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Some Extensions to DP

» Hierarchical Dirichlet Process (HDP)
» HDP-Hidden Marko Model
» Indian Buffet Process
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Hierarchical Dirichlet Process (HDP)

Generative model Graphical model

Go ~ DP(, H)
Gj ~ DP(ao, Go)

bji ~ Gj Y —
Xji ~ F(x|6j)

H
v
» Drawing Gp ~ DP(.) can be done
. g . - ag —>»
using stick breaking process, i.e.,
~ Beta(1,7).
» What about stick breaking '

construction for G;?
» Certainly, it's NOT ~ Beta(1, ap)
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HDP - Stick breaking construction

Generative model Graphical model

B~ GEM(y) Go = Zﬁk%k

k=1

mj~DP(ag, B)  G=) muly,
k=1

zi~mi o gk~ H o Xji~ F(X¢z;)

H
v
g —>
» Using B as a base, discrete
distribution define on range {0...0c0}.
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New Stick breaking for 7 using 3

» Dirichlet Process:

k—1
vk ~ Beta(1, a) T = Vg H(l —v)
=1
o0
Oy ~ H Go = by,
k=1

» Hierarchical Dirichlet Process:

K k—1
ijil_ﬁii,lmNBeta <a5k71—2ﬁ1> ij:\/ij(l—Vj/)

=1 =1 =1

> In DP, each vy is distributed iid from Beta(la)
» In HDP, each vy is distributed independently, but having different distribution
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proving stick-breaking for 7; using 3

Suppose B3|y ~ GEM(«) and 7|c, 8 ~ DP(a, B). Notice that the support is {1, ..., k,...,c0}:

(Gj(A1), ..., Gj(Ar)) ~ Dir (aGo (A1), ..., aGo(Ar))

- Zuk,“.,Zuk ~ Dir aZﬁk,...,aZﬂk
kEK] kEKy kEKy kEKy
k—1 oo k—1 o
= > u,u, Y u| ~Dir[ad BLaB, >, B
=1 I=k+1 el I=k+1
u, up
Ed ( kk T El_k+1 > ~ Dir | apk, Z By exercise prove this
=3 w 172/ 1”/ I=k+1
uy
:5< P W )ND”@M?ZPB,)
1_2/1“/1_211”/ =1
u
= (v= kk T ~ Beta | af8x, 1 — Z By
1-— =1
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Additional proof (1)

k—1 [e9) k—1 oo
> wupue Y u | ~Dir[ad BraB > B
=1 I=k+1 le1 I=k+1
(o) oo
ug Z/:k+1 uy .
= —1 k=1 ~ Dir { @i, > B
T=2 v w 1= u I=k+1
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Additional proof (2)

Let gi ~ Gamma(a;, 1) for i=1,...,m:

8n

( 81
Yirig

The following is also true:

.ap)

= ) ~ DIR(av1, v, . .
=1 8i

&n

(=2
Z,"’:Q gi’ '

Look at a particular term:

~ Dirichlet(az, . .. an)
27:2 gi) "

&
& _ 2iais _ ] _ T
7:2 gi 22:2 &i (>, &)—a1 1—m
i=18i
So we can write:
2 Tn ..
(1 T ) ~ Dirichlet(az, . .. an)
— T — T
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Sampling for HDP: notation using restaurant franchise

> x;: M customer at the " restaurant.

» N customers at each restaurant j.

P each customer Xx;; associates a table index t; € {1,... T}, T << N.

P each table tj; associates with a dish number k; € {1,..., K}, K<< T.

P a shorthand notation z; = Gt customer x;; has table number t;; which serve dish kjr
>

m_ is the count of all dish served.
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Sampling t

P the equation is:

nff"f"*f" Xii IF tis previously used
p(tjl - tlt k XJI) B I ( j’) new new
llnP(Xﬂ‘t =tk IFt=¢

P when tj is a new table, x;; should associate a new dish k.
P just like flx|K"") = f¢ f(x|¢)h(¢)d¢o, we also need to integrate out possible values of kjmnew:

» However, this dish may be an existing or a new one in the entire franchise.

