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Some Extensions to DP

I Hierarchical Dirichlet Process (HDP)
I HDP-Hidden Marko Model
I Indian Buffet Process
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Hierarchical Dirichlet Process (HDP)

Generative model

G0 ∼ DP(γ,H)

Gj ∼ DP(α0,G0)

θji ∼ Gj

Xji ∼ F(x|θij)

I Drawing G0 ∼ DP(.) can be done
using stick breaking process, i.e.,
∼ Beta(1, γ).

I What about stick breaking
construction for Gj?

I Certainly, it’s NOT ∼ Beta(1, α0)

Graphical model
H

G0γ

Gj

θji

Xji

α0
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HDP - Stick breaking construction

Generative model

β ∼ GEM(γ) G0 =
∞∑

k=1

βkδϕk

πj ∼ DP(α0,β) Gj =
∞∑

k=1

πjkδϕk

zji ∼ πj ϕk ∼ H Xji ∼ F(x|ϕzji )

I Using β as a base, discrete
distribution define on range {0 . . .∞}.

Graphical model
H

G0γ

Gj

θji

Xji

α0
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New Stick breaking for πjk using β

I Dirichlet Process:

vk ∼ Beta(1, α) πk = vk

k−1∏
l=1

(1− vl)

θk ∼ H G0 =
∞∑

k=1

πkδθk

I Hierarchical Dirichlet Process:

vjk =
πk

1−
∑k−1

l=1 πl
∼ Beta

(
αβk, 1−

k∑
l=1

βl

)
πjk = vjk

k−1∏
l=1

(
1− vjl

)
I In DP, each vk is distributed iid from Beta(1α)
I In HDP, each vjk is distributed independently, but having different distribution
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proving stick-breaking for πj using β

Suppose β|γ ∼ GEM(γ) and π|α, β ∼ DP(α,β). Notice that the support is {1, . . . , k, . . . ,∞}:

(Gj(A1), . . . ,Gj(Ar)) ∼ Dir (αG0(A1), . . . , αG0(Ar))

=⇒

∑
k∈K1

uk, . . . ,
∑
k∈Kr

uk

 ∼ Dir

α ∑
k∈K1

βk, . . . , α
∑
k∈Kr

βk


=⇒

k−1∑
l=1

ul, uk,
∞∑

l=k+1

ul

 ∼ Dir

α k−1∑
l∈1

βl, αβk,
∞∑

l=k+1

βl


=⇒

(
uk

1−
∑k−1

l=1 ul
,

∑∞
l=k+1 ul

1−
∑k−1

l=1 ul

)
∼ Dir

αβk,
∞∑

l=k+1

βl

 exercise prove this

=⇒
(

uk

1−
∑k−1

l=1 ul
,

∑∞
l=k+1 ul

1−
∑k−1

l=1 ul

)
∼ Dir

(
αβk, 1−

k∑
l=1

βl

)

=⇒
(

v =
uk

1−
∑k−1

l=1 ul

)
∼ Beta

(
αβk, 1−

k∑
l=1

βl

)
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Additional proof (1)

k−1∑
l=1

ul, uk,
∞∑

l=k+1

ul

 ∼ Dir

α

k−1∑
l∈1

βl, αβk,
∞∑

l=k+1

βl


=⇒

(
uk

1−
∑k−1

l=1 ul
,

∑∞
l=k+1 ul

1−
∑k−1

l=1 ul

)
∼ Dir

αβk,
∞∑

l=k+1

βl


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Additional proof (2)

Let gi ∼ Gamma(αi, 1) for i = 1, . . . , n:

( g1∑n
i=1 gi

, . . . ,
gn∑n
i=1 gi

)
∼ DIR(α1, α2, . . . αn)

The following is also true:( g2∑n
i=2 gi

, . . . ,
gn∑n
i=2 gi

)
∼ Dirichlet(α2, . . . αn)

Look at a particular term:

gj∑n
i=2 gi

=

gj∑n
i=1 gi∑n
i=2 gi∑n
i=1 gi

=
πj

(
∑n

i=1 gi)−g1∑n
i=1 gi

=
πj

1− π1

So we can write: (
π2

1− π1
, . . . ,

πn
1− π1

)
∼ Dirichlet(α2, . . . αn)
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Sampling for HDP: notation using restaurant franchise

