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1 Motivation

Given that we are now in the Artificial Intelligence Generated Content (AIGC) era. The goal of
AIGC is to be able to sample from the data distribution p(x). For example, there may be a dataset
of images D, if we can build a distribution p(x) reflecting the training data, then we are able to
generate new images that are similar to D by sample from its distribution p(x).

To do so, we must be able to find out the parameterised distribution of py(x) first. However, we
cannot possibly compute the distribution of p(x) over D or even assume what type of distribution
it is. Therefore, we only can approximate such with simple (or simpler) distributions g4 (z), where
¢ are the parameters of the distribution.

1.1 notation

1.2 a starting point

However, let’s start with a much simpler problem first. We assume that we know part of information
of distribution p(x), the prior p(z) and the prior and the likelihood p(x|z) (hence we also know the
joint density p(x,z)). Although it appears that we also know the posterior distribution p(z|x), as
we can use Bayes rule to compute the posterior distribution, i.e.,:

knows knows
Xl pi2)
p(z[x) =
[ pixlzpia)az W

don’t know analytically

But unfortunately, we do not always neccessary to have access to the posterior distribution in
closed form.

Also in this section, we do not worry about learning the parameters 6 associated with py(z|x),
which is something we will consider later for Variational Autoencoders (VAE).

1.2.1 toy example

to illustate what is a observed data x and what is a latent space z, let’s look at the same “student
mark” toy example you saw in both the probabilistic graphical models (which we will restrorpsec-
tivley visit again) and MCMC (which we will not discuss in 2024) sections:



Variable Description
X Data point
D={x1,...,Xp} Dataset
p(x) Data distribution
po(x) Parameterized data distribution
q4(2) Approximate distribution
10} Parameters of the approximate distribution
z Latent variable
p(z) Prior distribution
p(x|z) Likelihood
p(z|x) Posterior distribution
KL(q|lp) Kullback-Leibler divergence
ELBO(q) Evidence Lower Bound
I Mean of Gaussian distribution
T Precision (inverse of variance)
1o, Ao Prior (Gaussian) parameter for u
ag, bo Prior (Gamma) parameters for 7
Hy A Posterior (Gaussian) parameter for u
G, b Posterior (Gamma) parameters for 7
qu (1) Variational distribution for p
q-(7) Variational distribution for 7

1. “months of studies” (stu) z;
2. “prior knowledge” (pkw) 22
3. “motivation” (mot) z3

4. “mark obtained” (mrk) x

We have three latent variables, (stu), (pkw), (mot) and one observation (mrk), then if we want

to perform posterior inference, i.e.,:

Table 1: List of Variables

)




Pr(stu,pkw,mot| Q&lﬁ )
—_——

latent observation
which allows us to compute things such as:
]EPr (stu,pkw,mot|mrk) [Stu, pkw, mot] (3)

Unlike Markov Chain Monte Carlo (MCMC), in variational inference, instead of sampling, we
propose a set of proposal distributions, gy, (stu), e, (Pkw) and g4, (mot) which aim to minimize
between:

q(stu, pkw, mot) = gg,, (stu) X gg,, ( PkW) X gg,,,, (mot) (4)

and

Pr( stu , pkw, mot | mrk)
N N

()

zZ1 2o z3 X

Obviously, we need to optimize with respect to the parameters ¢sty, Ppkw and ¢mot. then after
that one can approximate:

stu, pkw, mot] ~ E ) [stu, pkw, mot] (6)

Pr (stu,pkw,mot|mrk) [ q(stu,pkw,mot

1.2.2 LDA example Optional - not examinable
For example, in the LDA example:

observation: {wde{l,,_D},ne{l...N}}

latent variable: {{,Bj}jK:l, {ed}u’?:l, {zde(1...D} meq1. N} I}

Therefore, in LDA, the variational inference aims to:

P({ﬁ ‘}]K:p {Od}g:h {Zde{l...D},nE{lu.N}}|{wd6{1..4D},nE{1..AN}})
K

: D D N
~ H a(B,A;) H q(0alva) H H q(zdn
j=1 d=1

d=1n=1

d)d,n)

it allows us to approximate:

E, H{ﬁj}f:p {0435, {Zde{1...D},ne{1...N}}H ~ E, H{ﬁj}f:p {04114, {Zde{l...D},ne{l...N}}}]
9)

we just need to optimize with respect to {A\;},{v4}, {®a..}



1.3 A bit of history ..

This note started in 2010 when I was inspired to help people read Chapter 10 of Bishop [l] where
I was trying to explain a few things in an oversimplified (hopefully!) way. I revamped it for the
class. I also added exponential family distributions and an example on LDA when the model is fully
conjugate [2]

2 The Variational Bayes Framework

now imagine we have some training data for us to compute the distribution of it, i.e, p(x). Imagine
we are able to compute its analytical form, then we can just sample from it, i.e., to create new data.
However, in many cases, the distribution is intractable, i.e., we cannot compute it. Therefore, we
need to approximate it.

Now, let’s consider the following:

2.1 what is Evidence Lowerbound?

2.2 use Jensen Inequality
log p(x) = log/p(x,z)dz

=1lo p(x,2) z|x)dz
= g/Q¢( |x )%( )

X,z
= log [ (2 (p( Z|X) >} (10)
> E.ng,(alx) [ 0g <p e )} by Jensen’s inequality
g9 (2[x)
= Ezwqd,(z\x) [log(p(x, Z)] z~q¢(z|x) [1og(Q¢( ‘X)]
— ELBO(q)

2.3 another expansion

the above do not show what is the missing bit between log p(x) — ELBO(q). So what is it?

log (p(x)) = log (p(("i Z>)

)
= log (p(x,2)) — log (p(z[x))
= [log (p(x,2)) — log g4 (2)] — [log (p(z[x)) — log g4(z)] " Eqy(2)

- () (o)

now, let’s taking the expectation on both sides, given g¢4(z):




= ELBO(q) + KL(q||p)

2.3.1 name to both terms

ELBO(q) = / q4(2) log (pq(zzz))>dz =Eorgym | (Zi‘(;;) ]
KL(qllp) = /q¢(Z) log ( 9(2) >dz

p(z[x)
now we can answer the question of why we do not minimize KL term directly? The key is that

the KL term contains p(z|z) and ELBO term contains p(x|z)p(z)! Why is this the problem? Because
then one has to compute:

(13)

o) = | plxia oo (14)

since we can choose any g4(z) we’d like, and since we want KIL(-) to be minimized, there it’s
ideal to make:

16(2) = qp(2[x) (15)

i.e., it should also depend on z. Otherwise, it’s highly unlikely that the KL (¢||p(z|x)) will be
minimized:

49(2[%)
KILqp:/q leog( dz 16
(qllp) s (2[x) P(2x) (16)

We know that p(x) = ELBO(q) 4+ KL(q¢||p). We consider ELBO(q) is the lower bound of p(x).
Minimizing KL(g||p) is the same as maximizing the lower bound ELBO(q), since the addition of the
two becomes p(x)



3 The choice of ¢(z): mean-field approximation

3.1 the update formula

By letting ¢(z) = Hf\i1 ¢i(zi), by fixing all the other distributions {g;x; },the following is the optimal
update formula for ¢;(z;) which we derived in BQ:

q; (zj) = exp(E, -, [log (p(x, 2))]) (17)

in a sense that it will maximize the component-wise ELBO ELBO(g;), i.e.;:

ELBO(q;) = ~KL(q;(z)]| exp(Es -, log (p(x.2)))) (18)
note however, the expection E,\ ., [log (p(x,2z))] may not always be tractable. Therefore, it is not

the general solution to VB. Also note that the optimality only occurs for the current component-wise
ELBO, and not the global ELBO ELBO(q).

3.2 derivation in section @?

Since any ¢(z) will work, therefore, we will choose the most simple form. Suppose let’s choose ¢(z),
such that:

M
a(z) = [T as(=0) (19)
i=1

this is called mean-filed approximation.

ELBO(q) = /q¢(z) log (pq((:?’zz))>dz

— [ aul) los(o(x. )iz~ [ gu(2)og(as(2)dz
M M M

— [Tl a0z wixandz + (= [ [Latz) - tog (a(z:))dz)
i=1 =1 =1

—H(q,p) H(q)

(20)

Since you have the objective function for ELBO(g), a natural approach would be to optimize it
repetitively using the parameters associated with each g.

3.3 component-wise of —H(q, p):

first, let’s consider the term —H(q,p), which is the first term in ELBO(q), and it is not the cross
entropy.



M
—H(q,p) Z/Hqi(zi)log (p(x, 2))dz
// /H% =) log (p(x, 2))dz1, dzs, ...dzas

Z1 Zs

Rearrange the expression by taking a particular ¢;(z;) out of the integral. Note that unlike Part
H(q), we are not treating any terms to Const.. The component-wise of —H (¢, p) can be written as:

—H(q,p); = /q] (%) (/ /qu (z;) log (p(x, z) Hd,zZ)dzJ

i#J

/qj Zj (/ /log X, Z) qu 2 dzl>dz]

i#]

or, even more meaningfully, it can be put into an expectation function, and since Hg] qi(z;) is
a joint probability density

—H(q,p); = /qj(zj)[EZ\zj[lOg (p(x,2))]]dz; (23)

zj

therefore, by adding an exp to the E,\., [log (p(x, z))] term, we then obtained a pseudo distri-
bution:

exp (Eq., [log (p(x,2))]) (24)
3.4 component-wise of H(q):
M M
= [ TLae) Y- tos ()2 (25)
i=1 i=1
Note that the above needs to integrate out all z = {21, ..., zas }, which is quite daunting. However,

notice that each term in the sum, Zf\il log (¢gi(2;)) involves only a single i, therefore, we are able to
simplify the above into the following:

M
H(q) = Z ( — /qi(zz)log (ql(zl))dzz)
I (26)
M
= > H(a(=))



For a particular p;(z;), the rest of the sum can be treated like a constant, therefore for p;(z;)
can be written as:

H(q); = _/Qi(«zi) log (¢;(#;))dz; 4+ Const.
zj (27)
= H(q;(z)) + Const.

where Const. are the term does not involve z;.

3.5 Putting —H (g, p) and Part H(q) together: component-wise ELBO

write ELBO(q) in terms of ¢;, i.e., ELBO(g;), in which we try to optimize g;. The rest of the terms
would also need to be optimized {g;}ix;:

ELBO(%‘) = *H(q,p)j + H(Q)j

= /Qj(zj)ﬂ*:z\zj [log (p(x,2))]dz; — /Qj(zj)log (g;(z;))dz; + Const. (28)

Zj Zj

the key to realize is that we do not need to take derivative as one would normally do. All we need
is to re-arrange the terms, and to realise it’s the KL term, so we can just match the two distributions,
between exp(Ez\%log (p(x,2))]) and g;(z;). Note that both are distributions of z;

therefore Eq.(R§) can be expressed equivalently as:

eXp(Ez\Zj [log (p(X, Z))} )

+ Const..
i (%)

ELBO(qJ) :/qj(zj)log

Zj

= KL (qj(zj)H exp(Ey\ -, [log (p(x, Z))]))

(29)

Now this is the key: We can maximise ELBO(q), by minimising the KL divergence, where
we can find approximate and optimal ¢}(2;), by setting KL divergence in Eq.(29) to zero, i.e.,
exp(E,\ ., [log (p(x,2))]) = ¢j(zj). We also assume other {g;(2;)}i; set is fixed.

qj (z5) = exp(E,\ ., [log (p(x, 2))])
— log (q;‘ (z5)) = Ez\z; [log (p(x, z))]

3.6 the update formula

therefore, the algorithm, imagine z = {z1, 29, 23}, and at iteration ¢ — 1, where we already have

qgt—l), qét—l)’ qgt—l)



qY) (Zl) = eXp(EZ2Nq(t—1) Z:(;t—1)Nq§t71) [log (p(X, 214522, 23))])
2 )
0D (21,22, 25) : 4 01 (2) = exp(E () gmgl=D [log (p(x, 21, 22, 23))])

Z1~qy
¢ (23) =exp(E._ Tlog (p(x, 21, 22, 23))])

Z1~qy T,z27d,

q§t+1) (21) = eXp(Equ;t) 250 gt [log (p(x, 21, 22, 23))]) (31)
q(t+1)(217z2’z3) : qét+1)(z2) — exp(E21Nq§t+1>7Z3Nq§t> [log (p(x, 21, 22, 23))])
ngHl) (23) = eXp(Ezquﬂ),zQNqétﬂ) [log (p(x; 21, 22, 23))])



4 FExample: Gaussian-Gamma (Conjugate) posterior

4.1 toy model
4.1.1 likelihood
Let D = {xy,...x,}:

4.1.2 prior

plakr) = N o, o)) ox exp (=57 o

p(1) = Gamma(7|ag, by) x 70~ expboT

4.1.3 posterior

Of course, due to conjugacy, the solution can be found exactly:

p(p, 7ID) o< p(D|p, 7)p(pl7)p(T)
= N(Mna ()‘nT)_l)Gamma(T|ana bn)

where:

_ Aopto +nT
" Xo+n
An =X+ n
an = ag+mn/2
1 & _ )\on(f—uo)2
bn = by + = ,—T)P
O+2;(x 2"+ 2(Xo +n)

the exact derivation will be omitted and can be found from external sources easily.