K
» S
POglx e = €00 = 37 T 70+ T Rl )
k=1 C
part 2

part 1

1. part 1: kjtj,- is an existing dish in the franchise
2. part 2: kffji is a new dish in the franchise

P exercise what is after a customer sits in a new table?
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Sampling k

P this is to decide dish for all customers of the same table kj;:

m;jté;jt(xjr) IF k is previously used

Ve (xje) I k= K

plkie = klk 7", £, %) o

where x_j; is every customer of the same table t, and xj; is a single customer

P there is also a single person version:

;ﬂij (xj1) IF kis previously used

p(kimew = k k_ji,t,x- <
(goew = K 0 Th e

exercise think about when you may use this version?
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Likelihood function £ 7

> the likelihood function for z; = k, i.e., sitting on existing table

£ ) = pxjlx_ji, i = k, 277
:/ p(xjil o) P(Pk|x—ji = k)dox
Pk
:/ p(xjilpr)p(x—ji = k| pr)p(dk)d i
bk
o / foglen) [T fogrldh(én)dex
P AT 12y g =k
B f¢k (xjil ) Hj’#j,i’#i,zj/,./=k fxpir | k) h(Pr)dbi
N p(x_ji, zit = k,z7J")
f¢k (il b1 i iz =k (it |bic) h(dr) depic
f¢k 1 iz =k f(Xj/i’ [p) (i) d i

» the likelihood function for zji = new, i.e., sitting on new table:

fi:;ea (xi1) = p(Xilx—ji, zt = new,z™ ")

- fqs p(xi|6)p(6)do
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Sampling Gy explicitly

P in previous sampling scheme, all groups are coupled since Gy is integrated out.
» this is just like the DP case: zj|z_1
> alternative sampling scheme is to have explicit Go = Y2, Bidg,

P allow posterior conditioned on Gp factorizes across groups.
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Sampling Gy explicitly (2)

P given (t, k), we can draw Gy by noting:

> Gy ~ DP(3, H)
> 2hjy ~ G for each table t

P this is just the posterior of DP we saw earlier:
G = G(Al), RN G(A,)l@l, e, 0h ~ DIr(OéH(Al) +ny,..., OtH(Ak) -+ nk)

TH+ 2K, m-k5¢k>

Golt, k, v, H, {¢;} = DP (A/ +m..,
Y+ m.

P posterior of Gy constructed from different elements:

B=(B1,-sBk,Bu) ~Dir(m.,...,mg,7)
p(¢ilt, k) oc h(di) T fxildi)
Jiizji=k
Gy ~ DP(’Ya H)

K
G() = Zﬁk(sd)k + BuGu

k=1

» when new component is instantiated:

1. b~ Beta(1l,7)
2. K— K+1

3. Bk = bBy

4. Bu+ (1 —b)Bu
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Traditional HMM

Under normal HMM, you have a transition matrix A, let the jth row of A to be 7;, then:

m p(zeyr =Uze=1)  p(zeyr =2|zz=1) ... p(ze41 = Klze =1)
A—| ™ | 2| P+ =1z=2) plzt1=2lz22=2) ... plzet1=Klze=2)
K p(ze+1 = 1|ze = K)  p(ze41 =2|ze = K) ... p(ze+1 = K|zt = K)

To obtain the current latent state, we need to sample z; ~ Mult(m,_,).
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HDP-HMM

> Same idea has been extended to non-parametric bayes,

» Allow 7; to have infinite many components.
» Matrix A has size co X co. But the “recovered” number of states are finite, so
you only “jumping around” in the upper-left corner of matrix A.

