6Y L1 | 0,021)dobE—1 (26)
)zt (X)) +Ub oot (X)o" (a* )T +of } 1, -1 NS B
= “’ NG 0,051)d0"
/[ ¢L(X)T +0b o2 ¢ - T)d)L(Z‘*T)T-f—Ub ( | 0,051)
@n

let’s taking the left corner element, and expand 6 by one:

/0'12‘](1)11(X)d)L(X)TN(Hl""’L_l ! 0’ 0_31) d@l"“’L_l 4 /O,gN(al,...,L—l | 0’ (J'gl) dGl’“"L_l

:O'?U/(f)L(X)(]bL(X)TN(Gl ..... L—1 ! 07 O'g[) del ,,,,, L—-1 +O’§
(28)

asweknow ¢l (X)pH(X)TN (0L L=1]0,021) doVE~1 4 o2

:o,g _,’_0,121}/ [@(W7L_1@L_1(X) +bL—l)d)(m/L—lqu—1(X) +bL_1)T N(@l"“’L_l ‘ 07 G’%I) del,m,L—l
(29

it’s difficult to see what is this distribution is, we need a trick to kept it going!



6 Single layer neural network

this section is to describe the paper [1]:

6.1 in summary

in summary, by definition of Gaussian process, a finite collection of “function of data” will be distributed

according to Gaussian.
Central Limit Theorem makes them Gaussian distributed under an infinite-width case, despite the fact
that the form of ¢ makes distribution calculation difficult.

6.2 notations

H
fr(@) =br+ > vjrhs(x)
=1

S (30)
hj(x) = tanh (aj + Zulsz)
i=1
this is very strange way to define neural network, and it defines it to part of the second layer:
Ny
=~
H
fe(z) = b + Vik Xtanh( a; + uT :v)
D SR
v b wi 1-1 -1 T
%k k ki b; w!s
— —
27N @) @31
Ny
= zb(z) =0bl + Z W,éyj X ¢(z§.71(x)) modern notation
j=1
No Ny
fr(x) = bgf) + Z W,izj) X ¢><b§.1) + Z W;;)xi) modern notation
j=1 i=1
6.3 p(z;(z)) for single input x
We need CLT for computing this probability.
6.3.1 Central Limit Theorem:
XM x@ X areiidsamples (32)
note any arbitrary distribution with bounded variance for X () will do
let X be sample mean, and let: 02 = Var[X ()]
Limiting form of the distribution:
V(X —EXM)) -4 N(0,02)
_ d a?
(X —ExXO) SN0, —) (33)
1 _
—vn(X —E[xXM)) -4 A0, 1)
o

Similarly, instead of “sample mean”, it can be also be applied to “sample sum” of i.i.d random vari-
ables:

10



Va(X - ElxM]) -5 N(0,0?)
— V(X —EXD]) -5 N(0,v/n 0?) = N(0,n0?)
= n(X — E[XM) LN N(0,n02)

(XZ;X, - 'nE[X“)]) 4 N (0, n0?)

(34

choose one of these conditions to suit the situation

6.3.2  Apply CLT to compute p(z}(z))

let’s pick any arbitrary x, since we only pick a single z, so the index is not important, there is no need to use

(1) like in the literature
computing p (2}, (x)) directly is hard!

however, zL( ) is bﬁg—&- sum of i.i.d elements using CLT notations:

2t (x) = bl +2Wk3 I (z)), note we are not taking average
X; (35)
S X

therefore, we can just compute mean and variance of its individual element, i.e., an arbitrary j = 1 and
then apply CLT!

X; = Wi (2 (@) (36)

6.3.3 mean and variance of W/ .¢(z.""(z))

Expectation

E[W,é’]- qb(z;fl(x))] = IE[W,éJ-] E[¢(zé.71(r))] since W,éyj and ¢(zé.71(ac)) are independent
as z;_l(a:) depends on (W'~1 5~ 1)
=0x IE[d)(z;_l(:p))] because we choose W,é,j ~ N(0,0w)

=0
(37)
Variance
Vdr[WkJ¢>( = 1(x))]
2
(vt ott7)]
= E[(W,éyj)ﬂ E[(b(z;fl(x))ﬂ since W,é ;jand (b(z;fl(x)) are independent (38)
=opB[o(0 ()] = Var[W] ;¢6(zi7"(2))] to be bounded
N————

bounded

= ‘7121; ]E[¢(z§._1(m))2]

