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Dirichlet Process: A diagrammatic representation

Rasmussen, Infinite Gaussian Mixture Model i
(1999): » For a mixture model:

Let X = x1,...,xn:
K
P(X[61,... 0k, wi,...wk) = Y _ wif(X]6))
=1

K
where g w =1
=1

P If we allow K to also vary, what happens if you
want to:

arg max P(X|01,...0k, wi,...wk,K)?
01, Op W - Wi, K

» K = N for Gaussian case. Of course it's not
desirable!
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Dirichlet Process: Motivation

> For data xi,...,xpy, each x; is associating with a parameter 0;

»> We need to a good prior for Pr(6; ...0y):

» You also want K potentially be infinite

> A “clustering” property, controllable through a single parameter o

> Let's define it using Hierarchical prior, its marginal is:
P01, 00) = [ Pr(0s,....0,/G)p(G)
G

So, we are interested in the property of G:
» G needs to be discrete random distribution.

» Perhaps it should also some resemblence with some basic distribution H.
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Dirichlet Process Definition

> We say G is a Dirichlet process, distributed with base distribution H and
concentration parameter a:

G ~ DP(c, H), if
(G(A1), ..., G(Ar)) ~ Dir(aH(A1), ..., aH(Ar))
> for every finite measurable partition Ay, ..., Ar of ©.

» What does this all mean? Let's visualise it!
> note (A1 UA2 U---UA,) CQ, this can be seen from the fact that:

(X1yeey Xky« oy XK) ~ Dir (a1, ... 0, ..., aK)
X1 Xk—1 Xk+1 XK .
— e , e ~ Dir (a1, ak—1, k1, k)
l—Xk 1—Xk 1—Xk 1—Xk
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Basic tools: Multinomial-Dirichlet

You need both the posterior and predictive distribution of Multinomial-Dirichlet

Posterior Marginal
P s ni,...,n
(p1, s Piln, i) p(ni,...ng) = / P(P1y .oy Py My -+ -5 k)
F(Z, 10‘) a;—1 PPk
i~ k
k,1 INCHE H Ep: r (Ei=1 a,—) n! ‘ aj—1+4n;
= k i | pr
i:lr(al) ny-... Nk PLsee Pk i—1
Dir(py .- splery,oesay)  Mult(ng,...nglpy,...pg)
k
—1+n; _ ! % F(Z’ 1a) [T, T(ai+ )
nyl...ong! < () F(NJr Sk )

k
o []p™ Hp"’ *Hp
i=1

= Dir(p1, - ..pk|a,-+ Ny ... ax+ ng)
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Expectation

» for any measurable set A; € Q: we have E[G(A))] = H(A;), why?
» for a dirichlet distribution:

fixi,...,xkla1,...,ak) =

K
r (ZI 1 Oé,) K
[T
H i=1
> the expectation: E[Xj] =

» Therefore:

a;
2k ak

N OCH(A,) _ OfH(A,) _ .
FIeM] = & ahiay = axs, Ay — HAY)

P note that the expectation is independent of «
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Variances

» Variances for Dirichlet Distribution:

o ((f asmr) - o)
(Z:,Kale)z (Z,Ka,-zl + 1)

VAR[X;| =
> substitute o — aH(A)):

aH(A) (o — aH(A))
a? (a+1)
_ HA) (1 - H(A))
@+ D)

VAR(G(A)

» when o = 0:
VAR(G(Ai)a=0) = H(A)(1 — H(A))
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Posterior

» from multinomial-dirichlet conjugacy, we have:

G =G(A1),...,G(A)|61,...,60, ~ Dir(aH(AL) + n1,...,aH(A) + ny)

» DP provides a conjugate family of priors over distributions that is closed under posterior
updates given observations:

H+ 377, do,
G/NDP<Q+"7w>) or
a—+n
S0 de;
G’NDP<CK ,,,LH #)
+ a+n + a+n
P another way of specifying this is:

n

1
S 60+ ——a,
o+ n ! o+ n

i=1

G, ~DP(a,H) G =

In words: posterior of DP (v, H) is to squash DP(a, H) to a total mass of ;%
remaining mass was assigned to discrete points .7 | 59:"
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> Let P(6,11 € A|G) = G(A):