(32)

(34)

(35)

But we pretended that we canot compute the posterior, and we will use Variational Inference to

approximate the posterior.

4.2 mean-field Variational Inference algorithm

we let ¢(z) to be:

q(p, ) = qu(p)gr (1)

We use Variational Bayes formula from @, log ¢} (zj) = E,\ 2, [log (p(x, 2))]

10



4.2.1 log(q;(n)) = Eq, (r) [log (p(p, 7, D))
log (q;, (1)) = Eq, [log (p(n, 7, D))]
=E,. [log(p(Dm, 7))+ logp(,u|7')} + Const.  leave out terms do NOT contain p

2 2 2

log p(|7)

n T — AoT
=E,, [* log (1) — 5 Z(xz — M)2 —L(M - ‘UO)Q} + Const.
ﬁ_/

log(p(D|u,7))

— el TS s~ 0 4t = )?] +Const
=1

terms taking out of E,[-]

(37)

Completing the square for the p terms (well, you guess it, we are going to trying to make it a
guassian distribution N (u; p*,7%)). So let’s find out what p* and 7* are:

n

Z(xl —1)? 4+ X — po)? = np? — 2npZ + Mop® — 2 opop + Const.
i=1

= (n+ Xo)p? = 2u(nx + Aopo)

2u(nx + )\OMO)) (38)
= A 2 _ ZRVven T 2ORY)

B _ nX+ Aoto 2

= (n+ o) (# Tt ) + Const.

Therefore, we have:

i} E, [r n
log (45 () = 1 [Zm — 4 Aol — po)? | + Const.
i—1
_ 2
_ _Bolrlntdo) (0 nXAdopo\" L o
2 n -+ )\0
i (39)
_ 1 nX + Aofio )
=73 Eq [T](n+ Xo) | 1 7 M + Const.
T* Pt
* nx + A T
= qu(ﬂ) =N (W’E%[T](n+/\o)) —§(x—u)2

by the way, from Eq.(@)7 without the E,, [ -], we obtained the expression for p(u|D,7):

11



AoT
log(p(D|p, 7)) + log p(u|r) = — Z(% —p)? _%(M — 119)? +Const.
i=1 N—— —

1
log(p(D|1,7)) oe ()

n

= —% |:Z($i — )%+ Xo(p — uo)z} + Const. (40)

i=1

_ 2
*T(n + o) < _ Xt AOMO) + Const.
2 n+ Ao

— D) = (D ) BB

4.3 Computing log (¢; (7)) = Eqg, () [log (p(1, 7, D))}

log (¢7(7)) = Eq,, [log (p(p, 7, D))]
=E,, [log(p(D|u, 7)) +log p(p|7) 4 log p(7)] + Const.

n

A
= E,, [ Flog(r) = " (@i — 1) =55~ (1 — po)? +(ao — 1)log(r) = bor | + Const.

=t 2
1= — 1
o og p(7)
log(p(D]u,7)) ert)
(41)
Bring terms without p outside of the integral:

n T -

=3 log(7) + (ap — 1) log(7) — by — §]Equ(u) lZ(xl — )+ Xo(p — p10)? | + Const.
i=1
n 1 -
= (5 + ag —1) log(7) — T(bo + §Eq“(”) {Z(% — )+ Xolp — uO)Q} ) + Const.
~—— i=1
A N
= ¢7(7)) = Gamma(ay, b,)
(42)
We can rewrite,
1 n
bn = bo + 5Eq, Z;(ffi —p)® + do(p— No)ﬂ
1 B n
= by + iEq” [—2punZ + np® + Aop® — 2Xopop] + Z(xl)z + opd (43)
i=1
—b+1 (n + Xo)Eqy, [11?] — 2 (nZ + Xopo) E []+Zn:( D2+ Aopd
=b+35 n+ Ao)Eq, [17] NI + Aojto) g, |1t T oMo
i=1

We will compute Eq, [¢] and Ey, (%] since we know of g, (p) from previously.

12



By the way, from Eq.(@), without the E, [-], we obtained expression for p(7|D, u):

log p(7|D; p) = log(p(DP|p, 7)) + log p(u|7) +log p(7) + Const.

A
= glog (m) = 72—1—21(% —n)? _%T(,u — 110)? +(ap — 1) log(1) — by +Const.
log p(ul) g p(m)

log(p(D|w,7)) (44)

= ( % + ag —1) log(7) — T(bo + % Z(xz —1)* 4 Xop — Mo)z) + Const.
N—_—— =1

Qn

bn
= p(7|D, p) = Gamma(ay, by,) where:

@ = +do (45)
b =bo+ 3 > (@i — )+ Mo — po)?

2 2
(@ (b)
T T
1 1
0 0
-1 0 b 1 -1 0 b 1
2 D)
(c) (d)
T T
| @ | @
0 0
-1 0 H 1 -1 0 I 1

Figure 1: update for Normal Gamma: figure from [Eh

4.3.1 update for g, (u) and ¢, (7)

In summary, the update for ¢, (1) and ¢-(7) are:
nX + Aoflo
() =N | ———
@ (1) ( .

¢ (1) = Gamma(ay, by,)

Byl + o))

13



where:

with:
nx + Aopto
E = ee—
an [M] n+ Ao
1 nx + Aolo ?
E,, [1%] = V: E ?=
g [17] arg, [u] + (Eq, [1]) E,. [7](n+ Ao) T ( n+ Ao >

Note that E,, [r] = $= for the Gamma distribution.

4.4 Interactive Python Program for Variational Inference Visualization

Here’s the Python code to implement this visualization:

14

(47)

To visualize the variational inference process for the Normal-Gamma distribution, we can create an
interactive Python program using matplotlib. This program will show the true joint distribution
p(, ) and the variational approximations q( ) and q( ) after each iteration.



5 Example of Gaussian Mixture Model Optional - not examinable

5.1 The joint density
(X, Z, p, A, ) = p(X|Z, p, A, m)p(Z|p, A, ) p(p|A, m)p(Alm)p(r)

(49)
= p(XI1Z, p, M)p(Z|m)p(u| A)p(A)p(m

5.2 Definitions for each probabilities
5.2.1 Definition for p(Z|m):
first, is the probability of mixture indices, Z = {z1, ..., 25 }, given weights .