11



we leave in this form, as

E[6( " (@)°] = Byar i1, [8(271 (@))) (39)

6.3.4 apply CLT:

However, we can apply CLT: making p(z' (z)) distributed as Gaussian where its variance is dependent on
variance of previous layer, a recursion.

using (ZX”” — n]E[Xl]) i>./\/'(O,m72)
i=1

~ (40)
= (Z Wi (2 (@) — o) ~ /\/(o, N; o2, E[qs(zl;l(x))"’]) Ny — o0
j=1
However, variance under this expression N; o2, [(b (zlfl (x))Q] is divergent because of N;!
luckily, we can take control the choice of U?U, if we let:
oWl V=0 - 2=t @1
k,j w /le w Nl
the above is the key, implication is:
al 1 -1 1 1=1,, \\2
= (o Who( @) = 0) ~ N (0N Blo (@) )])
j=1
’ “2)

= N(O, IE[(;&(zi*l (z)) 2 ])
bounded

. . l .
finally adding the bias by :

Note that sum of two independent Gaussian random variables is also Gaussian: (not to confuse with
GMM!)

X ~N(ux,0%)

YNN(“YVU%)
Z=X+Y Z=X+4+Y

= Z~N(ux +py,0% +0%)

43)

Therefore:

Ny
(zfc(z) = bk +j;W,iyj¢(z;_1(x)))i>N(O,\oi—i—E[cf)(zll_l(w))z}) as Ny — oo (a4

2 2
Tx Y

appreciate the recursion here

12



6.4 given two inputs z, 2’: compute Cov |z} (), z;(2')]

6.4.1 Independence after only one layer

No N1
Toe) = b2 + 3w < o (b + W) (45)
j=1 i=1

Therefore, individual terms of the outer sum:

2 ( N 1 . 2 1 1
forj # 7' W(; X ¢( 1> +>0 W( ) ) random variables W,£2]>,W](11), .. W( ;
W,EJ) (b< + ZNI W , le) random variables W,E ]>, , W(, >1, R <, Ny
(46)

They involve a different set of random variables. This is not the case if one performs another layer

6.4.2 changing from product of two sums into one sum

in general, if we have X; to be independent of X ;; when j # 4’ and dependent when j = j’ and for
simplicity we let E[X "] =0 vj, p:

N
:]E[ZX](.]D) x ZXJ(.?)] 7)

then, by CLT (as we see later in the multi-dimensional CLT)

N N
Cov|[ > X", 3 x| = NCov[x{P, X{?] N oo
LT 48)
E[YXPX@] = NCov[x{", X{?] N oo aswell
j=1

Therefore:

13



COV[ZW(2_) X ¢( D +ZW(1)%)7 Z W(z)/ y ¢< (D +ZW(1> ,)J

j’'=1

[ZW(Z. x (b +ZW(1 i) x Z w2, x o (b +ZW )]

j'=1
N N1y Ny
=E[ 3 57 00 + e )o 1 + 3wl
) S o btV 3 w2z, )6 (b S Wby
[W ] zz: (J +Z Jst 7’>¢(J +; 4y z)

=1

N N
=E [(WéQJ))Q] N2 E |:¢5 (b;l) + Zl Wl(}i)mi>¢(b§-l) + Zl Wl(}l)a:;):| N3 — oo using Eq.(48)

i=1 i=1
(49)
6.4.3 using Multidimensional CLT
Multidimensional CLT only works if X; is independent of X; Vi # j, in the case of:
let X; € RY:
- - - - - - r (1)7
X7 [x X®] [T
.') .') ( n X_(I))
n Xfl) Xé!) X”(LP) 121‘ i
DXi=| o+ ] = :
=1 X{q) Xé@!) x@ it Xi(q)
x® ] [ x] | x| s )
——— N—— N ! lai=1""g -
X X Xy =
' ’ X (50)
- e (1)
pom X x®
% n Xfp) x®)

= 15w X(q) %)

_% 1= IX >_ _X d

1. Sample mean version

14



-
-
B
=
X

=1
= % SOX —E[Xi])  since p(X;) = p(X1) o
i=1
() e
~ Vi (R—E[X])
<= 2 X~ E[X]] = Vi (R - E[Xa]) % N0, Cov(Xy)
=1
_ _ (52)
— \/EIE[ x® _ ﬁgp)] ) (X(q) _ ]E[ng)] )] = Cov(X1) () ()
scalar scalar
for every elements (p, q) € {1,...,k}:

2. Sample sum version:

<{ZX —nEX1> 5 Nk(0,1n%)
. EK[ZX] ® nIE[X1](p)> ([ZX ]<q> CE[X] <q)) =020 0
i
— E|:(7),K(p) —nE [Xip)]) (ni(q) nkE X(q) )

MZX] —nE Xm})([ixi](p) B X

i

= n3(p),(q)
(53)

} = n3(p),(q)

where 3 (,) (4) = COV(XYD)7 X}‘”)
6.4.4 Put into multidimensional CLT structure:

now, let’s look at k™ dimension of 2!, i.e., z,lc, and to see in this dimension, how correlation between pair of
data input z and 2’ is. note that what happen to k" dimension, applies to the rest

15



W} 16( (@) W}y, 0(z (@) S wl

W,i’1¢(z§_1(x/)) Wli N,‘z’(zé'_l(wl)) Z;-V:l1

W,iy]-d)(z;_l(:p'))

(1)1
e X :

n

i

A X(l”)

s x@

x®]

(54

compare with the standard notation of Multi-dimensional CLT, and use “sample sum version” of CLT,
Eq.[50], and remember ch(x) = bfe + Z;V:ll W,i j¢(z§._1(m)), to simplify derivation, let’s deliberately

not looking at bﬁc for now

®)
PR [in] TS whe @)
1 7 j=1
X7 — wi (71
X0 — Wi jo(7 (@)

using above identities in Eq.[55]

e[([32x] -osttl) (35 st D]

E{(iw,i,m(zé”(w))w (Whao(" @))] )(ZW;w
j=1

:Nﬂfov(ﬂ’/}lu(:/‘ Y)W 19z (@)

=NE {u/ (2L (@) x \1'[,_“;)(;:1*‘(,r’))}

look at 2} () with b, too:

16
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B0 @) |

=0

(56)



Cov (24 (@), 24 () = o +E[(%Wé,j¢<z;1<x>)) (%Wé,m(z;l(x')))]

=02+ N, Cov(W] 1o (z17 (), W] 1o(217 (")) use CLT result above from Eq.[57]

= o} +N10'wCOV(¢(Z 1(:1: ) (zi_l(x/)))
—O'b +Nl—C0v(¢)(z 1(:): ) ¢(zl 1 z')))

= O'b + Cov( (zl ac)),d)(zl_ z')))
= af + E[qﬁ(zifl(z)) X ¢(zi71(x'))]
(57)

there are many notes this:

1. note 1 under usual GP, f(-) has just a one-dimension output, however, in here, function P (+) has

Nj41 outputs, i.e., a vector function. so the “entire” Cov (zl, zl) is of size:

Nit1 | X x Ny | X
—— N = (58)
VEk VYV Vk!  Vaz!

exactly how one may arrange this “gigantic” matrix, either N; 1 sub-blocks of Cov(z,z’), or |X|
blocks of Cov (k, k') has the same effect
2. note 2: this co-variance is same Vk in zfc(x), so right hand side does not need to keep k index

because in this particular setting, since by, b/, Wy, ; and Wy, ;s are independent variables, co-
variance between any of them are zero:

Ny
zi(a}) =by + Z W/é,qu(zéil(x))
Jj=1
Ny
B (59)
Zé,(l’) = bk’ + Z W,i/’]d)(zé l(x))
j=1

:E[W,ﬁ}jqﬁ(z;_l(m)) x W,i,,j,¢(z;.,_l(m))] -0 V{kK,j 5}

note 3: in literature, it is written:

Ny
E[zé(l)zi(x/)] =02 +02 E[Z d)(z;.*l(w))qﬁ(z;*l(x/))}
=1
(60)

instead of = o7 +E{(§;W,ﬁ7j¢(zél(m))) (iw,éﬂ(zﬁ-l(m’)))}
iz iz

see section[6.4.2] for detail

17



6.4.5 Relationship with Gaussian Process (GP):

let f(x) = 2L () be some function, and since for every arbitrary point pair,  and 2’, we have:

E[f(z)] =0
E[f(z,2")] = Cov(z,z’) =%, ./ (61)
= f~GP(0,X)

looking at mean and co-variance as N; — oo

Cov [zL(m),z,lc(x’)] =0 + E[(b(zi_l(x)) X qﬁ(zi_l(m/))] as N; = oo

(62)
z,lc(x)i> ./\/(07 o2 + E[¢(zl171(z))2]) as N; — oo
putting it in layer specific GP define over some domain X as N; — oo:
= 2 (X) ~ GP(0, %) )
where specific co-variance 2;’1, =07 + E[qb(zll_l(:r)) X (b(zi_l(x/))]
6.5 looking at GP systematically
First let’s change for the rest of the tutorial:

= - K (64)

K!(z,2’) in terms of pre-activation z! (z) in this section, it will be changed later to post-activation.
instead of letting o ! Y= —L_ in previous section, we let it be more generically:
go(Wy ;) U P g y

(Wi ;) = % 65)

we look at all GP kernel K relate to k'~ 1:

Kl(x,a:') = E[zfc(x)zé(x'” 2171]

= o'f + aiE[d)(zifl(x)) X ¢(zl171(:1:'))] apply CLT N; — oo (©6)

= 0-13 + 01211 Ez’i_l(X)NgP(O,Klfl) ¢(Zl1_l(z))¢(zl_l($/))

since E[¢(2)] = E, (2 [¢(2)] and p(zi_l(X)) = GP(0, K'~1) just as Eq.[63], and d)(zi_l(z))
is function on a specific point x, keep on going:

=of +02 F, (I('l_l(x7 ), K'Y (2, 2), K\ N, z'))

Fy(K1-1) (67)
=0 + oy Fy(K' ™ (z,2"))

18



6.5.1 using properties of point Marginals of Gaussian Process:

Pl 0000) = Bt sy [8G5 (0)0le) (@)

— -1/, =1/ 68
o E(z;fl(:z:),zé.fl(x/)) ~N(0, K (2, 2')) |:¢(ZJ (1))(1)(,2], (z )):| (68)
2 points on function = é* 1 2D Gaussian
2 (2) K'1(z,2) K l(x,2')
|:Z§_7—1(I/) ~ N(O ) |:Kl_1(w,(£/) Kl_l(w/,a:/):| ) (69)
assume 2/~ 1 can be integrated out:
= F¢(Kl_1(z,m/),Kl_1(z,m),Kl_l(z/,m’)) (70)

6.6 in summary

this is how K relates to K'—1:

Kl (.T?, .T/) = 0’2 + 0—12” E(z;_l(z),z;_l(z')) ~ N(O,Klil(:rur,’)) [¢(z;71(m))¢(3571($/))] D

1. some confusion on the dimension of K (z, z'): the expression above is a scalar

2. however, since each of 2! (z) Vz € X has Ni1 values; Therefore, co-variance matrix correspond-
ingto {z!(2),..., Zé\’H-l (z)}zex should be made up of (N} x |X|) X (N} x |X]) elements

3. the interesting thing is we never need to sample other z§>1 (), as CLT made sure only one 2} (z)
needs to be sampled, at next layer [ + 1

4. we will see the same recursion also applies in NTK, except ¢ — ¢’
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7 Expand GP across all layers
this section describe [2]
From the previous section, we know that that “independence” property on W<2) X ¢ (b<1) +ZN1 W(l) )

and W(Q), X ¢ (b<1) + ZNl W( )xz) is lost if Neural Network involve more than two layers starting from

data x. However we need that * 1ndependence property to apply CLT.
However, after bringing each of the layers to infinity, we can make it almost as if it’s just a data. Hence
the “independence” property.

7.1 Overall objective

Looking the probability of the final layer output z~ depending on input z:
peHle) = [ ot KO K K o) it

:/ LWL(HPI

(72

rl— ) (KO|$) dKO""’L

7.2 p(zf|K%): conditions on K' = {qﬁ(zl*l)(m))qb(zl*l)(a:’))}m

(J. H. Lee et. all 2018) presents an alternative definition of K !, where no longer define K from pre-
activation:

K'(z,2") = E[2} (2)2} ()| 2'71] (73)

instead it define K in terms of post-activation of previous later ¢(z!—1) for reason illustrated later
look at Neural Network function:

() = b, ZW,” ¢(z5 (@) (74)

let’s make it dependent on {d)(z;_ L)) };Vl Lie.
Conditional Marginal

Ny
L@ {8 @)Y = b+ > W o=k @)
j=1 e

Ny
L@)| {o( @)}~ N (0, o+ > ! (m))ZVar[W;i,]}) (75)
j=1

o2

_N<0 crb+N Z¢> )

using property of weighted sum of Gaussian:

Xi~ N(piyof),  i=1,...,

n n n
= ZaiXi ~N <Z ai,ui,Za? Var[Xi]>
i=1 i=1 i=1

(76)
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Conditional Co-variance

