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Metropolis Hasting Algorithm

1. initialise x(©

2. fori=0to N -1
un~ U(07 1)
X o q(X*‘X(’))
if v < min (L m(x)q(x*[x) )

X(i+1) = x*

else
xUH1) — ()

» The take-home message here, is that it does not “disgard” samples
like rejection sampling. It simply “repeats’ samples.

» If the same sample repeats too many times, it has bad mixing
» see demo for an example.
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ropolis Hasting - Why it work?

» K(x — x™) includes the joint density of the following:
1. Propose x* from g(x*|x),

2. then accept x™ with ratio a(x*,x) = min (1 M)

? m(x)q(x*|x)

» very easily verify it satisfy detailed balance:
. . L oo W(X*)q(X\X*))
m(x)g(x" |x)a(x", x) = m(x)g(x" |x) min [ 1, ———F——
(Jale”b)ax” x) = m(xa(x’ [y min (1, oA

 min (=()q( ), (x )alx(x")
et i (1. 0080 )
= (" )aloche" min (1, 2P

— m(x")qlxlx"Jalx, x°)

> note that a(x", x) # a(x, x™)
» Exercise wait a second, are we missing anything here?
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ropolis Hasting - Missing the self transition part

> when xx is accepted, it's accepted on a specific value ~ q(-)
» when xx is discarded for a x repeat, x* can be a range of values ~ ¢(-):

{ p(x" #x) = alx)

p(x*=x) =1-—ax)

P #x) =ax) = [ plx” £ xlx" x)alx x)ax”

X

_ / alx" x)a(x [x)dx"

X

px =x) =1=a() =1~ [ a(x' x)q(xbx)dx’

X

K(x = x™) = q(x"|x)a(x™, x) + 6(x) (1 - a(x))
——

=0:when x#x*

=0x () (1—a(x*))
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Two stage acceptance rule

let m(x) o L(x)TP(x):
=>Mﬂxﬁmm(Lﬂ32&ﬁ2>mmOfﬁﬂ)

P (x)q(x" ) L()
————

cheaper to compute
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Hamiltonian Metropolis Hasting (HMC)

> Let Hamiltonian to be H(q, p)
» where q is the position and p is the momentum, for each dimension i:

da; _ OH dpi _ _OH
dt  9p; dt  dq;

» For HMC, we usually use Hamiltonian function:

H(q,p) = U(q) + K(p)

» As an example:
q°  p?
H(q,p) = U(q) + K(p) = >t

» the solution is:

g(t) =rcos(a+t) p(t)=—rsin(a+t)
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Reversibility of Hamiltonian dynamics

P Let a mapping function T and its inverse T_:

Ts(a(t), p(t)) = (q(t +5), p(t +5))
T-s(q(t + ), p(t +5)) = (q(t), p(t))

P are invariant under a reversal of the direction of time t — —t, when g; and p; are changed

to:
L a _dei  da
qi = qi i = prey B
P this implies:
dgi  OH d(—=p;)  OH
d(—t) ~ 9p; d(—t) g
> or
dq,- _ 3H dp,‘ _ 3H
dt ~ 9p; dt ~ 9q;

P form of equations does not change: rate of change is the reversed.
P at t, evolution is stopped, sign of velocity is reversed

P system is allowed to evolve once again for another time interval t; return to its original
starting point
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Gibbs sampling

Gibbs sampling algorithm:
> given a starting sample (xi,y1,21)"
» you want to sample

{(X27Y2722)Ta (X3ay3; 23)T? ) (XNayNaZN)T} ~ P(X,y,Z)
» Then the algorithm goes:

xo ~ P(x|y1,21)
y2 ~ P(ylx2, z1)
2 ~ P(z|x2, y2)

x3 ~ P(x|y2, z2)
y3 ~ P(y|xs, z2)
z3 ~ P(z|x3,y3)
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Gibbs sampling Toy Example

In this toy example, let's sample:
X1 1| X Xi
fr— ~J N 5
o R (R =)

xilxe ~ N (p1 + Y1255 (0 — p2), L1t — 21222_21221)
xolxi ~ N (p2 + 12557 (1 — p1), Too — L12557 T10)
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A special case of M-H

Looking at the M-H accpetance ratio
> let x=x1,...,Xp.
» When sampling k™' component, gx(x*|x) = 7(x}|x_x)
» When sampling kth component, x* , = X_x

m(x)q(xx") _ m(x)r0alx" k) _ mOg X )Telx" )

7()ate ) mOm(qxk) | o) m g )

Markov Chain Monte Carlo
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Collapsed Gibbs sampling

> Treats (x,y) as a single variable

(x2,y2) ~ P(x,y|z1) = xa~ p(x]z1) ya ~ p(y|x2,21)
2y ~ P(z|x2, y2)