POnt1 € AL, ... 0n) = / P(0n11 € AIG)P(GI01,.. ., 0n)dG
G
=E(G(A)[01,...,0n)
=E(G'(A))
» We know that:

E(G(A)) = H(A) = E(G'(A)) = ai ~H(A) + Z(;: ie,-
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Stick-Breaking construction

> v, ~ Beta(1,a)

> T = v Hfz_ll(l —v)
> 0~ H

> Go = >op2 ) mido,
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posterior sampling of 7

> v, ~ Beta(l,a)

> om= v H;‘;ll(l —v)

> given samples 01, ..., 0y with k distinct values having n1, ..., ng counts
G = G(A1)7 sy G(AK)|917 ey On
~ Dlr(aH(Al) + ny,..., aH(AK) + nk)
~ Dir(églggl ng,..., 69KEBKnK’ OLH(Q \ {dBl, e dBK}||dBk||—>0 Vk)
= (71,..., Tk, mu) ~ Dir(ni, n2,...nk,a)

»> where 7, are all the probability mass assign to Ox41,...,000
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Let oy = : compute the density of M data belonging to existing component m.

Pr(zi=mlz_1) = / P(zi=mlp1,...,pk)P(P1y -y PIN1, —is ooy Nk, —i)
PLoeoPk
fplw-ka P(zi=mlp1,...,p)P(m,—i, ..., mk—ilp1,..., pk)P(p1s. .., PK)
B P(n1,—iy .oy Nk i)
Jorovop PG =mlpr, - p)P(n1 sy i —ilprs - - P)P(PL, - - -, PK) )
fplw.,pKP(nl_i’--wn;"|P1,~--,PK)P(leu,PK)
(g +m—i+1) Hf:l,/;ém T(F +n,—i) o T'(N—1+a)
IL'(N+a) [T, D% +n—1)
x Nm,—i m,—i
) Let k= o0 = —Mm=i _
N4+aoa-—-1 N+aoa-—1
Pr(z = new) = gro—.
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Chinese Restaurant Sampling algorithm TFRRERFER L (1)

P conditional density, i.e., to determine which table customer i sit based on seating of the prewous customers

1,...,i—1 BEETAVAEE 1 B8 n— 1 0NEIST R4, T n A AR5 TR PR
' th
T m™ existing table (/250 m Gl AL ST
Pr(zi = m|z_;, a) o Nta—1
ﬁ new table (4711150 1)

where n;i is number of customers exclude customer /, sit in table m
np RIS m RETAT VNN (BRT i AL
» using above conditional density Pr(z; = m|z_;, ), sampling of joint density Pr(z1, ... z,) may be:
1. sample from joint den5|ty directly:
B3R I B 23 A7 TR A

(z1,22,...,20) ~ (Pr(z1) Pr(z2]|z1) .. . Pr(zalz1, . . . 2a—1) = Pr(z1, ... 2n))

2. sample from joint density: Pr(z,,, 21, ...2p) using Gibbs sampling
FH 5 A1 30 KA DB 5 A Hh R
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Chinese Restaurant Sampling algorithm HRRRERFER L (2)

Algorithm 1 direct sampling Algorithm 2 Gibbs sampling
Require: N = number of customer Require: N = number of customer
Require: T = number of iterations Require: T = number of iterations
Require: o = DP concentration Require: o = DP concentration
Require: b = burn-in
fort—1,...,T do start with one joint sample, g, (£{°) = 1,... 2 = 1)
forn=1,...,Ndo fort=1,..., T+ b do
t
1(1)~Pr(21\a) forn=1,...,Ndo
A0 pr (a9 ) A0 b (z D)
o () (1) (t=1) (t—1)
O el 0y ) 40~ e (sl 0
i i—1 O
t t t t t t t—1 t—1
I I £ npe (10, O 5D )
end for s
generated a sample: Z (1) = (G Z,(Vf) ~ Pr (IN‘Z(t) Zét)’ o ‘Z;\It)—l’ Q)
end for end for
return all samples: (z(1), ..., z(7)) generated a sample: Z(D) = (z<1‘), L ,zfvt))
end for
return the last T samples after discard burn-in:
(z(1+b), o z(7—+b))
how can we know samples are drawn correctly?, we can check theoretical vs empirical for:
P Expected number of tables, K 1% 50 -4 K (1114
> probability over the numbers of occupied tables Pr(K = k) 0/ /150 750 Pr(K — k) {11
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Two Chinese Restaurant Process theoretical properties: E(K) and Pr(K) M

N rh [ R TE TR B R

if customers all sit according to a Chinese Restaurant Process (CRP) then,

> Property 1: what is the expected number of occupled tables?