Plzer1 = oolze = 1)

p(ze1 = 2|ze = 1)
p(zt41 = 00|zt = 2)

p(zey1 = 1]ze = 1)
p(zt41 = 2|zt = 2)

p(zer1 = 1]zt = 2)
p(ztr1 = 1|zt = 00)  p(zt41 = 2|zt = 00) P(zt41 = 00|zt = 00)
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HDP - HMM

Graphical model

Generative model
v —
B ~ GEM(v)
7

7~ DP(a, 8)
zt ~ Mult(mz,_,)
O~ H

Xt ~ F(x|0z,)

o —>| Tk

|
&LT
®~@/
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HMM conditional

OO OO

> lett—1=3,t=4,t+1=5
> njj is the number of transitions from state i to j excluding time steps t — 1 and t:

n,1 =0 ma=1 n3=2 mn;.=3
ng1 =1 npo=1 np3=0 mng.=2
ng 1 =1 ng o =2 n3 3 =20 ng. =3
n, ;=2 n, o =4 n, 3 =2

» n, ;. is the number of transitions INTO state k
» ny . is the number of transitions FROM state k

Pr(ze = k|z—¢) o< Pr ({zx = Klzt—1 = 2}4=2.7) Pr ({241 = |zt = k}e=1.7—1)

Pr(z = 1z_) o< Pr ({zx = 1zi—1 = 2}1=2.7) Pr ({241 = 1|zt = 1}=1.7-1)

n2,1 N1

n, 1 ng;

Pr(ze = 2|z—y) o Pr ({2t = 2|ze—1 = 2}4=2.7) Pr ({2zt41 = 1]zt = 2}=1.7-1)
ngo  ng1

= ———— exercise why denominator increase by 1? What happens when z;; 1 = z
n;ony.+1

Pr(z; = 3|z—) o< Pr ({zx = 3|zt—1 = 2}4=2.7) Pr ({241 = 1|zt = 3}=1.7-1)
ny,3 n3,1

n; 3 ng;
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The probability Pr(z:|z;—1,3,Y, «, H) without slice variables

Pr(zi|zi—1,8,Y, a, H) < p(y:|zt, z—t,y —+, H) Pr(zt|z—+, B, @)
N —

”zt,l,k+o‘ﬁk "k’1t+1+aﬁzt+1 .
e . if k< K k#z1
Nz ktoByk "kylt+1+1+°‘ﬁzt+1 ke 2 —
Pr(z: = k|z—t, B, @) n, ;to ny Fita T Al T Al
Nz 1 ,ktaBk "k11t+1+o‘ﬂzt+1 )
( n, o ny . +ilta it k=z-1 7 ze41
aBiBz if k=K+1

if existin
P note that the DP sampling Pr(z; = k|z_¢, @) { nxa € does not apply in

}A/ if new
HDP-HMM, as n is not constant.

P also when k = new, ny ;. = n, x = Nz q,k = Mz q = 0

» in DP sampling n > 0 and remain constant.
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Slice variables uy,...u

P Introduce auxiliary variables uq, ... us:

ur ~ U(0, ﬂ-ztfl,zt) = p(utlz, ®) = p(ut|ze—1, zt, )

P Another way of writing it:

I (0 <u < Wztfl,zt)

Tzp

p(ue|ze—1, 2z, ) =
1-2t

p(zely1:e, ur:e) o< p(ze, Ue, Yely1:e—1, Ur:e—1)

> p(ze, vt ye Z- 111, urie 1)

Zt—1

= Z p(ytlze) p(ut|ze, ze—1) p(zt|ze—1) p(zt—1 |y1:6—1,5 U1:0—1)
[ —

Zt—1

1(0 < v < 7y y 1)

= P(}’t|zt) E P(Zt‘zt—l)P(zt—lwl:t—l, Ul:tfl)
Tz, g2
z_1 t—1,2t
N————
= p(ytlz) Z I (Ut < Trztil,zt) p(ze—1ly1:e—1, Ur:e—1)
Zt—1
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Slice variables uy,...ut (2)

» forward pass:

Pr(ze|y1:e, u1:e) o< Pr(ze, ur, yelyr:e—1, tr:e-1)

=Pr(yiz) > 1 (Ut < Wzt,l,zt) Pr(zi—1|y1:e—1, u1:e—1)