(x3,y3) ~ P(x,y|2) = x3 ~ p(x|z2) y3 ~ p(ylxs, z)
z3 ~ P(z|x3,y3)

» However, we need to know how to compute:
P(x|z) = [, P(x,y|z)dy
» The algorithm reduces auto-correction.
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What is auto-correction

> lag-k autocovariance of the functional g(X1), g(X2)

v(k) = cov(g(Xi), g(Xis«))
> lag-k autocorrelation of the functional g(X1), g(X2)

(k)

7(0)
» need to perform thinning to make samples more like drawn using i.i.d

P Let's look at an autocorrelation demo for computing multivariate
Gaussian distribution of having 2-D, ...5-D.

» Exercise what would be an appropriate g(-) used here?
» Homework you need to write a similar code
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Parallel Gibbs sampling

» You can see the algorithm won't “parallelise”.

» However, under some models (and clever work-around) machine
learning researcher able to parallelise some Gibbs sampling scheme
for various models, typically, using

p(x17x2,...7x,,):/p(xl,xz,...x,,|u)p(u)du

u

and also have the property that:

n

p(x1, X2, ... Xp|u) = Hp(x;|u)

i=1

» Well, make sense to perform inference to Big data with CUDA,
multiple processors.
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Convergence Diagnostics

» The question is when to stop sampling.

» word of caution: individual sample do not converge. It's the entire
distribution.

» sample will generally be correlated with each other, slowing the
algorithm in its attempt to sample from the entire stationary
distribution

» run convergence diagnostics: Cowles, M.K.; Carlin, B.P. (1996).
"Markov chain Monte Carlo convergence diagnostics: a comparative
review”. Journal of the American Statistical Association. 91: 883 -
904.

» or using R Package 'coda’
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Swendesen-Wang

» Potts Model:

M(M) o exp ZBUIZ,‘:ZJ

i<j

» Swendsen-Wang algorithm: The joint density
between nodes I and edges r; € {0,1}:

P(M,r) = P(M)p(r|M)

» each edges can be sampled independently:

P(rj = 0|M) = exp(=fijlz=z) = qjj
Peimy = [ Pl

1<i<j<n

» the trick is to sample the nodes condition on
the edges:

PN =TI [exp(Bilz=)—1]"

1<i<j<n
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eal sampling example: Latent Dirichlet Allocation

» By ~ Dir(n,...n) for k € {1,...,K}.
» For each document d:
0 ~ Dir(a, ..., «
For each word w € {1, ..., N}:
Zdgn ~ Mult(@d)
Wiy ~ Mult(5 )

e

A/Prof Richard Yi Da XuYida.XuQuts.edu.auWechat: aubedata https://g:  Markov Chain Monte Carlo


https://github.com/roboticcam/machine-learning-notes

Basic tools: Multinomial-Dirichlet

Posterior Marginal
Pler, oo pidm, - ) p(m,..,nk):/ P(pr, - o s )
( a) k P1s---sPk
=1 cx —1 Hpni B
< M) + 1 mlomd 21 F(Zizl ai) nl K i ten;
- k . | | pr
iT(oy) mte.ong! PLyeoPk i1
Dir(py,---spplog,-yop)  Mult(ng, ..o |py,-.-py)
K
k K Kk r( pl oc-) k . .
o H o=l H n_ H aj—1tn; N Dy i « dliza (e + ni)
vlp,- .lpi 7,1p" mt.. ! L M(ai) F(N+3E, a)
i= i= i=

= Dir(p1, ... Pl + ni, .. x4+ nk)
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Gibbs sampling for Latent Dirichlet Allocation

The parameters of the model include: > 3 Dir(n, .. .n) for
Kk ~ geen
> {B,}K_, each B, has dimension V (vocab) ked{l,...K}
> (9D » For each document d:
{0ato= 0 ~ Dir(c, ..., a)
> {Zjc(1..0},meq1..N}} For each word
. ) ] L . . we{l,.., N}
since everything conjugate, posterior inference is easy: 5 Mult(65)
dn ~ d
» start with random initial values to all the variables W:n ~ Mult(5;,,)

> B, ~ Dir(n+ N, ...+ N for k € {1,...,K}
where N = #({de = v AND z4, = k})

» For each document d:
04 ~ Dir(a+ N9 .. o+ NP

where N9 = # ({zan = Kk})
For each word w € {1,..., N}:

Pr(zan = k) = Pr(Wan|Zan, By ) P(2an|0a)
X Bk,wd,,od
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Exercise and Homework for LDA

» Exercise For the Gibbs sampling of each of the set of variables, verify they
are true, i.e.,