I xji: ith customer at the jth restaurant.
I N customers at each restaurant j.
I each customer xji associates a table index tji ∈ {1, . . .T},T << N.
I each table tji associates with a dish number kjt ∈ {1, . . . ,K},K << T.
I a shorthand notation zji = kjtji : customer xji has table number tji which serve dish kjt

I m. is the count of all dish served.
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Sampling t

I the equation is:

p(tji = t|t−ji
,k, xji) ∝

{
n−ji

jt. fx−ji
kji

(xji) IF t is previously used
α0p(xji|t−ji, tji = tnew,k) IF t = tnew

I when tji is a new table, xji should associate a new dish k.
I just like f(x|knew) =

∫
ϕ

f(x|ϕ)h(ϕ)dϕ, we also need to integrate out possible values of kjtnew :
I However, this dish may be an existing or a new one in the entire franchise.

p(xji|x−ji
, tjt = tnew

,k) =

K∑
k=1

m·k

m·· + γ
fx−ji
k (xji)︸ ︷︷ ︸

part 1

+
γ

m·· + γ
fx−ji
knew (xji)︸ ︷︷ ︸

part 2

1. part 1: kjtji is an existing dish in the franchise
2. part 2: kjtji is a new dish in the franchise

I exercise what is after a customer sits in a new table?
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Sampling k

I this is to decide dish for all customers of the same table kjt:

p(kjt = k|k−jt
, t,xjt) ∝

{
m−jt

·k fx−jt
xjt (xjt) IF k is previously used

γfx−jt
knew (xjt) IF k = knew

where x−jt is every customer of the same table t, and xji is a single customer
I there is also a single person version:

p(kjtnew = k|k−ji
, t,xjt) ∝

{
m−ji

·k fx−jt
xjt (xjt) IF k is previously used

γfx−jt
knew (xjt) IF k = knew

exercise think about when you may use this version?

A/Prof Richard Yi Da XuYida.Xu@uts.edu.au https://github.com/roboticcam/machine-learning-notesBayesian Non Parametrics Extensions

https://github.com/roboticcam/machine-learning-notes


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Likelihood function fx−ji
k (xji)

I the likelihood function for zji = k, i.e., sitting on existing table

fx−ji
k (xji) = p(xji|x−ji, zjt = k, z−ji

)

=

∫
ϕk

p(xji|ϕk)p(ϕk|x−ji = k)dϕk

=

∫
ϕk

p(xji|ϕk)p(x−ji = k|ϕk)p(ϕk)dϕk

∝
∫
ϕk

f(xji|ϕk)
∏

j′ ̸=j,i′ ̸=i,zj′ i′=k

f(xj′ i′ |ϕk)h(ϕk)dϕk

=

∫
ϕk

f(xji|ϕk)
∏

j′ ̸=j,i′ ̸=i,zj′ i′=k f(xj′ i′ |ϕk)h(ϕk)dϕk

p(x−ji, zjt = k, z−ji)

=

∫
ϕk

f(xji|ϕk)
∏

j′ ̸=j,i′ ̸=i,zj′ i′=k f(xj′ i′ |ϕk)h(ϕk)dϕk∫
ϕk

∏
j′ ̸=j,i′ ̸=i,zj′ i′=k f(xj′ i′ |ϕk)h(ϕk)dϕk

I the likelihood function for zji = new, i.e., sitting on new table:

fx−ji
knew (xji) = p(xji|x−ji, zjt = new, z−ji

)

=

∫
ϕ

p(xji|ϕ)p(ϕ)dϕ
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Sampling G0 explicitly

I in previous sampling scheme, all groups are coupled since G0 is integrated out.
I this is just like the DP case: zi|z−1

I alternative sampling scheme is to have explicit G0 =
∑∞

k=1 βkδϕk
I allow posterior conditioned on G0 factorizes across groups.
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Sampling G0 explicitly (2)

I given (t,k), we can draw G0 by noting:
I G0 ∼ DP(γ,H)
I ψjt ∼ G0 for each table t

I this is just the posterior of DP we saw earlier:
G′ = G(A1), . . . ,G(Ar)|θ1, . . . , θn ∼ Dir(αH(A1) + n1, . . . , αH(Ak) + nk)

G0|t,k, γ,H, {ψjt} = DP
(
γ + m··,

γH +
∑K

k=1 m·kδϕk
γ + m··

)
I posterior of G0 constructed from different elements:

β = (β1, . . . , βK, βu) ∼ Dir(m·1, . . . ,m·K, γ)

p(ϕk|t,k) ∝ h(ϕk)
∏

ji:zji=k
f(xji|ϕk)

Gu ∼ DP(γ,H)

G0 =

K∑
k=1

βkδϕk + βuGu

I when new component is instantiated:
1. b ∼ Beta(1, γ)
2. K← K + 1
3. βK = bβu
4. βu ← (1− b)βu
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Traditional HMM

Under normal HMM, you have a transition matrix A, let the jth row of A to be πi, then:

A =


π1

π2

. . .
πK

 =


p(zt+1 = 1|zt = 1) p(zt+1 = 2|zt = 1) . . . p(zt+1 = K|zt = 1)
p(zt+1 = 1|zt = 2) p(zt+1 = 2|zt = 2) . . . p(zt+1 = K|zt = 2)

. . . . . . . . . . . .
p(zt+1 = 1|zt = K) p(zt+1 = 2|zt = K) . . . p(zt+1 = K|zt = K)


zt−1 zt zt+1

yt−1 yt yt+1

To obtain the current latent state, we need to sample zt ∼ Mult(πzt−1 ).
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HDP-HMM

I Same idea has been extended to non-parametric bayes,
I Allow πj to have infinite many components.
I Matrix A has size ∞×∞. But the “recovered” number of states are finite, so

you only “jumping around” in the upper-left corner of matrix A.


p(zt+1 = 1|zt = 1) p(zt+1 = 2|zt = 1) . . . p(zt+1 = ∞|zt = 1)
p(zt+1 = 1|zt = 2) p(zt+1 = 2|zt = 2) . . . p(zt+1 = ∞|zt = 2)

. . . . . . . . . . . .
p(zt+1 = 1|zt = ∞) p(zt+1 = 2|zt = ∞) . . . p(zt+1 = ∞|zt = ∞)


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HDP - HMM

Generative model

β ∼ GEM(γ)

πj ∼ DP (α,β)

zt ∼ Mult(πzt−1 )

θk ∼ H
Xt ∼ F(x|θzt )

Graphical model
βγ

πk

θk

α

zt−1 zt

Xt−1 Xt

H
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HMM conditional

z1 = 1 z2 = 3 z3 = 2 z4 = k z5 = 1 z6 = 2 z7 = 1 z8 = 3 z9 = 2 z10 = 2

I let t − 1 = 3, t = 4, t + 1 = 5
I nij is the number of transitions from state i to j excluding time steps t − 1 and t:

n1,1 = 0 n1,2 = 1 n1,3 = 2 n1,: = 3
n2,1 = 1 n2,2 = 1 n2,3 = 0 n2,: = 2
n3,1 = 1 n3,2 = 2 n3,3 = 0 n3,: = 3
n:,1 = 2 n:,2 = 4 n:,3 = 2

I n:,k is the number of transitions INTO state k
I nk,: is the number of transitions FROM state k

Pr(zt = k|z−t) ∝ Pr
(
{zt = k|zt−1 = 2}t=2:T

)
Pr
(
{zt+1 = 1|zt = k}t=1:T−1

)
Pr(zt = 1|z−t) ∝ Pr

(
{zt = 1|zt−1 = 2}t=2:T

)
Pr
(
{zt+1 = 1|zt = 1}t=1:T−1

)
=

n2,1
n:,1

n1,1
n1,:

Pr(zt = 2|z−t) ∝ Pr
(
{zt = 2|zt−1 = 2}t=2:T

)
Pr
(
{zt+1 = 1|zt = 2}t=1:T−1

)
=

n2,2
n:,2

n2,1
n2,: + 1

exercise why denominator increase by 1? What happens when zt+1 = zt

Pr(zt = 3|z−t) ∝ Pr
(
{zt = 3|zt−1 = 2}t=2:T

)
Pr
(
{zt+1 = 1|zt = 3}t=1:T−1

)
=

n2,3
n:,3

n3,1
n3,:
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The probability Pr(zt|zt−1,β,Y, α,H) without slice variables

