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Content and reference

This notes is in an elabrated attempt to explain:

> Qigi Wang’s YouTube lecture
https://www.youtube.com/watch?v=7CZP6dHIkKNE

> NeuralODE paper: https://arxiv.org/abs/1806.07366
> | did not try to unify notations, i.e., | keep notations identical to original reference
> but | will have a page to explain how they convert from one to the other
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Motivation: Solving ODE by Separation of Variables

» looking at the simplest ODE example:

d
o=ty ()=
» solution
t
O =y+ [ty
=
> example & = y(t)  y(0)=0
d > substitute y(0) = 1:
&=y
dy 1 = Cexp(0)
Y
y(®) = C=1
1
——dy = /df
/ v ok » solution:
In(y)+Cy =t+Ct ’
In(y) =t+ Cy 0
= €X]
y = exp(t+ Cr) ymew
y = Cexp(l)
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Motivation: Solving ODE by approximation: Euler's method

% =f(ty(0),  ylb) =

» Euler's method:

Y1 = Yn + hf(tn, yn)

» compare with solutions on dy =f(t,y(t) =y y(th) = yoandleth = 1:

Yi=Yo+ht(o)=1+1-1=2 exp(1) = 2.71
Ya=y1+hf(1)=2+1-2=4 exp(2) = 7.38
Ya =Y+ hf(yo) =4+1-4=8 exp(3) = 20.08
Ya=Yys+ hf(y3) =8+1-8=16 exp(4) = 54.59

> if we substitue f(t, yn) = (W, ¥a + Bn)

Y1 :}’n-‘rU(WnTyn"'Bn)

tihs is ResNet!
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More efficient ODE solver: Adjoint method

> Euler's method is inefficnet and can be replaced by modern solver
> also, Neural netwrks’s gradient descent requires to compute g—g
> how can we do that when we are given:

> we need to use adjoint method
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Adjoint method: motivation through simple example

> look at the problem:
min CT x
seS
s.t. Ax = b(s)
> naive way to solve:

1. somehow get a collection of all s € S:
2. then for each s, one finds a corresponding x using:

Ax = b(s)

3. substitute {x} into CT x to see which is smallest
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Using Adjoint equation/method:

min C' x

S
s.t. Ax = b(s)

> Adjoint solution
x=A"b(s)
CTx=CTA1b(s) = xb(s)
N——
%

> X is the Adjoint:

x=CTA™! which is easy, as it does not depend on s

> finally,

msin C'x = mén)?b(s)
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Apply to discrete difference equation:

msin J(un)

st. up = up(Up—1,8)

» use Lagrange multiplier {&,} make the evolution of uy — U, - - - — uj satisfy:

J = J(Un) + ) (Un = Un(Un—1,8)) + Up_y (Uny — Un—1(Un—2,8)) + -+ Ty (o — o(5))
— ——— ~—————— ———
U=ty ) Uy =ty (U, 5.9) to=tn(s)

> define §sF = §F is response of F to an infinitesimal perturbation of s
> solution is:

up Aup
SUp_q—
OUp_4 as

N OU,_ ou,_
+o) (6un,1— S n1 6un,2—%5s>
OUp_» s

5J = ad
oy,

n

Sun + U, (6u,,7 Ss) both u, and s is function of s

+...

U
~T 0
+ Oy (Jun,1 —gés)

» sis parameter, i.e., 6
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> one way to look at:

aJ oy,
§J = — 68U, + 0, (éu,,— sy,
dup OUp_4

n—1—

n—1

. auy,
+0, <6un,1—

dUp_2
+...