P (BB Y ripm 10131 Lzae 1.0y me iy })
= Dir(n+ N, ...n+ N

P (gd|{/3j}jK:1,j¢k7 {Hj}jD:I,j¢d7 {Zde{l...D},nE{l.“N}})
= Dir(a+ M9, ... a+ N

p (Zdn = k|{/@j}jK:1,j7£ka {04}5-1, {Zde{l...D},je{l...N}j#n})
X B w,,bd

» Homework generate a set of synthetic values for ale variables and {wun}

» think about the structure for each of the variables
» caution: MATLAB has no dirichlet generator, what is the alternative?
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Collapsed sampling for LDA

» we may only interested in sampling {zsc(1...0},nc (1.8} }

> we could collapse both {ﬂj}jK:l#k and {64151,

P (2dn|z—-an, W)

where z_g4, are all the z except z4,

Pr (zgn|z—dn, W)
o Pr(2dn, Z—dn, Wdn, W—dn)
= Pr(Wan|Zdn, Z—dn, W—dn) Pr (Zdn, Z—dn, W—dn)
= Pr (Wdn|Zdn, Z—dn, W—dn) Pr (Zdn|Z—dn, W—dn) Pr (2—dn, W—dn)
x Pr (de|Zdn, Z_dn, Wfdn) Pr (Zdn|zfdn)

there is no w,prior

» note that, previously,
Pr (de|Zd,,, Z_dny W—dn, IB) = Pr (de|zd"7:6k) = /8

Zdn»Wdn
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look at: p(zgn = i|Z—_dn)

Pr (zan|z—dn, W) o< p (Wdn|Zdns Z—dns W—dn) Pr (Zdn|Z—dn)
N —

P Looking at Pr(zg, = i|z_gp) using i instead of loop index k:

Pr(zan = ilz—an) = / P (2Zdn = i504|2—an) d0g
]

_/ Pr(zgn = i104)P(04|2—an)dby
04

x / Pr(Zan = 110a) Pr(z—an04)P(0) 04
0, —_—

= / Mult(zgn = i64) Dir(a + N9, .. o + N) doy
04

M(Sh (0 M) M+ M)+ 1) (T s (o + DY)
I, Mo+ M) r(1+ e+ N))

a+ N9 o+ N@
TS N K O

> NI.(d), N are counted without zgy, i.e, N,((d) = #({Z%;'dn = l})
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look at: % (de|Zdn — i; Z_dn, W—dn)

Pr(zan|z—dn, W) o< p(Wdn|Zdn = 1,2 dns W—dn) Pr (Zdn|Z—dn)

P Looking at Pr(Wyp|Zgn = i,Z—dn, W_gdn) using i instead of loop index k:

Pr(Wan|zdn = i,2—dn, W_dn) = / Pr (Wan, Blzdn = i,2—dn, W_dn) dB
B

/ Pr(Wan|B, Zdn = 1,2 —dns W—dn) P (B, Zdn = i|Z—dn, W_dn) P (Z—dn, W—dn) dB
<]

. / Pr (Wen B 2an = 1) P (B |2—ams W—n) 4B;
. |y —

i

- / By, Dir(n + N+ N$) dB,
B;

this is just the expectation of 3; ,, ., i.e., the wi component of vector 3;

P using expectation of Dirichlet distribution:

n+ N(V) n+ N(V)

Wen Wen

Zve{L...V}’l‘*‘Nm Vi + N

Pr (Wan|Zdn = 1,2 _dn, W_dn)

where N = #({wg, 4, = v AND z5 . = i})
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Putting things together

Pr (zan = i|Zz—dn, W) o< Pr (Wan|Zdn = i, Z—dn, W_dn) Pr (Zan = i|Z—an)

_ NG at N
T Vn+ NV Ka + N@

where:
d .
> N£ )= #({Zd];zdn = ’})
> N = #({Wgsan = v AND 25,4, = i})
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What about 3 and 64

» Exercise think about what you are going to do for 3 and 04 when z are
available
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Slice Sampling - joint density with auxiliary variable and

marginal

P given some un-normalised function f(x), where

z :/f(x)dx 7(x) = —=

» Introduce auxiliary variable u a joint distribution over (x, u) is defined as:

_(1/Z  f0<u<f(x)
m(x, u) = {0 otherwise
P The joint density of (x, u) is uniform over the region
{(x,u): 0 < u<f(x)}

P Marginal distribution over x is:

_ fx) 1 B f(x) _
(%) _/0 Zdu= 20 = ()

P if w(x) o L(x)7P(x):

u~ U0, L(x*DY) D~ U (1r(x) > urP(x)])
= x ~ U1L(x) > u))
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Slice Sampling - conditional