Zt—1

= Pr(yt|z) > Pr(ze—1ly1:e—1, u1:e—1)

{zt—1 )ut<7rzr71 \zt

ug truncates the above summation to finitely many z;_ ;s that satisfy both constraints:
Lou <7z gz
2. Pr(z—1ly1:e—1, U1:0—1) > 0
» To sample the whole trajectory zj.¢:
1. Sample zt ~ Pr(z7|y1.7, u1.7) - which is used in the “likelihood” function for zr_1

2. then, perform a backward pass, where we sample:

zt|ze1 2 Pr(zelzeps, yi.m, un:1) o Pr(zep1|ze, uep1) Pr(zelyi:e, ui:e)
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Sticky HDP - HMM

Generative model Graphical model

Yy —
B ~ GEM(v) K
,,J.NDP(QM,M) ¥
a+ kK

z¢ ~ Mult(mz,_,)
0k~ H
Xt ~ F(x|0z,)

|
OLT
®~@/
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Some Extensions to DP

» Hierarchical Dirichlet Process (HDP)
» HDP-Hidden Marko Model
> Indian Buffet Process
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Indian Buffet Process: lIts relationship with DP

DP IBP
» Pr(zi...zy), where zi € (1...K) > More general than DP: z; can take
indicate category. multiple values € (1, ... K)
» You also want K potentially be infinite » This is equivelently of saying that, z is

> A “clustering” property, controllable a binary vector of K elements.

through a single parameter « » Given N such data, we have a binary

> Can also be thought as a special matrix of size N x K

N x K Z matrix, where there is only » A “clustering” property, controllable

one “1" in each row. through a single parameter o, a
column with more 1, results it to have
more 1s.

A/Prof Richard Yi Da XuYida.Xu@uts.edu.au https://github.com/robotic  Bayesian Non Parametrics Extensions


https://github.com/roboticcam/machine-learning-notes

The big Z matrix

An example of Z matrix:

1 0 1 1 0
0 1 0[O0 0

o OO |

T[T [0[0]0

For each column: Pr(zy = 1) ~ Ber(uy) independently.
Each uy ~ Beta (%, 1) is also distributed independently.
The marginal distribution:
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Bernoulli- Beta vs Multinomial-Dirichlet: Posterior

Multinomial-Dirichlet

P(p1y oy peln, ..., ni)
(E:—la) !
o1 n:
p;
() H :1_{
Dir(py .- spglar,.yay)  Mult(ng,...,nglp1,...p
k L k k -
S R VG |
i=1 i=1 i=1
= Dir(p1, - - . prlai + nj, . .. ak + nk)

Bernoulli-Binomial

P(pln1 = m)
711:((5);(2 P = p)f Tt 7,”!(,\,/\’1 m)! (1—p)" "
Beta(p| v, 8) Binomial(nq ,n3 |p)
o p* Tt = p)f T -
— pa—1+k(1 _ p)[‘}—1+N—k

= Beta(p|lai + k, B+ N — k)
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Bernoulli- Beta vs Multinomial-Dirichlet: Marginal

Multinomial-Dirichlet Bernoulli-Beta

/ P(P1, - Phs My - -5 k) /P(Pﬂh,nz)
P1 Pk P

v T (Z,-kzlou) I T + m) __ M T(a+p)Tlat+RNIB+N-K
= T T T(ay T (NS K(N—K!T(@I(B) T (N+a+p)
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Bernoulli-Beta Predictivie

pik ~ Beta (2,1) Pr(zi = 1) ~ Ber(px).
Nk, —i is the number of 1s of K" column, above row i.

Let a; = : compute the density of " data belonging to existing component m.