N AU
oy (up—ss
as
> following expression is the usual expression for %:

aJ  aJ du, 1
e, — 4+,
os ou, 0s

aun—1
aun—1

as

+o

(c?u,7 OUp  OUp_1

OUp_q OUp_o  OUp_4

Un

” 65) both u, and s is function of s

5s)

aun—1

n—2—

- —) both u, and s is function of s
s

"1\ 8s  ou,_»

N Uy AU
+UJ<—°——°>
9s  0Os
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Clever assignment of Lagrange/Adjoint variables:

~ oup,

J N oy, au,
Sup+ 0 <5un— D SUy_q— as"és) .

n—1
ad adJ oy, auy, R aJ
i —— ( SUy— ——— Uy —— 58S ) + ... letd, = —-
oup oup OUp_4 as aup
ad od ad  oup ad ou,
——dUp — ——6Up + In—1 0S+ ...
oup oup OUp OUp_+ oup, 98
T ou,
—u:r 658+ SUp—q + ...
" os AUp_1
T+ OUp ad N AUp_1 OlUp_1
u,“ — 65+ — oUp—1 + U,T,1 (6u,,,1 — " SUp_o — = lss) ..
" os OUp_+ Up—o as
. OUup R N N N OUp_+ T OUp_q
ol SS—U) 8Uy_1 + U SUy_ =0 =L Sup_p—11)
" os AUp_p as
T Oup OUp—1 AT OUp—y
u,“ 8s —ll,_,———96s —U,I1 T U+ .-
" os ! as 2
n
T OU;
—o" s
i=0 os

so we have an expression for 6J = 377 —A,-T %‘; ss

we must solve for {&;}
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Order to solve for Adjoint equations

N aJ aJ N
UnT == = —Unt1
Oup OUp_1
aJ  9J dun oT
OUp_1  OU, U,y "1
oy,
AT n AT
= -0 = —U,
n aun_1 n—1
oy,
~T AT n
= U =0
n—1 n AUp_1

» meaning we use back-propagation to solve for {&;}
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Continous case with ODE constraint (1)

» Difference equations:

msin J(un)
s.t. Up = Un(Un—1,S)

= J=J(Un) + 8y (Un — Un(Un—1,8)) + By (Un—1 — Un—1(Un—2,8)) +---+ 8 (to — to(s))

» Continous, ODE constrained problem:

min J;(u(T)) + /OTJC(u(t))dt

du
s.t. 9@ f(u, s(t))

T T d
= J=Ji(u(T)) +/ Jc(u(t)dt+/ a(t)(d—ttj — f(u, s))dt continuous Lagrange
0 0

» difficulty arise as having a derivative function in the Lagrange
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Simplify objective equation

» instead of including /‘OT Jo(u(t))dt (for aerodynamics application)

T
minJ,(u(T))+/ Je(u(t))dt
s Jo

s.t du—f s(t
L (u, s(1))

. T
. J:J,(u(T))+./OTJ[;(u(t)dt-#/O u(t)(%‘: ~ f(u, s))dt

> we simplify by removing ‘/;)T Je(u(t))dt:

min Jy(u(T))
s.t du = f(u, s(t
AT (u, s(t))
g
— J:J,(u(T))Jr/O f/(t)(d—Ltl 7f(u,s)>dt
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Adjoint equation for ODE (1):

> substitute: o(T) = — C()TJJ

g
J:J,(u(r))+/0 a(r)(dit’ ~ f(u, s))dt

AJf T déu  of of
= &= —5u(T)dt+/ oty — ——o6u— —ds |dt
ou 0 dt ou as
R e e
OJs T déu T /Of\T, T _ of
- —5u(T)+/ u(l)—dtf/ a u(t)6udt7/ w2 ssdt
ou 0 dt 0 ou 0 9s

:B—'ﬁéu( T)+ [D(l)éu
——

T T di T 7Of\T . T of
— 5u—dt} —/ (—) u(t)éudt—/ o(t)—4ésdt
0 0 dt 0 ou 0 os

O (T + UDsUm) " 5u%lgr /T<8f)TA(r)5 dt /TA(r)Bfa dt
= —oul ul u— — — ul u — ul —0S
ou 0 dt 0 ou 0 as

(?J, T T rof\T T _ of
- — o(t)éudt — o(t)—ésdt
0 ou 0 os
T T of
o [Tou%g - / a2 suat - /A(I)—ésdt
0 dt 0 ou 0 Is

> integration by parts: fab u(x)v/(x)dx = [u(x)v(x)}: - ab u’' (x)v(x) dx
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Adjoint equation for ODE (2)