{2 TR rp ) N AR R R I FR AL 0, IR o ) S AN B AR AT AW ?

» Property 2: what is the probability on number of occupied tables?

fl e A TR B N A R A R AR R U, A o5 SR T B R e AT Al ?
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expected number of occupied tables E(K) (# /7 & T M UHAEE) (1)

» We know for expectation, E(X + Y) = E(X) + E(Y) for any two random variables X and Y
regardless of whether they are independent or not

BATFRES F IR E(X + Y) = B(X) + E(Y) ANERPLIASSE X fil Y 25

> proof
E(X+Y) =" > (x+yPxv(xy)
=3 " xPrv( ) + DD yPxv(xy)
— XX: ng: Pxy(x,y) + Xy: YXX: Pxy(x, )
- XX: xPx(x) + zy: yPy(y)

—E(X) +E(Y)
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expected number of occupied tables E(K) (# /5 & T MUHAEE) (2)

» BTW, what happens to variance of sum of random variables?
WAE 35—, J7 22 BE AT A AL B2 [ 75 S SR !

VAR(ga,x,> :E[(gaixi)2] - (E[;X])z :E[;FXEJXXJ} - (E[;X])2

ZZaaj [XX)] (ZQ]E )

i=1j=1

=>" > aaEXiX) — > > aaBIX]E[X)]

i=1j=1 i=1j=1
ZZa,aj< [XiXj] — E[X]E[X ])
i=1j=1

n noon
= 2jaCOV(X;, X)) = > aZVAR(X;) + 2 > DT aaCov(x;, X))
i=1j=1 i=1 i=1j: j>i
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expected number of occupied tables E(K) (# /7 5% T M UHAEE) (3)

» we think the problem as:

P if N customers are occupying K random number of total tables:
WRA N AWZES ST K ADET - K2R

> and we have a set of N binary random variables {k*"} each indicate if or not a
customer sits on a new table
M HIATE N A 0/1 BEHLASE (K}, SURRATEE i DARE AR ST

P then, the random variable K is:

N
K= Z k?ew
i=1
» then for E[K]:
N N
E[K] = E(# of occupied tables) = ]E(Z k;‘ew> => E(K*")
i=1 i=1
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expected number of occupied tables E(K) (#% i 5 MU HIEE) (4)

P if every customer has same probability t to sit at a new table, then K is sum of N i.i.d
Bernoulli random variables:
Un SRAEAS NEBE LA ¢ B AL T I 52

Pr (k;‘ew = 1(occupied)) =t = EK) =t

» Pr(krewlkl'llew, . kne\/\i) — P(kﬂew) — t
» for Bernoulli distribution that E(X) and P(X = 1) has the same value
SR L, W18 B(X) RIS P(X = 1) {H#2—FEm
N
E(# of occupied tables) = ZE(k?eW) =Nxt
i=1

> in CRP: Pr(k*" K, ..., K'®") # P(K®")

» however in CRP: P(k*") is independent of the actual value of previous {k"e‘”}t_l, ie.,
independent of existing seating arrangement
R EEES RS, Pr(keY) FZ A0SR AR 5K 57 ook

» However, it does depend on how many people are in the restaurant, i.e., value of i — 1
(e EE AR, Pr(kM®) Mzai—3Hok 7L AF %
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expected number of occupied tables E(K) (# /7 5 T M UHAEE) (5)

a
aFi—1

HAVELE S i SHiERINE ‘+L‘ HEE 6 A1 1T ) 52

> we know each " new person has

probability of occupying a new table:

N
E(# of occupied tables) = E(K) = >  E(K™™")
i=1

N N—1
=Y el
/:1a+171 i:0a+i
N—1
using following relations: P(x+ N) —P(x) = Z

x+ k
= a(y(a+ N) - ¢(a))

n
~ alog <1+7>
«@

P where

I'(z) = /Ooo ¥ te ¥ dx P(x) = dixln () = FH(XX))

» Homework to also prove:

VAR(# of occupied tables) = o (w(a +n) — w(a)> + a2 (W' (a+n) — ¢ (a)
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probability of the number of occupied tables Pr(K = k)

P> we already know how to compute the expectation of occupied table, but what
about the probability of a particular number of occupied tables7
FATCIRFITEERETH S  = T NI, A, b R T RIS AT A e ?

» K is a random variable indicating “number of times customers sit at new tables”

RATLE KA 9 b T R L AL

» say we are interested in Pr(K = 3), then:

BRI A NTE K = 3 iEE
> 1%t 2nd 31 customer sit at new tables, or
> 1t 6™ 9t customer sit at new tables

can both contribute to Pr(K = 3)
PRI LAl 2 1808 Pr(K = 3) 1—4&k0

> the question is what are the combinations (i.e, coefficient) for each Pr(K)?
FTAEEAS Pr(K = k) MIZAMERERNA S, Wk /8. WITE ~ufEae?
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“binomial coefficient” vs “Stirling number of the first kind”

P in binomial expansion, fixed y:i= Iy BT

XN = FENE+Y) ) =D (:)ﬁ/'fk

k=0
n identical terms
in terms of probability distribution:/ 20200 1 [RES LA = KO
1=(p +(1-p)" Z()pk(lfp)”_k
~ S—— —
x y
P now, instead of fix y, increase y by one in each term: IT—o(x+y U EFRAI TR y AR ERH M 1

PTEAH E AR 30U T

[I49) =0+ Dx+2) . xm =37 H%
y=0

k=0 k
m is called Stirling number of the first kind: || 2000 (i 25 - Fl Stirling 21{
in terms of probability distribution: %2020y 1 LS A T ke e T
C x+ 0+ D (x+2) .. (x4 n) Yo [Z]*”

T OxH O+ D)(x+2) ... (x4+n)  (x+0)(x+1)(x+2)...(x+n)

P let's see which of these above probability distribution used in Chinese Restaurant Process:
RANVET CRP U ZAF 2R ML e
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probability on “number of tables” Pr(K) - independent probabilities

P case 1 every person sits P first person always occupies the first table with probability of 1; therefore, when
on a new table with computing Pr(K = k|N), we can only assign N — 1 to k — 1 tables:
h ) e (K A1 SN
robabllt fEIEE L, i KT | I Pr(K f FI'N N
e NI & — 1 P

P for example, N = 3, Pr(K = 2|N = 3) requires total of (2 }) = 2 paths, and
the sum of these two paths are: 1) | 2 5% » AR

Pr(k = 2IN=3) = 1 x[p(1 = p) + (1= o)
first
=2(1 — p)p

sum of probabilities of all paths must equal 1 7/ {177} ] IR T 1

probability distribution for each K = k /1| f L:

2 2 R E
Lx et a-)" —1x [32 (C)da - p2 7]
At —_— i=0 i

subsequent

[0+ (o (- o7]

—_—— — —
K=3 K=2 K=1

first

=1x {p2+2p(1—p)+(17p>2}
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probability of the number of tables Pr(K) - Chinese Restaurant Process

P case 2 every person sits P first person always occupies the first table with probability of 1; therefore, when
on a new table with computing Pr(K = k|N, «), we can only assign N — 1 to k — 1 tables:

Probablltygovern by CRP AR —“ “J SR IS Pr(K = kIN) #f {REXRIT N
A, 1A ‘

e > for example, N = 3, Pr(K = 2|N = 3, a) requires total of (g/ 1) = 2 paths,

\ )

and the sum of these two paths are:

o a 2
o Pr(K=2N=3,a) = — —— = 4
=y (a+0) (a+1) (a+2)
- - fixed
@ 1 e

(a+0) (a+1) (a+2)