@) e e} ]
—1 -1 / Nl
(@)oo @ )]

Cov [z,lv(z), 2t (2

= E[2}.(2)24(")

— o7+ By __[z B4 @) o) |

constant, used as condition (77)
=02 4 Z\u (W} zl. 1x))¢(l Y z'))
os L1
_Z e 27 H(@))
not using property of weighted sum of Gaussian:
Combine all together
—1,y 1V 2, o 1 al -1 I-1/, s
Cov [zk T {qﬁ (=) }j:1] =0, + oy N Z qb(zj (z)) ¢(zj (=)
Jj=1
1
@ {06l @n ) ~ N (00 40 13 0ted 1 @)?)
j=1
1 -1
— ~N|(0,G )
[zl(x’) | ¢(zj71(ar’)) Kl( ') Kz, x)
(78)
in GP paradigm:
2 (2)|K' ~ GP(240,G(K")) (79)
where
Kl x,m/ — (z) lfl 2
(@:2) = z A7) o
G(Kl(:):,m/)) = o}, +o'le(x,x )
Conveniently, we use K as a short-notation collection of qﬁ(z;_l (z)), qﬁ(zé_l (") Vz,z’,j
also taking care of the layer one, which is just input z:
1 din 1T,
1 Tz = izl =0
Ky =K = r N IS o
Nl ¢(z )(1) z; ) >0
to reflect:
Cov(zh, 2k, ) =0V kK €{1,... Niy1} (82)
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note that

1
Kz, o')y= —zTa'

in

appears again in NTK

(83)

one may construct giant co-variance matrix with N;q1 X N;; diagonal blocks:

A@D) 2 (@®)

zl = Z;_(zm) Z;_(x@))

nglﬂ(m(l)) Z§VZ+1(93<2))

2 (2(PD)
zé_(x{m\))

zgvlﬂ(m(IDl))

D
[G(KS ) . 0
0 0 G(K} )
G(KLY ) ... 0
vlo 0 0 G(K} )
G(KIZDH) 0
| 0 0 G(Kip,)

= p(@K) = N (0,G(K) © T, xn,., )

=GP (20,G(K")

73 p(K|K)

Use marginal property of GP and look at: p( K| K!=1):

22

width = vec(z!) =

Z§VZ+1($(|D|))

......... G(K} p)) 0 ]
......... 0 0 G(K; p)
......... G(K} \p) 0
......... 0 0 G(K; p))
--------- G HEipy,p)) 0
:
......... 0 0 GKpp p) |
(84



p(E 'K
(85)

pRKY = [
L1
:/l (KNG (10, GK L)

using GP property, and just look at two points z, z’:

PGl = /zl—1<z> A1 () p(Niz §1¢(Z§(:C))¢(Z§(x’)))
, iz
z—l(m)} 0, G( [}[((ll_—ll((;:;fl)) l[gll_—ll((%;;gl))} ))

V([

7.3.1 what happen to sum Zj\;’l ¢(z§-_1(x))¢(z§_1 (z')) as N; — oo using CLT

look at K zlnq and notice it’s sum of iid random variable K Il,’]q

Ny
1 _ _
he= 3 20l @) @)
=
x XJEKZQ:J;I
= PRI = [ OB E)EE)
27 (@) ], K'Yz, 2)  K'7(z,a!
N( |: l_l(z/)] 707G( |:KZ_I(CE,:L") Kl_l(:n/, /)
= (FoG)(KL Y
&7
using CLT, pick the most appropriate definition:
VaI[Xl]) (88)

(X —E[x1]) % N(o .

let’s see what is lim v, 00 P(JCH K1)

(X — E[X1]) iw\/(o, V"“[Xﬂ)
n
l 1,17y _d Var[ K]

= (K} ,—E[KLL) —>N(0, N"'q )
!
1,1
— (KL, — (FoG)(KL) i>/\/(0, Var[]ff”’q}) (89)
!
Var[KL
— (16, K5 < A (Fo gy, Pl
' _(Fo G)(Kl_l)) entire matrix

note using CLT, sample mean converge to d,,, can be exploited for other application

note that this single step conditional is quite easy
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7.4 putting in the overall objective function

let width of all layers to — oco:

petle) = [ B KO K ) ROt
L
= [ttty (TT o) )ola) arco
=1
L
. Ly _ _L| 7oL A g -1 0 0,....L
NL—>ool,1.I4r.l,N1—>oop(Z |:L‘)—/p(, K )(Hé(h (FoG) (K )))p(K |z) dK
L 1
= /g}’P(,:":[}.(—.’(I\’/‘ ) (H(S(Kl - (FoG)(K’*l))>5<K0 - d—.rT.r) dK 0L
=1 in