» we already let o(T) = 7;’“—{’7)
P N o _  aJ
> further, we let O(t): instead of let i(t) = — Puly = — 5 (1)

» important: if we can prove:

N aJy do of \T.
ou(t) = _Bu(t) = FTi —( ) a(t)

» then we can solve §J:

/ 6u /o (aa(ft) u(t)éudtffr ()g—fésdt
W [ (Y e [ o st

—6sdt
0 6

» by running another ODE to solve {(t), from dynamic equation %
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Compare with discrete/difference equation

> continous case:

» compare with discrete case:
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Proof for i(t) = — 2% —

ou(t)

» here we change notions to use Neural ODE:

R aJs ar [ of \T.
W=-300 — @~ (m(r)) o)
aL da of

N
M= Hm = &:7<az(t)> alt)

» similary

T of
si=— [ wnLssat
/0 ()50

oL _ oL o of
— = —(h)=— t)— dt
a0 — o0 /w 254

» sign change may be caused by swapping the integrand f, and ty
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since &0 — f(z(1), t):

t+e
2+ ¢) :/[ fz(ty, Bdt = T.(2(t), 1)

db _dL dt+e a([):a““)aT((Z(!)J)
az(t)  dz(t+e) dz(t) oz(t)

da(t) im a(t+e€) —a(t)

dt €—0+ €
] a(t + ¢) — a(t + &) 55 T (2(1). )
04 e

a(t+ ) — a(t + ) gl (2() + c/(z(1). 1)

N

Taylor T (z(t), t) = z(t) + ef(z(t), )

~ lim
e—0+

€
a0 - a(t+ o) (38 + 20y At At (i 200
= A0 € = A0 €
—a(t + e)c ZEN0 af(z(1), 1)
= lim ————=— = lim —a(t+e)
€—0+ € e—0+ BZ(()
R:LOX))
- oz(t)

af \ T - .
=— ( a(t) multi-dimensional case
az(t)
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How to compute adjoint a(t) from its dynamics =5 da(’)

> justlike X = CT x, but complicated

> initial condition: a(ty) = (, L and run backwards to obtain a(ty):

t
a(to) = a(ty) + /t  dalt)

1 A T
=a(ty) — /tNo ( 8:(’;)) a(t) dt substitute
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- ; oL oL
main learning task 4z and &7 (1)

aL.
> 2.
oL _ oL oL b of
— = —(lh) = —(ln) — a(t)—(t)dt
5 = 90 = 55w~ [ a0 50
dynamic equation: —a(t)g—g(t) initial condition: %(W) =0
dL .
> &

dL _ dL dL b df
= () = —(ty) — )= (t) dt
5 (0) = 5 () [ a(t) 2 (1)
- .. dL
initial condition: a(tN) =a(ty)f(z(tn, tn)

diy —
dynamic equation: fa(t)a(t)

Adjoint Sensitivity Equation and NeuralODE
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other learning task a(fy) and z(f)

> combine with a(fy):

a(o) =a() — [ a2 (et

v oz
of L
dynamic equation: —a(t)g—z(t) initial condition: 628(t,\,) =a(ty)
> combine with z(t):
4]
2(to) = 2(tn) —/ f(z, t)dt
in
dynamic equation: f(z, t) initial condition: z(ty)
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Combine everything in a backward fy — fp pass

»> combined back dynamics:

—[f(z,t) adl adl a%](t)

> to solve:

[2() a(ty) Zh(t) (w0

> with initial condition at fy:

zt) atn) 0 ()]
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Neural ODE: feed-forward much easier

» Inference using feed-forward:

L@(t)) = [:(z(to) ¥ /[jo fz(t), t, e)dt)

NN!(z)

> f(z(1),t,0) = NN'(z) is Neural Network at " infinitesimal layer
» we can solve this by in a Solver, to specify:

1. boundary condition: z(f)

2. start and end time 1, and £

3. dynamic equation: f(z(t), t, 0)
> the solver looks like:

L(z(t)) =L (ODESoIve(z(tO), fo, ty, f(2(t), t, 9)))
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