1
+1 P sum of probabilities of all paths must equal 1 /i {1 1/7/ ] IR T 1

1% probability distribution for each K = k /il CRP (1]} T

@+t @+ o®+[Jla?+[Fa

arz (a4+0)(a+D(a+2) (a+0)(a+1)(a+2)
1
1
1

a3 + 302 4 20
(¢ +0)(a + 1) (e + 2)
I(a)[a® + 8a? + 24]
I(a+3)

> for an individual probability: Pr(K = kN, a) = []ak Fféi),w
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Partition Model (%l 7315%Y)

P problem when there are N customers, one may potentially assign them to k € {1,..., N} tables;
what is probability of a partition having {ny, na, ..., nk} customers:
RIS, A N NI, ATREEARATRIAE ke {1,. .., N} ISR T s Stk
DEEREH K AT i N IR A A7

AR TA {n1,na, ..., ng} NI, XA
P let K = n(II), number of tables for a particular partition:

P one may have the following two"partitions”:

{3,1,2,3,2,3,2,3}y = {n1 =1,np =3,n3 =4}
{3,3,3,2,1,1,1,1} = {nm =4,nz =1,n3 =3}

they are equivalent:
P in words: for all partitions of 8 customers having:
“4 customers sit one of the table, 3 sit one of the table and 1 customer sit on one table”

then these partitions should be treated equivalently, i.e., it does not matter which particular table
has 4 customers

P obviously, different process in generate customers seating result in different probabilities of partitions
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Partition Model using CRP (H+

P we know the conditional density Pr(z; = m|z_1,...2z1) = Pr(zi = m|z_;, a)

n,

o for existing cluster m
Pr(zi=mlz_;, o) x N+ao-—1
for new cluster

Nfa—1
» using DP, the probability on a partition is:

ok H;‘=1 T'(ny)

w(Ily) =
(TTy) " (atioD)

» k= n(IT): number of tables (clusters)

P n;: number of customers in a table (number of data in a cluster)
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Partition Model uisng CRP

> probability of a cluster C; taking value m: Pr(C; = m|II_, , a) for example, let j = 2:

3,1,7,1,7,3,3,3} = {m =2,n =7,n3 = 4}

II

n2
o TIL, T(m) |
I, (a+i—1)
» sampling of a conditional can be achieved in the following fashion: (canceling denominator):

P knowing joint probability of a partition is 7(IIy) =

al'(ny + n;)} [aI‘(ng) m =1, i.e., existing
Pr(Cs = mlTI_,,, ) o al(n)] [al'(n3 + n2) m = 3, i.e., existing
[aF(nl)] [aF(n;)) [aF(ng)] m =2, ie., new

omit the case of m = 1, as it's in the same form as any other existing component indices m = 3:

azF(nl)F(n3 + nz) m = 3, i.e., existing
Pr(Ce =m|ll_,,, a) x { ——~——
a0 (n)C(n2)T(n3) m =2, ie., new

after cancellation and write it out generally:

T(ntn;) _ . L
Pr(C; = m|Pi_,,a) < { TG m=t, ie., existing
’ ! al'(ny) m = new

» in the case of n;j = 1, we get Chinese Restaurant Process:

L(n+1) o -
Pr(z; = mlll_,,, a) { ;EI; - {Zt :: s’ev'v-e" existing
o =
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sampling for Dirichlet Process with data points

P an infinite mixture density (e.g. Gaussian) can be written as:

a
Pr(zi|z_j, y;, ©) = TTita F(yi|0)H(0)do
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Slice sampling for Dirichlet Process

P an infinite mixture density (e.g. Gaussian) can be written as:

feo(y) =D mmaN(40;)  where 0 = (i, 07)

j=1
P adding slice variable u:
oo
fro(y,u) = > 1(u < m)N(¥6))
=1

P to ensure marginal is invariant:
™
/fw,e(% u)du:/ " 1(u < TN (y]6)du
[ -
Jj=1

=S N6 /0”" 1(u < m))du
=1

D NG x 7

=
= fro(y)

P note this is in the absence of latent variable z; (later slides)
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Slice variable u