> Top-down view of the 7(u, x) joint density:

» using gibbs sampling:
u~ U0, m(x"1)

D~ U(Ln() > u])

» Very powerful technique, been working with it in a number of
non-parametric Bayes settings.
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Slice Sampling - Shrink algorithm

> Usually, its not simple to sample x(*) ~ 1[p(x) > u], given p(x) is
usually not a concave function.
> We need to use “shrinkage algoirthm” or “expansion algorithm”

» to see why “shrinkage” targets the right distribution:

Markov Chain Monte Carlo
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Shrinkage algorithm

b
a S~ c Prx® € 2 = Xt ¢ 5) = a-‘:L-
PrX® e a = XD ¢ o) = <
L L
Pr(X® e ¢ — Xt ¢ a) = %
b
PrX® € c - XD ¢ ) = J[C

Therefore,

Pr(X(tH) €a)= Pr(X(t) ca— xH ¢ a) Pr(X(t) €a)+ Pr(X(t) €c— xt ¢ a) Pr(X(t) €c)
at+ba
= T

ac a? 4+ ab + ac a
L L LL L2

=7= Pr(X(t) € a)

Pr(X"™ € ¢) =Pr(X® € a —» X*™ € o) Pr(X € a) + Pr(X1) € ¢ —+ X" € ) Pr(X1 € ¢)

(s}

_ca brcc_ackbetd o0 g
LL L L L2 L

Pr(x(1) = pr(x®)
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Elliptical Slice Sampling

Murray, lain, and Ryan P. Adams. "Slice sampling covariance hyperparameters of latent Gaussian
models.”, NIPS 2010

1. choose ellipse: v ~ N (0, X)
2. log-likelihood threshold:

u~ U(0,1)
log(y) = log(L(x)) + log(u) = y = ul(x)
3. draw an initial proposal, and defining a bracket:

0 ~ U(0,27)
[emin; emax] = [9 —2m, 9]

4. x* = xcos(0) + vsin(0)
5. if log(L(x™)) > log(y), i-e., L(x™) > uL(x) (this is similar to slice sampling)
6. accept: return x™
7. else
shrink the bracket - the following procedure only “shrink” one-side:
8. if 0 < 0 then: 0, = 0 else: O = 6
think about what happens when: (6max > 0, Omin > 0), (Omax < 0, Omin < 0) and
(emax > Q: emin < 0)
try a new point:
9. 0 ~ U(Omin, Omax)
10. Goto step 4
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detailed balance

let's look at again K(x — x™) extended to variables u and u:

m(x)K(x = x™)

m(x) p(height|x) p(shape) m(x* |height, shape)1(E(x, u, v), E(x™, u™, v™))
T N—— N —

LN(0,Z)  m(ulx) m(v)
S LOONGO.E) s N(I0, D) p{8) I e, 1), ) L(E (x, u,v), E( 0, b))
L(X) N, !

shape shrink ellipse to acceptx™
height - not 7 (x)

= N(x|0, D)N(v]0, Z)p ({0k}, x™|E(x, u, v), x) L(E(x, u, v), E(x™, u™, v7™))

In order to prove reversibility:

r(x)K(x = x*) =7 (x")K(x" = x) =
N(x10, D)V (v]0, D)p ({6}, x"| E(x, u, v), x)
N —
same ellipse
= N(x"10, DN (v[0, D)p ({8}, x| E(x, u™, v™), x")
S —
same ellipse

» here comes a central thing clever |dea can we always find a v’ such that:
firstly ellipse(x, u, v) = ellipse (x*, u™, v*

secondly N (x|0, )Z) (v[0,X) = N(x*|0, )N (v*]0, X)
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“Same-dimension” rotation factor of Gaussian

o [f] v 1] 3] 03]

1
’ ’
Collectively, we write the above as: {:,] =R(0) {::| = {x:| = R(-0) |:x,]

N(x'|0, D)N(v']0, X)

=exp [7 ():1,1(le + V) 4251 5(x 1x s + V1V 2) + Ton (X3 + v/g))}
We know that,

x'1x"y + v'1v'y = [cos(8)x1 — sin(B)v1][cos(8)x2 — sin(8)va] + [sin(8)x1 + cos(8)vi][sin(8)x2 + cos(8)va]
= cos?(0)xyx2 — cos(0) sin(0)xyva — sin(6) cos(0)vixz + sin®(0)vyva
+ sinz(O)xlxz + cos(0)vixz + sin(0)x1v2 + cosz(a)vl Vo

=x1x2 + v1vp

It is then obvious that,

N(x'|0, D)N(v']0, ) = N (x]0, Z)N(v|0, X)
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