N

p(Z|m) = [ [ p(zalm)
! (50)

I
=
>
5%

o
Il
i
=~
Il
-

The reason for which (p(zn|7r) = Hle ﬂ;ik), or (p(z|7r) = Hszl WZ"‘), is because in Bishop, z is
not represented in a scalar form, but rather in a vector of dimension K, which has a single element
1, and the rest are all 0s. For example, instead of using p(z, = 2|7 = [0.2,0.3,0.5]) = 0.3, Bishop
uses p(z, = [0,1,0]|r = [0.2,0.3,0.5]) = 0.3. In any case, this refers to the second element of 7.
Therefore, a more simpler and vocal representation for p(z|7) is just the 2" value of .

5.2.2  Definition for p(X|Z, u, A):

N
=1

In normal literatures, such as Bilmes, it is defined as:

N
= HN(znmznvA;nl) (51)

i=1
However, due to the vector representation of Bishop, the above is defined as:

N K
= [T TI N Galiae, A

i=1k=1

However, the above two represent the same thing:

5.2.3 Definition for p(r):

This is just a straight Dirichlet probability:

15



K
p(7|ag) = Dir(m|ag) x Clag) H o —1

- (52)
= log(m|ag) x (ap — 1) Zlog Tk
5.2.4 Definition for p(u|A)p(A):
This is almost always a Gaussian-Wishart distribution:
p(p; A) = p(p|A)p(A)
= (53)
H (urmo, (BoAw) ™ )W(AR[Wo, vo)
5.3 Begin VB of GMM
5.3.1 The expression for ¢*(Z):
log q*(Z) = Er ya [log p(X, Z, 7, p, A)] + Const.
=Er [logp(Z\ﬂ)] + Epa logp(X|Z, m )] + Const.
=E, logH H T * |+ Epa logH HN T | ey A 17 | + Const.
L i=1k=1 =1k
r N K
=E, ZZlogﬂzl’“ A lz log N (@n |k, Ay )Z“‘ -+ Const.
Li=1 k=1 i=1 k=1
given that:, (log a® =bloga) :
N K
=E, ZZzlklogwk +E, A [ZZzlklog/\/ T | ey Ay )| + Const.
Li=1 k=1 i=1 k=1
N K N K (54)
Z Z zikEx[log 7] + Z Z Zik By A [log N (@ | e, Ay D] + Const.
i=1 k=1 i=1 k=1
N K
Taking the common term to the left, Z Z Zik :
i=1 k=1

N K
— Z Zz i (Ex[log m] + Ey o [log N (2| i, Ay 1)) + Const.

ominates a new term: log p;x

no
N K
= Z Z zik, (log pir;) + Const.

Let’s look at the expression for log p;x:

16



log pir = Ex[log mi] + E,p A, [log/\f(xn|uk, _1)]

I 1

=E,logmi] +Eu, A, _log <( )(d/2 |Ak|1 exp ( i(xn — ) " A (2, — ,uk))>}
- | )

= E [logm] + E,, A, 10g(27r)7 5 log |[Ag| + <2(xn — uk)TAk(an — Mk))] (55)
[—d 1 1 .

= Ex[logm] + Epip a, > log(27m) + 3 log [Ax| — 5(% — px) Ag(xn — pr)

—d 1 1
= Exflog m] + - log(27) + JEx, [log|Ak]] = SEp,.a, [(2n = px) T Ak (@ — pir)]
Now, since log ¢*(Z) = log pix

N K

logq*(Z) = Z Z zik (log pi,) + Const. =
i=1 k=1

p(z

Il

=1k

zir. (log pix.) + Const. ) (56)

M=
Mw

1

=
Il

1

exp(zik (log pix)) = C
1 7

K N K
Hexp (log piiF) *C’Hpr}c"

1k=1 1=1 k=1

H',:]w
n":]z

Since ¢*(Z) = Hl]\il q*(zn):

chw 67)

i=1 k=1

In a way, p’i* plays the same role as 7 in p(z,|m), therefore, K: =1 = K: pir = L:
ik k=1 k=1

Zik
(Z] 1an IHP )
P
T

ZJ 1Pnj  i=1k=1

L)
*
—~
N
~—
Il
L
*
—
N
N
~
|
Ti.
JZIZ

I
::1x

= -

s
Il
_
=~
Il
-

This is a multinomial distribution, therefore, E[z; = k] = 7

5.3.2  The expression for ¢*(m, p, A):
log ¢*(m, pi, A) = Ez [log p(X, Z, m, u, )] + Const.
=Ez [logp(X|Z, u, A)] + Ez [log p(Z|m)] + Ez [log p(m)] + Ez [log p(p|A)] + Ez [log p(A)] + Const.
|

— Ey [log p(X|Z, 1, A)] + Ez [log p(Z|)] + log p(x) + log p(u|A) + log p(A) + Const.
(59)

17



Combine the mean and precision together:

= Ez [logp(X|Z, u, A)] + Ez [log p(Z|r)] + log p(7) + log p(u, A) + Const.
And since each (ug, Ax) are independent, therefore:

K
=E, [logH [T N @nlik, A7 | + Bz logp(Z|m)] + log p(r) + > log p(px, Ax) + Const.
1k=1 k=1
K K
=E, [ZZlog 2ik)N (|, ALY | + Ez [log p(Z|7)] + log p(7 —l—Zlogp i, A) + Const.
i=1 k=1 k=1
K N K
:ZZEZ log (2 )IN (n| s AL ') + Ez [log p(Z|7)] + log p( +Zlogp i, Ag) + Const.
k=1i=1 k=1
K N K
=Ez [log p(Z|r)] + log p(7) + Z ZEZ log (2 )IN (x| ik, Ay ) + Z log p(pg, Ag) +Const.
k=1 1i=1 k=1
log g* ()
log g* (p,A)
(60)
For the part of log ¢*(r):
logq"(m) = Ez [logp(Z\W)] + log p()
=Ez logHHw + log p(n)
i=1k=1
N K
=Ez [> > zixlogm| + logp(w)
i=1 k=1
N K K
= Z Z log mEz[zik] + (ap — 1) Zlog 71, + Const. (61)
i=1 k=1 k=1
N K
= Z og Tk ka + (ap—1) Zlogﬂk + Const.
—1 i=1 k=1
N K
(Z Tik + Qo —1> Zlogﬂk + Const. = DIR (7|ay,)
-1 k=1
For the part of log ¢*(u, A):
K K
log g™ (p, A) = D > " Eyllog(zan)IN (wnlmk, AL") + Y log p(p, Ax) 6
k=1 1=1 k=1 ( )