= (FoG)?(KL=2)...
=(Fo@)t (dimxTac>

=1 ifKL=(FoQ)(KL1)
otherwise
-

0
= QP(ZL;O, Go(Fo G)L(di:c :c))
90)
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8 NTK at initialization

this section describe [3]

8.1 expression

Given a single input , we show the following is the relationship between two adjacent layers z!—1 (z) —

2t (x):

[ %LWf’1¢(zi_1(x)) + opb1

N

VT

1 -1
_\/ﬁlWJl\le,l(b(zj (z)) + JbbNH»l_

r N, -
T S W o5 @) + ot

N, (-1
= ﬁ >t W,i,jqb(zj (z)) + opdl,

~ Wli,l(b(zll_l(x)) + opbg NI

1 N, 1 . -1 1
N, Zj:ll WNL+1,J'¢(ZJ' (x)) + UbleJrl_

1—
ﬁW{,N1¢(Z1 1(93)) + opby

-1
o Wit )+ o

-1
L lNzWJZVZHle(b(ZJ‘ (z))+abblfVl+1_
On
2} ()

)
N (z)

8.2 re-parameterized formulation

different to NNGP, we now write neural network expression as:

Ny
1
NNGP zf(2) =Y Wi ,6(7 @) + bl Wi, ~ N (0, ——)
j=1

VN

N
1
in NTK we use re-parameterization  z} (z) = N Z W,iyjqb(z;_l (z)) + opbl W}é,j ~ N(0,1)
j=1

92

there is an added reason why second representation is preferred here, used for layer [ = 1. explained in

section 8.4

8.3 Prove by Induction

8.3.1 how does prove by induction work?

by induction works by:

1. proving value at [ = 1 (or at some initial condition)

2. Then show relationship between [ and [ — 1 in general

3. Finally, it shows what value is at an arbitrary index L
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8.3.2 For NTK

we need to show by induction:

1. assume for a small network, at I = 1 we prove:

1
ei’k/(x, z') = ( —_acT:c' + o2 )5k,k’
n
e —
K1

93)

even better, no need to show: @,1c " (z,2') — Klék’k/. it is actually equal! Besides there is no
N7 to take limit to co

2. then by assuming:

B Bzfc_l(:c,@)TazL_l(ac’,G) Nj—00

1—1 ’ -1 ’ 94
O (w2') = =t =5 o (@, 2 ) OV

k,k/(

WE€ prove:

-
ol (2,2)) = 822(90,9) 8zf€($’,9) Njj1—00
kRIS a0 0!

O, (z,2") 0k ks ©3)

84 whenl=1: O, (z,2') = (gz'2 +0})0w

From the Eq.(91), we have:

r 1 din T
\/I zj:l Wllvjxl + o-bb% zl(x)
in i
din ,. ] ] :
\/17 X5 W ez +ovb | = | 2() (96)
B 1 :
1 sdin 2, (%)
L /din T Wiy %y + Ubb}\fz_ 2

; 1
note when computing ZZV@(II) only k™ row going to return a gradient, i.e., %ZV’;/(I@ =0ifi#k
2% 0,5
1 e g
M _ \/T:% ifi =k ie. rowk
8Wi1, j 0 otherwise
= O7)
= 5. vx
m i,kLi
azi, (z) 1 s
= ——0; 1T
oWl Vi U
i i ! ol N 0] 9FL(z)
now, taking pair of data = and =, each element of the outer product matrix ©" (z, z') = >3, W(@
aFl, ’ )
% at k, k' is:
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i z) OF}, (z)

1 1 51
= {w' '}
06}

L oF () OF), (') “’Zl‘ OF ) (z) OF), (')

= - -
= oW, oW, = Bbé Bbé
No din N
-3 Z 0z} (x) 0z}, («') 22: 921k (x) 92}, (2')
i=1j=1 OWi,j OWi = Ob; 0b;
N2 dm 1 1 %
= ——=Ti0; j} ——=T; 51 k+ 0u0i, 1 0u0; kr onlyonei € {1,... N2} in outer sum remain
i=1j=1 \/ﬁ \/di =
din 1
= d—.xm;éz’k, + 0Pt G g Oik = O
J=1 1n
1
= dia: z 6[9 kK’ +Ub6k k!
n
1 T,/ 2
= di‘r x +O’b 67@ K’
1mn
—_——