Pr(zt|zt−1,β,Y, α,H) ∝ p(yt|zt, z−t,y−t,H) Pr(zt|z−t,β, α)︸ ︷︷ ︸

Pr(zt = k|z−t,β, α) ∝



( nzt−1,k+αβk
n:,k+α

)( nk,zt+1
+αβzt+1

nk,:+α

)
if k ≤ K, k ̸= zt−1( nzt−1,k+αβk

n:,k+α

)( nk,zt+1
+1+αβzt+1

nk,:+1+α

)
if k = zt−1 = zt+1( nzt−1,k+αβk

n:,k+α

)( nk,zt+1
+αβzt+1

nk,:+1+α

)
if k = zt−1 ̸= zt+1

αβkβzt+1
if k = K + 1

I note that the DP sampling Pr(zt = k|z−t, α) ∝
{ nk+α

��n+α
if existing

α

��n+α
if new does not apply in

HDP-HMM, as n is not constant.
I also when k = new, nk,: = n:,k = nzt−1,k = nk,zt+1

= 0

I in DP sampling n > 0 and remain constant.
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Slice variables u1, . . . uT

I Introduce auxiliary variables u1, . . . ut:

ut ∼ U(0, πzt−1,zt ) =⇒ p(ut|z,π) = p(ut|zt−1, zt,π)

I Another way of writing it:

p(ut|zt−1, zt,π) =
I
(
0 < ut < πzt−1,zt

)
πzt−1,zt

p(zt|y1:t, u1:t) ∝ p(zt, ut, yt|y1:t−1, u1:t−1)

=
∑
zt−1

p(zt, ut, yt, zt−1|y1:t−1, u1:t−1)

=
∑
zt−1

p(yt|zt) p(ut|zt, zt−1)︸ ︷︷ ︸ p(zt|zt−1)p(zt−1|y1:t−1, u1:t−1)

= p(yt|zt)
∑
zt−1

I
(
0 < ut < πzt−1,zt

)
πzt−1,zt︸ ︷︷ ︸ p(zt|zt−1)p(zt−1|y1:t−1, u1:t−1)

= p(yt|zt)
∑
zt−1

I
(

ut < πzt−1,zt

)
p(zt−1|y1:t−1, u1:t−1)
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Slice variables u1, . . . uT (2)

I forward pass:

Pr(zt|y1:t, u1:t) ∝ Pr(zt, ut, yt|y1:t−1, u1:t−1)

= Pr(yt|zt)
∑
zt−1

I
(

ut < πzt−1,zt

)
Pr(zt−1|y1:t−1, u1:t−1)

= Pr(yt|zt)
∑

{zt−1}ut<πzt−1,zt

Pr(zt−1|y1:t−1, u1:t−1)

ut truncates the above summation to finitely many zt−1s that satisfy both constraints:
1. ut < πzt−1,zt
2. Pr(zt−1|y1:t−1, u1:t−1) > 0

I To sample the whole trajectory z1:t:
1. Sample zT ∼ Pr(zT|y1:T, u1:T) - which is used in the “likelihood” function for zT−1:
2. then, perform a backward pass, where we sample:

zt|zt+1 : Pr(zt|zt+1, y1:T, u1:T) ∝ Pr(zt+1|zt, ut+1) Pr(zt|y1:t, u1:t)
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Sticky HDP - HMM

Generative model

β ∼ GEM(γ)

πj ∼ DP
(
α+ κ,

αβ + κδj
α+ κ

)
zt ∼ Mult(πzt−1 )

θk ∼ H
Xt ∼ F(x|θzt )

Graphical model
βγ

πk

κ

θk

α

Zt−1 Zt

Xt−1 Xt

H
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Some Extensions to DP

I Hierarchical Dirichlet Process (HDP)
I HDP-Hidden Marko Model
I Indian Buffet Process
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Indian Buffet Process: Its relationship with DP

DP
I Pr(z1 . . . zN), where zi ∈ (1 . . .K)

indicate category.
I You also want K potentially be infinite
I A “clustering” property, controllable

through a single parameter α

I Can also be thought as a special
N × K Z matrix, where there is only
one “1” in each row.

IBP
I More general than DP: zi can take

multiple values ∈ (1, . . .K)

I This is equivelently of saying that, zi is
a binary vector of K elements.