We only have the expression for Eg-(z)[Z], but not Eg- (4 [log(Z)] :
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Figure 2: update for Gaussian Mixture Model: figure from [E]]
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6 Variational update in Exponential Family distribution

6.1 Big picture

Given both the prior and likelihood are exponential family distributions and they form a conjugacy
pair, then the variational inference (also mean-field approximation), i.e., ¢(z) = []; ¢;(2;) can have
the following update formula:

nj = IE:q(Z\zJ'l') [npost (z\ ZJ)] (63)

where 7,05t (2 \ 2;) is the natural parameter associated with posterior distribution p(z; | z\ 2;,x),
i.e., we can express it as:

pnpost(z\zj)p(zj |z \ Zjs X) (64)

I know the probablity form of the above seems to be very complicated, however, you will see that
it is no different to how we normally expressing distributions, pg(z|x), where:

ro 2| > ) (65)

parameters vVariable conditioning variables

It is very important to note that we are expressing a posterior distribution p(:) in terms of
variable z;. Therefore variables z \ z; is now part of the parameters of the distribution, hence we
use 7post (2 \ 2;) to denote the natural parameter of the distribution p(z;|—).

We can be made much clearly by using an example: if we have a posterior distribution concerning
z1,...,23, and we are interested in the posterior distribution of 2o given z; and z3 and x, i.e.,

p(z2 | 2\ 22,%x) = p(22 | 21, 23,%)

(66)
= Pnpost (21,23) (’22 | 215 %3 X)
then the update formula for g, (22) is:
e = Eq(zl,zg) [npost(217 23)] (67)
compare this with the generic update formula:
log (] (21)) = Eiz; [log (p(x,2))] (68)

using exponential family update formula Eq.(@), the update is directly applied to the parameter.
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6.1.1 where is the catch?

Sounds too easy? Yes, it is! However, it is important to note that this is only applicable to
exponential family distributions and conjugacy, and also 7 is the natural parameter when we are
dealing with exponential family distributions. Then, obviously, we need to study a few things:

1. What is exponential family distribution?
2. What is natural parameter?
3. What is conjugacy?

Let’s talk about exponential family distribution first.

6.2 What is Exponential Family?

Most of the distributions we are going to look at are from exponential family. They are expressed
in terms of its natural parameter 7:

h(z) exp (T(x) "1 — A(n)) (69)

exp(—A(n)) h(z) exp{T'(x) "n}
—_—————

normalization

— exp(—Am)) / () exp{T(x) Tn} =1 (70)

— /h(x) exp{T(m)Tn} = exp(A(n))

6.2.1 example: 1-d Gaussian

N (@i, 0%) = (2m0%) /2 exp™

22 —2xp+p? 1
= exp < 552 ~3 10g(27r02)>
_ L > K Ty 1 2 (71)
= exp <02 +? fﬁfilog(%ra )
2
T W 1
= exp ( v 22| [& —5=] — 292 " 3 log(27ra2)>
T(x)= [z a?]
n=[m ] (72)
— [ 1
- [02 202]
1. for ns:
1
- 2 _
”= 502 21 (73)



2. for ny:

m % = H=m0
o
-1
Mo (74)
N
212
summarize, we have:
N
0 = — (75)
2 -1
g 212

6.2.2 in natural parameter form

now we can remove [ and 0'21

2
T W 1
Nnat CL’ T[ = exp ( 772] — ﬁ — 5 10g(27r02))
2
() —1
= exp 1 om| - N "3 log ( 27 o
2(5%) " (76)
_ L1 2
B (T 4 38 (—2772)>
n? 1 1
= exp T(:r) n+-— P 5 log(—2m3) — 3 log(2m)

now that the probability is fully in terms of the natural parameter

N .m) = exp (T(a) T - (‘” ! 10g(—2772)> ~ L logem))

dny 2 (77)
A(m)
6.3 Python time: 2-d Gaussian
1 _— 1 d
Nz, B) = exp { —5(x = p) B (x — p) = 5 log [Z] — 5 log(2m) (78)
let ¥ = {01’1 01’2} , then we can obtain two conditional distribution:
021 022
1. p(Z1|ZQ)
2. p(Zngl)

22



6.3.1 Conditional distribution of z; given zo, i.e., p(z1]22)

1. The conditional distribution of z; given z5 for a 2-D Gaussian is:

2
g g
p(z1]z2) = N (Zl;m + 01’2 (22 — p2),01,1 — 1’2> (79)

)

where o; ; are the elements of the covariance matrix X.

2. The natural parameters of conditional distribution parameters correspond to the conditional
distribution p(z1|z2) is:

M
m = P
ot g (2 — o)
o ‘7%2
o1,1 = 5,5
’ 80
o (50)
2= 202
_ 1
=
2011 — %)

Note that o1 2 = 021 in a symmetric covariance matrix.

3. therefore, the update formula for ¢, (1) is:

m = IEq(zz) ) 2

_mtad (81)

4. Converting these natural parameters back to the standard Gaussian parameterization:

m 1 [ 11+ 52 (Bgen [22] — p2) ot
=g =—5 2 x (*2)(01,1* )
2 011 — 1,2 022
’ g2.2
p1+ U; 5 (Eq(zz) [ZQ] - IuQ) 0%72 (82)
= 5 X | 01,1 — pu
01,1 — U;z 22

01,2
=p1+ (Eq(m)[zﬂ - NQ)
022

s
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2
o2 =
! 219
—1
1 1
o _5 B Uf 2
2(011 — =
(011 = 52) (83)
2
01,2
=3 <—2(01,1 - — ))
2 0272
U%a
=011 —
022
6.3.2 Conditional distribution of zo given z1, i.e., p(2a|21)
Basically, we can just swap the role of z; and 25 in the above derivation.
1. The conditional distribution of z; given z5 for a 2-D Gaussian is:
01,2 U% 2
p(z1]ze) = N | 2130 + —= (22 — p2), 011 — — (84)
o2, 02,2

where o; ; are the elements of the covariance matrix 3. Likewise, the conditional distribution
of z5 given 27 is:

2. For the conditional distribution p(z2|z1), the corresponding natural parameters are:

- po + g (21 — )
1= 2
02,2 — Zfi
' (85)
1
Mm=——"""3_
2,1
2(022 = 527)
Note that 012 = 02,1 in a symmetric covariance matrix.
3. therefore, the update formula for ¢, (1) is:
we can express the update formula for ¢,, (21) in terms of the covariance matrix elements:
p1 + oo (22 — p2)
m II“-?‘q(zz) o2,
011 7 5y,
M1+ Z;; (Eq(z0)[22] — p2)
= : (86)
o1 1 — ‘7%,2
L1755
1
L 2
20011 = 5,7)



4. Converting these natural parameters back to the standard Gaussian parameterization:

02,1
Mo = p2 + (Eq(zl)[zl] - :u'l)
01,1

)

6.4 conjugate probabilities

conjugacy means that the prior and posterior are of the same type of distributions, for example:

Pripost (01%) o< (X[0) Pi i, (0)
—— ——

same type same type

(83)

Note that prior and posterior are of the same type, but they are usually not the same distribution,
otherwise, the likelihood p(x|€) is not useful at all!