. 1
finite model: P(y|m,0) = P Z N (y16))

je{1...K}
infinite model:  P(y|7, 0, u) = fr o(y|u) = A SN = — Z N(¥9))
. { ( )}, JE€AR (1) JGAW(“)
fre (u)
» f.(u) is a a random integer
fr(u) = Z 1(u < 7))
j=0
> 1] u< T
= Zﬂ'jlxl(u|0,7rj) where U(ul0, ;) = ¢ ™
= 0, u>
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Latent variable z;

» latent variable z identify the component which y is to be taken:

fro(u,2,y) = N(v10:)1(z € A(u))

» for example, ug = 0.15 and
Alus) = {2,4,5,6}, ke =4 € A(us) = m4 > 0.15

» If there are n samples, complete data likelihood:

L 9({}/17 ul,zl i=1 HN y,|91, U, < 7Tzl-)
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sampling algorithm

1. ui~ U0, 7z)

2. A -+ +) o< H(0) [1,—; N (vil6))
If there are no z; = j, then f(6;|---) = H(6;)

3 fv--) o (V) 1:‘[1 1(ms; > u)

fv] ) om(v)l‘[1(7rz,>u, = m( ﬁl(vz,.]_[(l—v/)>u,-)

i=1 1<z;
Tz
= Tr(v) H]‘(VI:H 1—=v)> u,-)
i<z
beta(l )
j<vi<Bj
> the above only applies when j < z*, where z* is the maximum of {z1,...,2z,}

» for v; and 3; must be a function of u; and «
» for j > z*, flvj|---) = beta(1, )
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lower bound ~;

A/Prof Richard Yi

W)= 1) IT2(w 10— > u)

= 1<z
beta(1,a)

Vj<vj<Bj

> lower bound means how low you can reduce v; to
> reduce v; = reduce 7;

» therefore, one needs to ensure all: {ﬂ'zi:j} > uj

2 1— i
L1 > )

1<z

= v; > max e (4)
H/<z,-(1 - v)

Ui
= Vz > max

{zi=j} H/<z,-(1 —v)

g
» mit1, Wit2, ... will increase: there is more to share now - but not affected by lower bound
> my,...,m—1 will not be affected
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upper bound 3;

n
fiv--) = =v I 1(vz/. IHa-vw > u,-)
—~ =1 I<z;
beta(1,c)
~j<vi<B;

P increase vy = increase m; = reduce 1, Tjt2,. ..
> therefore, one needs to ensure all: {m>;} > u;

P as an illustrative example, we let (j = 3) and a particular (z; = 5):
Tzi=5 > Ui
= (1—v1)(1 —w)(1—v3)(l—va)vs > u;
= (1—vi)(1 —wva)(1 —va)vs —va(l —vi)(1 —va)(1 —va)vs > u;
= v3(1 —vi)(1 —va)(1 —va)vs < (1 —v1)(1 — v2)(1 — va)vs — u;
uj
1—=v1)(1 —wv2)(1 — va)vs

P however, one needs to ensure v (or v; in general) satisfies: {V z; > j}, write it generally:

uj
v; < mir; 1 - ——
Lz ( Vg Ticzy (1 = "’)>

uj
= vyi<l—max | —————
{zi>i} <"Zj Iz (t = "’)>

Bi

== vz <1—

.,mj—1 and 7; will not be affected
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sampling via inverse CDF of v;

P> We can define the truncated CDF distribuiton of v:

F(v)

1 v

—/ fv]---)dv

¢/,

Jo beta(v|1, a)1(vy; < v < B))dv
fol beta(v|1, a)1(v; < v < Bj)dv fw[j/ beta(v|1, a)dv

B f_YVJ beta(v|1, a)dv

P looking at the property of beta distribution:
A v F 1
/J beta(v|1l, a)dv = /J Mv171(1 — v dv
- L, TN (@)

Kl a—1

a (1-v) dv
R

1= =1 =w*

» So, we can prove that:
1— ) — (1 —v)™
F(v)) = ( 20)) ( vj)
A=y =1 =p5)=

P this is where inverse CDF becomes useful
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RIAT L v s

2(c) -
&
‘SFONCIRS e

P instead of sample class variable for nodes, it samples links:

Pr(ci =j|D, a) {f(d'”) ifj7i
o

else

» MATLAB code download:
http://www-staff.it.uts.edu.au/~ydxu/softwarel.htm
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