I Given N such data, we have a binary
matrix of size N × K

I A “clustering” property, controllable
through a single parameter α, a
column with more 1, results it to have
more 1s.
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The big Z matrix

An example of Z matrix:

1 0 1 1 0 … 1
0 1 0 0 0 … 0
… … … … … … 0
1 1 0 0 0 … 0

For each column: Pr(zik = 1) ∼ Ber(µk) independently.
Each uk ∼ Beta

(
α
k , 1
)

is also distributed independently.
The marginal distribution:
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Bernoulli- Beta vs Multinomial-Dirichlet: Posterior

Multinomial-Dirichlet

P(p1, . . . , pk|n1, . . . , nk)

∝
Γ
(∑k

i=1 αi
)

∏k
i=1 Γ(αi)

k∏
i=1

pαi−1
i︸ ︷︷ ︸

Dir(p1,...,pk|α1,...,αk)

n!
n1! . . . nk!

k∏
i=1

pni
i︸ ︷︷ ︸

Mult(n1,...,nk|p1,...pk)

∝
k∏

i=1

pαi−1
i

k∏
i=1

pni
i =

k∏
i=1

pαi−1+ni
i

= Dir(p1, . . . pk|αi + ni, . . . αk + nk)

Bernoulli-Binomial

P(p|n1 = m)

∝
Γ (α+ β)

Γ(α)Γ(β)
pα−1

(1− p)β−1

︸ ︷︷ ︸
Beta(p|α,β)

N!

m!(N− m)!
pk
(1− p)N−k

︸ ︷︷ ︸
Binomial(n1,n2|p)

∝ pα−1
(1− p)β−1pk

(1− p)N−k

= pα−1+k
(1− p)β−1+N−k

= Beta(p|αi + k, β + N− k)
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Bernoulli- Beta vs Multinomial-Dirichlet: Marginal

Multinomial-Dirichlet

∫
p1,...,pk

P(p1, . . . , pk, n1, . . . , nk)

=
N!

n1! . . . nk!

Γ
(∑k

i=1 αi
)

∏k
i=1 Γ(αi)

∏k
i=1 Γ(αi + ni)

Γ
(
N +

∑k
i=1 αi

)

Bernoulli-Beta

∫
p

P(p, n1, n2)

=
N!

k!(N− k)!
Γ (α+ β)

Γ(α)Γ(β)

Γ(α+ k)Γ(β + N− k)
Γ (N + α+ β)
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Bernoulli-Beta Predictivie

µk ∼ Beta
(
α
k , 1
)

Pr(zik = 1) ∼ Ber(µk).
nk,−i is the number of 1s of kth column, above row i.
Let αi =

α
k : compute the density of ith data belonging to existing component m.

Pr(zik = 1|z−i,k) =

∫
p

Pr(zik = 1|p)P(p| n−i,k︸ ︷︷ ︸
n1

, i− 1− n−i,k︸ ︷︷ ︸
n2

)

=

∫
p Pr(zik = 1|p) Pr(n1, n2|p)P(p)

Pr(n1, n2)
=

∫
p Pr(zik = 1|p) Pr(n1, n2|p)P(p)∫
p Pr(n−i,k, i− 1− n−i,k|p)P(p)

=
Γ(α

k + n−i,k + 1)Γ(1 + i− 1− n−i,k)

Γ
(
i + α

k + 1
) Γ

(
i− 1 + α

k + 1
)

Γ(α
k + n−i,k)Γ(1 + i− 1− n−i,k)

=
α
k + n−i,k

i + α
k
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One more factor: relationship between Binomial and Poisson

exp(x) = limn→∞

(
1 +

x
n

)n

Let λ = np:

Binomial(x|n, p) =

(n
x

)
px

(1 − p)n−x
=

n!
x!(n − x)!

λ

n

x
(1 −

λ

n
)

n−x

=
λx

x!︸︷︷︸
constant

n!
(n − x)!

1

nx︸ ︷︷ ︸
(
1 −

λ

n

)n−x

=
λx

x!

n(n − 1), . . . (n − x + 1)︸ ︷︷ ︸
n terms

nx

(
1 −

λ

n

)n−x

=
λx

x!
n
n

n − 1

n
. . .

n − x + 1

n

(
1 −

λ

n

)n (
1 −

λ

n

)−x

=
λx

x!
1

(
1 −

1

n

)
. . .