Using exponential family distribution representation, when conjugacy is achieved, it means the
prior and posterior have the same sufficient statistics 7(0) and h(0), but different natural parameter,
i.e., Mpost and Nprior, and different log-normalizer for both.

It turns out that the posterior inherits h(6) from the prior, so we just need to make sure to put
the appropriate criteria on the likelihood so that T'(f) is the same in both the prior and posterior

6.5 What is the criteria for likelihood to pair up with conjugate prior?

It’s always better to have a discussion with a concrete example setup. So we have the following
problem setup, described in [2], without actually defining what distributions they are using:

(e —

,______\
N e

the joint density is of the form:

p(x,2,8la) = p(Bla) [] p(wn, 2n|8) (89)

n=1

the conditionals are based on Exponential family:

p(Blx,z,a) = h(B) exp {T(/B)Tnpost(xv z,a) — Apost(npost(xa z, a))}

(90)
p(zn,j|xn7 Zn,—j>» /6) = h(zn,j) exXp {T(Zn,j)nzn,]‘ (-r'ru Zn,—j IB) - Al (772",] (l’n, Zn,—j>s /8))}

Think about why is this representation useful? Let’s have look at a numerical example:
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6.5.1 Conjugacy of exponential family distribution

Let’s work through a concrete example of posterior p(8|zy, z,), instead of writing ng, we write 3
directly:

e prior:

p(Bler) = h(B) exp{T(B) " & — Apri(e)} (91)

suppose the sufficient statistics of the prior can be written as:

@)= i)

|:(11:|
— =
(65)

(92)

note that ay has the same dimensionality to 3, and as is a scalar quantity. Then the prior
itself can be written as:

() = h(p) exp{[_ 2ol 2] Apn<a>} (99)

o likelihood:
and if the likelihood density (x,, z,) can be defined as:

P(Tn, 2n|B) = h(xp, 2n) exp {T(mn,zn)—rﬂ —Al(ﬁ)} (94)

o then posterior condition on a single data point:

(B, 20, ) < h(B) exp{T(B) "} exp{T(xn,2,)" B — A(B)} " h(xyn, z,) is a constant

Q2

— h(B)exp { L) T - Am<a>} exp{T(n2) B~ Ai(B)}

-
x h(B)exp { [—Al?(ﬁ)] [gj } exp{T(zn,2,) B — A1(B)} . Apri(o) is a constant

W(B)exp {B a1 — asAi(B) + BT T(wn, 20) — Ai(8)}
= h(B)exp {B" (a1 + T(wn, 2n)) — (2 + 1) Ay(3) }

[ 2] [ 2551

— e {zo)7 |7 T
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notice the posterior “inherited” h(3) from the prior, so we only need to making sure that the
T(3) are the same for both prior and posterior.

6.5.2 posterior over n data points

1. Complete likelihood

=

p(x,218) = [T {han. 20) exp{8 T(wn. 20) — Ai(B)} |
nlgl N
= H h(Zn, 2n) H exp{B T(zn,z,) — Ai(B)} (96)
n=1 n=1

= h(x,z) exp {Z B T(zn,2,) — N x Al(,@)}

2. Complete posterior

now, look at:

T N
p(Blx. 2, @) o h(B) exp { el 12 } exp {; BT, 2) — N Al(ﬂ)}

= h(B) exp { {—Al(ﬁ)} T

(97)

N
(5] + anl T(Z‘n, ZYL) }
a9 + N

TMpost (X,Z,Ot)

When we use the expression and use npost (X, 2, &) instead:

P(Blx, 2, ) = h(B) exp {1lpost (%, 2, &) T T(B) — Apost (1lpost (%, 2, x)) }

N
aq + Zn:l T(xna Zn)]

- npost(x7zaa) = o+ N
2

= exp (Apost (npost (X, z, Ol))) = /ﬁ h(lg) exXp {npost (X> z, O‘)TT(ﬂ)}dﬁ
(98)

6.5.3 Example: Posterior of Gaussian mean

suppose data z; come from unit variance Gaussian. Compare with Section ()7 we saved one
parameter:
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exp (—z%/2) 1 (99)
T eXp{“vx_E}
—_——— g T(z) ~~
h(z) Ai(B)
Therefore:
B=n
T(x)==x
52
ap =2 (100
hx) = exp (—%/2)
V2T
substitute into:
exp (—%/2) B2
= —X ¢ + —
p(z]B) e P {ﬂff 5 } (101)
Ai(B)
6.5.4 criteria for conjugate pair
A conjugate prior MUST be:
p(la) = h(B) exp {1+ as(=52/2) — Ay(e)}
——
Au(B) (102)
o]’ I6]
— 1 g —
= h(B)exp { Lz] {_ ﬂ Ay}
Wait, this doesn’t look exactly in the form of Eq.(@), ie.:
7 2
. 2y = 1y M 1 2
N (z;pu,0°) = exp ( [_;2] LUQ} 557 "3 log(2mo )) (103)
. . T
We can arrange Eq(@) to look like, but with parameter [al —%] :
a; 1" 15}
p(Ble) = h(B)exp { EANHE Ag<a>} (101)
2
From our knowledge, a distribution with sufficient statistics T'(3) = [ﬂ 52] is a Gaussian

distribution.
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Suppose the likelihood is an exponential family distribution. Every exponential family has a
conjugate prior in theory. The natural parameter a = [oq 042] " has dimension dim(B) + 1. The
sufficient statistics of the prior are [3 —AZ(B)]T

6.6 Conjugate exponential family distribution: E,[T(8)] = V,A,(N)
Lemma 1 Given that the exponential family distribution ¢(5|A) is of the form:

a(BIA) = h(B) exp{ATT(8) — Ag(N)}
1

_ <o \T

then the expectation of the sufficient statistics T'(8) is:

(105)

Ey5)[T(8)] = Va4y(N) (106)

proof:

/ g(BIN)dB = / h(B) exp{\TT(8) — Ay(A)}dB = 1
B B
= V, (/5 h(B) exp{\"T(B) — Ag()\)}d6> =Vi(1)=0
— [ Va(h(®) e (NTT(3) - 4,(N)}) 45 =0

’ (107)
— /B W) exp {ATT(B) — Ag(N)} (T(B) - Vady(N) =0

— /ﬁ h(B) exp {ATT(B) — Ay(N)}T(B) /ﬁ h(B) exp {ATT(8) — Ay(\)} Vady(A) = 0

Eq(5)[T(8)] =1
— Eq(g) [T(ﬂ)] — V)\Ag()\) =0

6.6.1 The choice of ¢(3,z)

We choose ¢(f3,2) to decouple 5 and z completely:

N J

q(8,2) = aBIN) T] TT a(z016n.5) (108)

n=1j=1

o ¢(B])) is the SAME distribution type as p(5|x, z, «), they only differ in parameter. This means
they have the same sufficient statistics T'(3):

a(BIA) = h(B) exp{ATT(8) — Ag(N)}

| A (109)
compare with:  p(8|x,z,a) = h(8) exp {npost(x, z,a) T(B) — Apost(Npost (X, Zva))}
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o (2 j|Pn,;) is the SAME distribution type as p(2n j|Tn, 2n,—j, ), they only differ in parameter.
This means they have the same sufficient statistics T'(zy,,;):

q(zn,510n5) = P(zn;) exp {dp ;T (2n5) — Ai(dnj)}
compare with:  p(zp [T, 2n,—j, B) = h(zn,;) exp {m(zn, 20—, B) " T(2nj) — AT, 2n,—j, B)) }
(110)

6.7 Proof for ELBO()) for ¢(/|A) Optional - not examinable

this section shows the proof for the update formula used in Eq.(@), ie., m = Eqea\z 1) [Mpost (2 \ 2)],
we will do so using an example from the setting described in this section.
Our goal is to maximize the ELBO, i.e.,

ELBO(q) £ Ey(3,5 log p(x, 2, 8|a)] — Eq(s.2) [log q(z, B)] (111)

Note that ¢ used here is ¢(3, z) not just ¢(5|\)

ELBO(X) = Eq(g,5) [log p(B]x, 2, )] + Eq(s,2)[log p(x, 2)] — Eq(,5) [log ¢(B)]
=Eq5,2) [1ogp(6|x, z, a)] —E, [log q(,B)] + Const.
=Ey8,2) [log (h(ﬂ) exp {npost (x,z, oz)TT(B) — Apost (Mpost (X, 2, oz))})] — E,[log q(5)] + Const.
= Ey(5,2) [l0g(h(B))] + Eq[Npost (X, 2, ) " T(B)] — E, [ log (h(B) exp{\ " T(8) — Api(A)})] + Const.
= Ey(p.)[10g(A(8))] +Eq(zi) [Mpost (%, 2, )] " Ey(s1) [T(B)] — Eq(s .2 [10g h(B)] —Eq[ATT(B)] + Apri(A) + Const.
N7 N

doesn’t contain A doesn’t contain A

= ]Eq(z\@) [npost(xa Z, Oz)]TEq(m/\) [T(ﬂ)] — )\TEq(ﬁ‘)\) [T(,B)} + Apri()\) + Const. Apri(A) contains \
(112)

now let’s substitute E;z0)[T(8)] = VaApi(A) into ELBO(M):

ELBO(A) = IE’q(z|<I>) [npost (Jf, Z, O‘)]TVAApri(A)_ATV)\AI)H()\) + Apri()\) + Const. (113)
Maximize ELBO()) we get:
VAELBO(A) = Ey50) [0 (%, 2, @)] T V3 Apri(A) = VaApi(A) = AT VEAL(A) + Vadps(A) =0

= Eyz12)[05(%, 2, )] T V3 Api(A) = AT V3 Api(A) =0 (114)
= V3 Apii(N) (Eq(z@) Mpost (X, 2,0)] T = A7) =0

)\ = Eq(z@) [npost (X, z, Oé)] (115)
in words, when we try to update A for ¢(8|)), it find the corresponding posterior p(8|x, z, o), and

its natural parameter npost (X, z, @), then computes the expectation with all the ¢(-) that its natural
parameter has random variable for.
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6.8 Update for ELBO(¢, ;) for ¢(z j|¢n.;)

In a very similar fashion to £(\), we can prove:

Vg, ,ELBO(6n ;) = V3, Ai(én;) (Bgon m(@n, 20,5, BT — 5 ;) =0 (116)

an,j = IEq(k) [nl(xm Zn,—js 5)] (117)
in words, when we try to update ¢y, ; for ¢(2y,;|én,;), it find the corresponding posterior p(zy, ;|Tn, 2n,—;),

and its natural parameter 7;(z,, 2,,—;), then computes the expectation with all the ¢(-) that its nat-
ural parameter has random variable for.
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7 apply variational inference (Exponential family version) to Latent

Dirichlet Allocation

let’s visit Latent Dirichlet Allocation again [3]:

___________________________

e B, ~Dir(g,...,¢) for ke {1,..,K}.

e For each document d:
04 ~ Dir(a, ..., @)
For each word w € {1,..., N}:
Zdn ™~ Mult(Od)
Wap, ~ Mult(8,,,)

7.1 define corresponding ¢(-)

1. q(24n)
Q(Zd,n) = MUIt(d)d,n)
— Q(Zd;n = k) = (bs,n
2. q(By)
q(By) = Dir(Ax)
3. q(04q)

q(84) = Dir(vy,)

7.1.1 Facts about Dirichlet Distribution

0 ~ Dir(vy1,...7K)
K

= E[log(0k)|7] = (k) — W(Z%) for component k

i=1

32

(118)

(119)

(120)

(121)



where:

U(z) = % In (T'(z)) = (122)

7.2 Updating q(z4,n|g,,): optimize ¢,

7.2.1 find natural parameter of posterior p(z4n = k|04, B1.x> Wa,n)

P(zdn = k|04, B1. x> Wan) X P(2dn = k|Oa)p(Wan|2dn =k, B1.x)
=0ax X Brwa.n

) (123)

o< exp <log(9d,k) +1log(Brwan) X 1

T(Zd,n)

(04,81 K Wd,n)

for the last line, we substitute the exponential family form of multinomial distribution. Express-
ing it using “normal ” multinomial distribution, then its parameter is:

P(Zan |04, Br.xs Wan) = Mult(6a1 X Browy,s- - 0d,5 X BKwan) (124)

diagrammatically, B3,., is represented as a matrix of:

- /61 - ﬁl,wl ﬂl,w‘w

Bk = (125)

- By — BKawi - BKauwpy,
7.2.2  optimize ¢4,

apply the update formula, in which we need the natural parameter for p(z4,n|04, 1.k, Wa,n) in the
exception:

n(¢§,n) = log((bg,n) X Eq(gd)q(ﬁk) [77l (advﬂl:K7 wd,’ﬂ)]
= ]Eq(edual:K) [log(ed,k)] + ]Eq(ﬁk) [log(ﬂk,wd,n)]

« (126)
=U(ygr)— T ( Z ’Yd,k) + v (Ak,wdm) -0 ( Z /\k,v)
k=1 v
compare this with Eq.(@)7 ie., 7 = Eq(z\2,) [Mpost (z \ 25)], you can see easily that:
Z\Z] = {0d7ﬁ1:K} (127)

to obtain ¢,
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= ¢§,n o exp

¥ (va,e) — qj(i’Yd,k) + \I/(/\k,wd_ﬂ) - ‘I’(Z Ak,v)]

K

o exp [\P(’ydyk) + \Il()\k wy n) (Z Ak U)] mek has same value irrespective of k

k=1
(128)

7.3 Updating q(64|v,): optimize =,

7.3.1 find natural parameter of posterior p(64|z4)

p(04|zq) = p(0a4|x)

N
) = Dir(a) X H Mult(zd,n|0d)

n=1 n=1

ST (o T ™)

k

= exp

= exp

= exp

= exp

= exp

s ([ [ )
%: log (647" H gLz ”—’”)1
—Z <log 055" + Zlog ( G "“))] (129)

k

N
Z <(Oék — 1) log ed,k + Z ]l(de = k) log 9d,k>]

k n=1

N
Z <O‘k -1+ Z 1(za;n = k)) log (%,k)]

L k

n=1

(a1 —14mn1) ] " [log(8as) N
=exp . . by letting nj; = Z (zgn =k)
(

[6757¢ —1+HK) log(Gd,K)

m(a,za) T(04)

=Dir(a; +n1, ..., a5 +ng)

It turns out that the Dirichlet distribution is the only distribution with exactly the same "normal”
and natural parameters.

7.3.2 optimize vy,

let’s use g(n(v4))

for the exponential family update formula Eq.(

):

= Dir((n(vy)) to approximateé(ed\zd) (another Dirichlet distribution), we apply
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77(’7(1) = ]Eq(zd,n\q&d,n) [77l (Oé, Zd)]

] (130)
= Eg(za nldbu.p) [(al —14n1) ... (ag—14+ nK)] substitute Eq()
compare this with Eq.(@), ie., 0 = Ey(a\z,) [Mpost (2 \ 2;)], you can see easily that:
z\ z; = {zin} (131)

how to compute Ey(., .4, .) [nl)] ? Firstly, let’s recognize that ¢, ,, itself is a probability vector:

¢d,n = [¢(1i,n e d)g,n]

(132)
= [q(zdﬁn =1) ... q(zan= K)}
since:
N N
E[Z W(zgn = k)} = ZE[]l(zd,n =k)]
n=1 n=1
N
= q(zan =k) (133)
n=1
N
=Y bin
n=1
continue with Eq.()7 we have:
N(va) = [al 1+ b, o ak— 1+ Y0 ¢§,n} (134)

to obtain the Dirichlet distribution parameter v, luckily, for Dirichlet distribution, the natural
and “normal” parameter are the same.

Ya = [(041 + erz\[:l ¢b,n> e (O‘K + ZnNZI ¢fl(,n)}

N (135)
= o+ Z d)d,n
n=1
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7.4 Updating q¢(B;|Ax) optimize A

7.4.1 find natural parameter of posterior p(3;|z, w)

p(Brlz, w) = p(B,€) H Hp (Wa,nlBi) 4= = Dir(y) x H H By o =h)

d=1n=1 d=1n=1
D N
X €Xp ( 5 -1+ Z Z wd,n]]-(zdm = k)) X IOg(ﬁk) ) (136)
( d=1n=1 S
T(By)
m(n,Z,W)

= Dir(n (&, 2, W))

7.4.2 optimize Ag

let’s use g(n(Ar)) = Dir((n(Ag)) to approximate p(8;|z, w) (another Dirichlet distribution), we
apply for the exponential family update formula Eq.(p3):

N(A%) =B 1y gtanlen ) (&2, w)]

D N
—F ; -1+ Wi 1(zan = k)
Hd 11_[71 lq(d"‘d)dn [ z::lnz::l (137)
= ’I’} — 1 + Z de,n¢§7n
d=1n=1
D N
e =€+ Y wandh, (138)
d=1n=1
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8 Collapsed Variational Inference Optional - not examinable

4(zan) = Mult(dg,) or ¢(2an = k) = ¢4, a(By) =Dir(Ax)  q(8a) = Dir(v,) (139)

D K
= q(Z,01...04,51...8,) = (2dn|Ba.p) ) 1T «6alva) TT a(6x1Ax)
d=1 k=1

Y
Il
-
3
I
-

VN
i

»]
::]z

now change to: =

(140)
Q(Zd,n|¢d,n)> Q(Gv B'Z)

Y
Il
-
3
Il
=

VN
i

»]
=

a(2)

Maximize ELOB, it becomes: (remove X for clarity)

Let U = {0©, 8}:
ELBO(q) 2 Eyu,2)[log p(Z.U)] — Eqw,z)[log ¢(Z,U)]
= Eqw,z)llogp(Z,U)] — Eqw,z)llog q(U|Z) —log q(Z)]

= Ey(z) (g 2)[log p(Z,U)]) — Ey(z) (Eqw)z)llog ¢(U|2)]) — Eg(z,0)[log a(Z)] (141)

=Eyz) (]Eq(UZ) ([logp(Z,U)] — [log Q(UZ)])> —Ey(z)[logq(Z)]
L(q(U|Z))

Think this as treating Z as X.
(removed X for clarity)

q(U|Z) q(U|Z)

arg max(ELBO(q)) = arg max {Eq(z) (EQ(UZ) (logpx (Z,U)] — [log q(UZ)])) — Eq(z)[log q(Z)]]

L(q(U]2))

=Eq(2) ar(gUrlnzfﬂ)tX [Eqwz) (logp(Z,U)] = log q(U|Z)])] | — Eqz)[log q(Z)]

(142)

agngllngx [Eqwz) (log p(Z,U)] — [logq(U|2)))] = p(2) (143)

maximum occur when ¢(U|Z) = p(U|Z) = KL (¢(U|2)||p(U|2)) =
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