(9%

the above is just notation for NNGP, note that we must use re-parameterized definition of NN in here,
ie., z}(x) = r Z ,x]— + gbbﬁc Wkl’j ~ N (0, 1), because Wl is absent from derivative,

so there is no E(W! . ) to generate —-
k.j din

8.4.1 structure of ©'(z, 2’)

now we have each element @i (@, '), the final © (z, ') is:

K (z,z") 0 0
0 Kl(z,z’) 0 0
= Ol(z,2') = : : : : K e {l,...,N2}
0 K'Yz, 2") 0
0 0 0 0 KY(z,2")
ke{l,...,No}

= repeating diagonal with K1 (z, z')8p 1
=K' (xa -’El) ®outerIN1 X No
——

scalar

99)

©1 matrix of square the size of input (N2 x |X|) x (N2 x |X|), importantly, there is no limit to take
for ©1
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8.5 when! >1

[ FRELWeETE el ]
\ﬁZ (l_ (x)) + oubl, _ | 2@ (100)

. ;v
\/7 Z Nl+1 J¢(zé (z )) +O'ble+1 ZNl+1 ()

split sum into two parts: {W?! b'} and 6'—!

101 o1 1 (o

02! (x) 0z, ()

el ., z,z’') = E k R
b (2:2) = a0t o0t

(Wbt

el—l
ozl(z) 0z, (a) |

oWl by a{wi, bt}

021 (2) B2L,(2) (101)
Anl—1 -1
()HJ 89d

d=1 d=1

@ ©

8.5.1 discussion on the term O] ,, (z,2’)

Unlike the NNGP where we assume independence between k, k' and correlation only occur between z, z'.
In NTK, we do not assume even independence between k, k’, therefore we must compute the entire correla-
tions between k, k' and z, =’ pairs.

8.5.2 Expression for sz 1 9254(@) Oz(a)

00T gl T
o't
()’ ) Oz
in expression Z J kIlE )
a=1 ()0,/ 06y

®

l
. . . . )z (x)
derivatives with respect to the single terms: ¢ ,)/‘, 1‘
o€
d

N
1 .
= W;Wk] (25 (@) + owbl,
(102)
N Ni_1
= — wi ( lil(z) —i—abbl ) + opbt
- 7 Mo i X W ) ;
92! (2 95! -1 -1
‘ /‘I ll) = Zlk(f) 8(;5(2; I () 92 ; (lz) drop index for the last two terms
o0l T oG @) 01 (e)  ogl
Z . 00 (@) 92N (@)
/* ,y d 17 (z) 8651—1 (103)
. - 024" ()
—_— Z Wi ¢/ (2.7 () EEFA— leave last derivative as is, in “recursion”
Fig 7% o0,
j=1 d
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substitute it back to @

o' o 92l (2!
0z (x) Oz, (')
-1 -1
=1 00, a9,

®

ot =1 N, 8zl_1(m) N, -1/ s
. 1 0z (z')

l 7 -1 J l 1o =1/ J CP
= (2 (x 7) X (— Wi ¢ (z: (a) 7) by substitution
Z ( 2::1 k,j (J ()) 895[1 m; k’.j (J (=) 69;’1

(104)
1 -1 0z 'z
although it looks like it is in the form of Section[6.4.2], however, kaj ¢’ (zf (x)) ﬁ is not
d

0z (@)

69l for j # j’, therefore:

independent of W}, 7 ¢’(z§71(:v’))

jol=1| N, N 8zl_1(a)) 8zl_1(x')
B L1 ' 1 P =11 J’
- 2 w2 (M 0 Zo) < (W 0670 )
j— 7’ insecond term
‘91—1

02{_1(:1;) E)zl.fl(w’)
Wi W ¢ (25! (I))¢(z ") —L— L
kod TR o0t a0t

re-arrange

I MZ

E3)3

HM
2\

N N iy ()z Yz) 9zt (2)
= Z Z Wi J Wk’ 4 (ZF (2)) ¢’ (Z v (@) Z 917 59171
Li=15=1 d=1 d

definition O (z z’)
Ny N

= Zme@m*wwwwnﬂm>

] 1j/=1

% Z 5o W, Wh o ) o (25 (@) Ol (@28,

J 1j'=1

use induction assumption: 9 ,(:c Y= O (x,x ")8,.5

deterministic and diagonal limit
N

! r, l— 7o l— ’
= 00 a) 5 D Why Wi 6/ G @) ¢/ @)
=1

(
instead of using CLT, we shall apply LoLN here:
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Ny
1
O (o) - D2 Wiy Wi /(27 @) /(4 @)