(
1 −

x + 1

n

)(
1 −

λ

n

)n (
1 −

λ

n

)−x

lim
n→∞

Binomial(x|n, p) = lim
n→∞

(n
x

)
px
(1− p)n−x

=
λx

x!
lim

n→∞

(
1−

1

n

)
. . . lim

n→∞

(
1−

x + 1

n

)
lim

n→∞

(
1−

λ

n

)n
lim

n→∞

(
1−

λ

n

)−x
=
λx

x!
exp(−λ)
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Taking limit k → ∞

lim
k→∞

Pr(zik) = lim
k→∞

α
k + n−i,k

i + α
k

=
n−i,k

i

lim
n→∞

Binomial(λ
n
, n) = Poisson(λ)

Let k → ∞ : =
n−i,k

i

For “new” dishes, i.e., n−i,k = 0, then, Pr(zik = 1) = Bernoulli
( α

K
i+α

K

)
i.e., how many new dishes across all columns would be: Binomial

( α
K

i+α
K
,K
)

Since
α
k

i+α
k
× k = α

i+α
k

, we have:

lim
K→∞

Binomial
(

α
K

i + α
K
,K
)

= Poisson
(α

i

)
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Indian Buffet Process

So, how many K+ columns there are?
Let ni ∼ Poisson

(
α
i
) (∑N

i=1 ni
)
∼ Poisson

(∑N
i=1

α
i

)
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An motivational example of IBP: Factor Analysis

What is Factor Analysis? There are N = 1000 students, each having (p = 10) scores.
Therefore:

 y11 y12 . . . y1N
y21 y22 . . . y2N
. . . . . . . . . . . .
yp1 yp2 . . . ypN

 =

 g11 . . . g1k
g21 . . . g2k
. . . . . . . . .
gp1 . . . gpk

[ x11 x12 . . . x1N
. . . . . . . . . . . .
xk1 xk2 . . . xkN

]
+ E

E =

 e11 e12 . . . e1N
e21 e22 . . . e2N
. . . . . . . . . . . .
ep1 ep2 . . . epN

 and k << p

Or in a matrix form: Y = GX + E.
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Factor analysis cont.

What this means is that a person’s i’s raw mark is interpretted as: y1i
y2i
. . .
ypi

 = x1i

 g11
g21
. . .
gp1

+ x2i

 g11
g21
. . .
gp1

+ . . . xki

 g1k
g2k
. . .
gpk

+

 e1i
e2i
. . .
epi


I Given a set of k loading factors (vectors) each with dimension p: {g:,i}k

i=1, the
x:,i can be thought as the latent linear weights.

I Of course, you are only given data matrix Y, one has to infer the latent structure.
G, X and E. Ths is not as silly as it seems, as DoF is much reduced.

The Bayesian Treatment:

ei ∼ N (0, σ2
e I) σ2

e ∼ IG(a, b)
gk ∼ N (0, σ2

G) σ2
G ∼ IG(c, d)

xki ∼ N (0, 1) yi = Gxi + ei

GX E

Y
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Infinite Factor Analysis

I Knowles, d and Ghahramani, Z, Infinite Sparse Factor Analysis
I K should known beforehand. What about making K a variable?
I Although [x1,i, . . . xk,i]T has a reduced dimension, it can still cause “overfitting”.
I We need to introcuce variable number of latent factors K, at the same time, have

sparsity!
How?

ei ∼ N (0, σ2
e I) σ2

e ∼ IG(a, b)
gk ∼ N (0, σ2

G) σ2
G ∼ IG(c, d)

Z ∼ IBP(α) α ∼ G(e, f)
xki ∼ N (0, 1) yi = G(xi ⊙ zi) + ei

GX EZ

Z⊙ X Y
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A proposed work

I What about if there are two sets of data matrix Y and Y′ , each having different
number of entries. They share the same loading vectors G, but with different level
of sparsities.

ei ∼ N (0, σ2
e I) σ2

e ∼ IG(a, b)
gk ∼ N (0, σ2

G) σ2
G ∼ IG(c, d)

Z ∼ IBP(α) α ∼ G(e, f)
xki ∼ N (0, 1) yi = G(xi ⊙ zi) + ei

e′i ∼ N (0, σ2
e I) σ2

e ∼ IG(a′, b′)

gk ∼ N (0, σ2
G) σ2

G ∼ IG(c, d)
Z′ ∼ IBP(α′) α′ ∼ G(e′, f′)
x′ki ∼ N (0, 1) y′i = G(x′i ⊙ z′i ) + e′i

GX EZ

Z⊙ X Y

X′ E′Z′

Z′ ⊙ X′ Y′
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