Pr(zy = 1|z_jx) = /Pr(zik = 1|p)P(pl n—jx,i—1—n_jx)
p (N

n n2
_ J,Pr(zic = 11p) Pr(n1, n2|p)P(p) [, Pr(zi = 1|p) Pr(n1, n2|p)P(p)
a Pr(ny, n2) T [,Pr(n—isi—1— n_ixlp)P(p)
O D(F o+ DA i =1 — k) P(i—1+<+1) -y
r(i+%+1) (% +n_j )1 +i—1—n_;) i+«
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One more factor: relationship between Binomial and Poisson

Let A = np:

Binomial(x|n, p)

lim Binomial(x|n, p) =
n— oo

A/Prof Richard Yi Da XuYida.Xu@uts.edu.au https://github.com/robotic

. lim
n— oo

X n
exp(x) = lim_ (l + ;)

n!

(:) pP(1—p) "=

X n! 1

X (n—x)! <
N———

73)((1 — i)"*x
x!(n—=x)!' n n

n—x
(1 )
constant

n(n—1),...(n— x4+ 1)
—_—

AX
X
XNnn—1

xt'n n n

w(0) (e

n terms

(-2
(26

n
A)"( A
1- =
n n

nx

n—x+1

)

Jim (Q)r =

x+1
n

(1,
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Taking limit k — oo

X 4n_ .
lim Pr(zy)= lim k UL ,"k
k— oo i+ % i
lim Binomial(—, n) = Poisson(\)
n— oo
n—_j k
Let k — oo : = —
i
For “new” dishes, i.e., n_;, = 0, then, Pr(zy = 1) = Bernoulli (I.fg)
K
%
(7-%)

i.e., how many new dishes across all columns would be: Binomial
ﬁ, we have:

% e
lim Binomial | - K , K| = Poisson (7)
K— o0 i+ I

o
; iy _
Since = X k=

xIe
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Indian Buffet Process

So, how many Kt columns there are?
Let n; ~ Poisson (&) (Zf‘;l n,-) ~ Poisson <Z,’L1 9’)
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An motivational example of IBP: Factor Analysis

What is Factor Analysis? There are N = 1000 students, each having (p = 10) scores.

Therefore:
yir Y12 cee Yin 811 81k
X11 X12 e X

Y21 Y22 ... Y2N — 821 ... B2k N +E
X o o X
Yp1 Yp2 cee YpN 8p1 cee 8pk

€11 €12 s €N

e e . e

E = 21 22 2N and k<< p
€p1 €p2 e €pN

Or in a matrix form: Y = GX + E.
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Factor analysis cont.

What this means is that a person’s i's raw mark is interpretted as:

Yii 811 811 81k €1

. P
V= B e | B e | B
Ypi 8p1 8p1 8pk €pi

> Given a set of k loading factors (vectors) each with dimension p: {g: }% ,, the
x,; can be thought as the latent linear weights.

» Of course, you are only given data matrix Y, one has to infer the latent structure.
G, X and E. Ths is not as silly as it seems, as DoF is much reduced.

The Bayesian Treatment:

e ~ N(0,021) o2 ~ IG(a, b)
8k ~ N(07 ‘72(;) U% ~ Ig(C7 d)
xki ~ N(0,1) yi=Gxi+ ¢ .
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Infinite Factor Analysis

» Knowles, d and Ghahramani, Z, Infinite Sparse Factor Analysis

» K should known beforehand. What about making K a variable?

> Although [x1 j, . . .xky,-]T has a reduced dimension, it can still cause “overfitting”.
» We need to introcuce variable number of latent factors K, at the same time, have
sparsity!
How?

& ~ N(0,021) 02 ~IG(a,b)

gk ~N(0,0%) oGNIch

Z ~IBP(x) a~Ge

xki ~ N(0,1) yi= G(XiQZi)-f-ef
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A proposed work

» What about if there are two sets of data matrix Y and Y', each having different
number of entries. They share the same loading vectors G, but with different level

)@

e ~ N(0,021) 02 ~ TG(a, b)
gk ~ N(0,02) 0%~ IG(c, d)
Z~IBP(a) a~ G(ef)

of sparsities.

xki ~ N(0,1) yi=G(x®z)+e
el ~ N(0,021) o2 ~IG(d,b)

g~ N(0,0%) 2 ~ IG(c, d)

Z ~IBP(d) of NQ(e f)

G~ NOD) Y =GHed+
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