Jj=1

=0l (a2 ]EWch LW @) e ) [Wli,l’ Wé/71¢'(zi_1(r)) ¢/(zll_1(z/))] very similar to NNGP

=0 (0,2 B 11 ) 11 (o) [¢ (7 (A7 @) By wi, [Why W]

=0l (@0 By gp (o i) [ (1 @) (o @) o

= 5k1kzkl(a:, z') @;1(30, x')
(106)

1. Derivation of ¢y, ; part:

EW}, W} ] k#K
' ' viowl 1= k1 "VE/ 1
]Ew’i-l’wlfa/,l DVI""I Wy, ,1} {]E[(Wli,l)z] k=K
o0 k#£ K
1 k=F re-parameterized expression W} | ~ N(0, 1)
= 61«mk¢’
(107)
2. notice the expression here:
1
N Wi Wi ¢/ (2071 (@) ¢/ (27 (2) (108)
j=1
is the very similar of NNGP formulation, except:
-1 1o =1
6 @) = ¢ (@) (109)
so expect same CLT/LoLN treatment applies here
3. looking at abbreviation symbol K (z,z’):
A1 n o2 1 1—1 J =1/ 7
K (I7 z ) = 0w E(ziil(x),ziil((t')) ~ ./\/'(O,K[*l(:l:,.’l:’)) |:¢ (Zl (Z‘))(z) (Zl (x ))]
-1 -1 " _
- E(zlfl(r),zlfl(aﬂ)) ~N(0,K1=1(z,a)) [¢/ (517 @) (=1 (z/))] assume oy = 1
(110)

compare with Eq. (71) the recursion in NNGP:
Ui oIy — -2 2 -1 =1 1
K'(z,z") = o} + o}, E(zi’l(z),zlfl(z’)) ~ N (0,11 (z,27)) [¢(Z1 (@)o(z (= ))]
(111)

note K'(x,z’) is not a recursion, and K (z, 2’) is expressed in recursion

4. note 5&,1«'Kl (z,2') O3 (z,z') is a scalar, in particular K (,2) is a scalar. However, ©(z, z')
is the constructed matrix, where elements are of K' (z,z")

30



. \Whb!| 0z (z) 0z (x")
8.5.3 Expression for ) ", FWIHT FWT BT

(W b
in expression

dzi(z) 02k, (z) )
HWwh o'} o{wt o'}

O,

d=1

wi bt
W 92l (@) 2L, (a) 112
1 pl 1 pl
2« BIWL v} a{wl, vy
and compare that with for { = 1:
O 921 () 021, (a')
Z kl k . 61 — {Wl,bl}
= 9% 09 (113)
1
= (Kl(l‘,x/) =_—z'a —l—ag)ék K’
din ’
then, we do know:
1l
WL 9at(a) 92l ()
L pl 1 pl
d—1 8{W ,b } a{W ,b } (114)

= (Kl(x,a:/) = Nil¢(zl(m))T¢(zl(x)) + og)ék,kr

8.5.4 putting all together
1l 9l71
o (o.ah) = 'Wi‘ o2k (z) 02l (@) 1l ozl(x) 02L,(a)
S = HWLYY oWl by o0 op T
=K'z, ) Ok + 64 Kl (z, 2') OS5 (x, ") Nip1 — o0 (115)

= (K'@,a') + K'(2,2)05 (2,4") )8y i

d=1

= @éo(x:x/)ék,k’

. . . . — N, —
this does what we want to achieve in Eq.[94], by assuming @2 kl, (z,2") S it (x,2") 0k 1

Nyyq1—00
_—

we prove: @ﬁwﬂ, (z,2") OL, (z,2")0p, g

then finally:

Gl(x,xl) = (Kl(x,x’) + K! (x, x’)(——)logl(w,x’)) Qouter INL+1 XNjp1
Dt XNy (116)

scalar same value for all k,k’ pairs

8.5.5 apply the aboveto/ =1

apply the above to! = 1, whenl =1,¢'(-) =0 = Kjust a zero matrix. This is as expected just data
x, 1.e., constant.
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