Johnson-Lindenstrauss LLemma

Richard Xu
December 10, 2021

1 Johnson-Lindenstrauss Lemma
Lemmal lety = ﬁvvx, where W; j ~ N(0,1):
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2 Proof of lemma 1

Let W}, » 4 be the random matrix where W ; i N(0,1)and x € R% and:
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2.1 some helper properties
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This implies that y; ~ N (0, £|x][2)
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2.1.2 introduce “normalized” g such that § ~ N(0,1):
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one can interchange y and ¢ ( no need to use properties above):
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22 prove Pr(fly|? > (1 +¢)|x|*) <exp = *
Pr(llyll> > (1 +o)[x|1?) not in terms of k
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this is because, by solving for A to minimize the bound which obtains A\ = 55— and then simplify,
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one obtains:
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Derive the fact:
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so we proved that:
Pr(|lyll* > (1 +o)lx|*) = Pr(|g]* > k(1 +¢))  from Eq.(7)
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23 prove Pr(|y]? < (1 - o)[x]?) < (exp5+5)%
Pr(|lyll> < (1 - o)llx[?)
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this is because, by solving for A to minimize the bound which obtains A = ﬁ and then simplify,
one obtains:
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Derive the fact:
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the above inequality can be proven as:
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z2 + ... - Taylor expand about z = 0
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Pr([lyl? < (1 - Olx|?) < (1 - ) exp®) s
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2.4 Putting together:

Pr(llyl* > (1 + o)l U llyl®
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another alternative version:
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2.4.1 alternative expression of J-L. Lemma
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or any other variants:

19)
1+ )| )Zl—QeXp_(g_eS)% alternative version 20)
>1-2 exp*z% looser bound
WxH +5)||XH2) 1-25
L]
—< - g (1+e)>1-
U )2 on
LW
>
Pr(fi e =) 212
|wx||2 = |12 ‘<e||xH2> >1-26



under special case where ||x|| = 1
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3 corollary of J-L lemma

3.1 norm preserving for n data points after dimension reduction

Corollary 1.1 let k> (52255 logn) then: 3f s RY — R¥, s

(1= o)llxi — x| < [1f(xi) = Fx)IZ < A+ ollxi — x> Vxiyx;, YO<e<l (24

3.1.1 choosing k in terms of n

looking at the (one side) J-L Lemma in Eq.(12). j is the only turnable parameter, so we need to choose an
appropriate k. The clever choice is to let k = ﬁ log n, so we have:
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3.1.2 back to the dimension reduction case
lety = f(xi) — f(x5) x=x; —xj:
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3.2 inner product
1

Corollary 1.2 Let u,v € R¢ and that ||u|| < 1 and ||v|| < 1. Let y(x) = WX where Wi j ~

N(0,1) (or Wy 5 ~ U(—1,+1)), then:
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Pr(|uTv - y(u)Ty(v)| > e) < 4exp7(62753)4

3.2.1 proof
2 2 2 — (2= E

Pr((1—¢)lx[I” <llyll* < A +e)x[?) > 1 —2exp 4

= Pr(1-¢fu—v|2 < u V|2 < (1 +efu—v|?) >1—2exp (=%
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= Pr(l-olu+v|? <[u +V > <A +e)lu+v]?)>1-2exp 1

therefore, for both of the above last two lines to satisfy simultaneously, we have (union of
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ment) with probability of at least 1 — 4 exp’(62 -Di.

(L=glu=v|* < Ju' = v'|* < (L +¢)llu—v|?*) and
(L= Qlu+v]? < Ju +v'|* < (1 +e)llu+v]?)

when both of these satisfy, then the above implies:
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alternative version
letx=u—vandy=u —v/

letx=u+vandy=u +v/
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3.2.2 Take left portion

(1=ofu—v|* < v =V < (1 +e)u—v|* and

31
(1= )lu+v]? < o +v/ 2 < (1+6)lu+v]>?) ©h

'V = o V2 = [ = v

> (1= ofutv|?—[u’ = V|
| S —

> (1 =fu+ vl = (1 +u—v|?

=1 =(lul? +2u"v + |v[]*) = 1+ )(Jul®* = 2aTv + [[v]?)

= (lul? + 20" v+ [Iv]* = [[u® + 20" v = [|v]]*) = e(l[ul® + 2u" v + |v]* + [[u]®* = 2uTv + ||v[*)
=4du’v —e([ull® + [Iv|* + [lul® + |Iv]]*)

=4u'v—4e - |ul|=1and|ul =1

= u'V >ulv—e

(32)

3.2.3 Combine with the right portion

we also use the two existing conditions in Eq.(30): (therefore no additional union bound is needed):



