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1 Motivation - Mixture Density models

When you have data that looks like:

Can you fit them using a single-mode Gaussian distribution, i.e.,:

p(X) =N (X[, %)

_ (27r)7k/2|2|7% exp*%(w*u)Tﬂ_l(wfu)
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Clearly Not! This is typically modelling using Mixture Densities, in the case of Gaussian Mixture Model (k-mixture)
(GMM):

p(X) = ZazN(X“u,El) s.t. Zal =1 )



1.1 Gaussian Mixture model result
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Figure 1: gmm fitting result

Let@:{al,...ak,/m,..,uk,El,...Ek}

Ome = arg max L(0]X)
e

n k

k
—argmax(ZlogZalN(XWl,El)) Zalzl
© i= =1 1=1

=1

3)

1. Unlike single mode Gaussian, we can’t just take derivatives and let it equal zero easily, i.e., optimize it analytically.

2. In terms of optimizing its parameters: the problem is non-concave. So traditional gradient ascend is not suitable
for it, i.e., many local maximums.

The goal is to find an iterative process that ensures that log(p(X|©(?))) remains non-decreasing for g = 1, .. ..
To do so, for data X = {x1,...x,}, we introduce “latent” variables Z = {z1, ...z}, each z; indicating which
mixture ; belongs to. The core problem then simply boils down to a single Gaussian fitting.



2 Preliminaries

2.1 Convex function
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Linear interpolation of x

f((l—t)a:l +t$2) < (1—t)f(££1)+tf($2) t e (01)

2.2 Jensen’s inequality
Using notation ¢ instead of f:

¢((1—t)$1 +t$2) < (1—t)¢(1’1)+t¢($2) te (01)

Can be generalized further for any convex combination, i.e., let Y_"" | p; = 1

¢ (P11 + p2xa + ... ppn) < pré(21) + p2gd(x2) ... pad(Tn) zn;pi =1
= ¢(§j:lpm) < zj:lpmb(wi)
= (o)) <D mof(a)) by replcing o it S
generalize to the continuous case:
o ([ 1@0w) < [t —= s(Er@) < Blo )

2.2.1 Jensen’s inequality example: — log(x)

¢(x) = —log(x) is a convex function:
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— log()

Figure 2: example of convex function — log(z)

1. when ¢(.) is convex:

P(E[f(x)]) < Elo(f(x))]
eg. —log(E[f(x)]) < E[-log(f(x))]

®)
2. when ¢(.) is concave:
P(E[f(x)]) = E[p(f(x))] ©)
eg. log(E[f(x)]) = Eflog(f(x))]
3 Expectation-Maximization Algorithm
Instead of perform:
OM* = arg max £L(6]X)
e
(10)
= arg max (log[p(X|©)))
The trick is to assume some “latent” variable Z to the model
For each iteration of the E-M algorithm, we perform:
0 = arg max (/ log (p(X, Z|©))p(Z| X, @(g))) dz (11)
S} z

However, before we apply it, we must ensure convergence, i.e.,

log(p(X[01*1)) = £(©“V|X)

=£(
> [,(6(9)\)()

(12)
=log(p(X|0\)) Vg

Note the difference between variable © and the constant ©(9). Also note that gradient ascend is not suitable for many
E-M problems, as they can be non-concave.



4 Proof of convergence: Maximization-Maximization

We have seen it from variational inference literature, for the ELBO-KL decomposition:

L(O]X) = log (p(X10))
p(X, Z|©) )
p(Z]1X,0

(

= iz
(pX ,218) a(2) )
(N

H(ZIX.6)
e Z|@ )1 (s er)

B p(X, Z|©) a(Z)
- /Zbg (W) )+ [ s (e ) )
=ELBO(O,q) + KL(q(2)|p(Z|X,©))

13)

or to use Jensen’s inequality:

L(O]X) = log p(X|0) = log / p(X, Z|©)

=g (/z p()éiZZ)'@)q(Z)) (14)

p(X, Z|©)
Z/ZIOg (TZ))Q(Z)
= ELBO(O, q)

4.1 Maximization of ELBO

When applying E-M as a Maximization-Maximization algorithm, we only need to optimize ELBO, let’s revisit the ELBO-
KL decomposition again:

B r(X, Z|©) q(2)
£(61X0) = /Zlog ( o(2) ) a(2)+ /z log (p(zp(, @)) 4(2) (15)
=ELBO(©, q) +KL(q(Z)||p(Z]X, ©))

STEP 1: fix © = ©9), maximize ¢(Z) for ELBO

¢"(Z) = argmax{ELBO(0'? ¢)}
q

= argmax { /Z log <79(X+Z|?(g))) a(2)} (16)

= p(Z|X,0')
— ELBO(®Y, ¢") = £(69|X)

This can be done with the realization that when fixing © = ©, ELBO is upperbounded by £(0'?|X), and

maximum occurs, i.e., when KL(¢*||p(Z|X,09))) = 0
STEP 1 is invisible to the algorithm, but needs to be considered for interpretation convergence.

STEP 2 Fix ¢(Z) = p(Z| X, ©'9)), maximize ©



substitute ¢* = p(Z| X, ©) back into the ELBO:

0¥t — arg max {ELBO(O,¢" = p(Z|X, @(g>))}
©

p(X,Z\@(”)) (@)
= arg max lo it Bl A Z|X,0 g
) {/Z g(p(le,@w» r(Zl )} (17)

= arg max (/ log (p(X, Z|©))p(Z|X, @(g>)dZ) remove constant terms
© z

after obtaining ©9+1) it will introduce a new likelihood function £(©9+1|X) for which the upper bound of the
ELBO(©*Y ¢) is increased for STEP 1

4.2 Proof of convergence without ELBO
let’s decompose £(0]X) into:

L(8]X) = log(p(X|0©))

(18)
=log(p(%, X, ©)) — log(p(Z|X, ©))
take expectation with respect to both sides with respect to p(Z| X, 6<9)):
£O1X) = [ log(p(2. X, 0)p(2]X,0)4Z ~ [ log(p(ZIX. ©))p(ZIX,0")az
z z (19)

Qele) H(®le()

where H(0|0@)) = Cross-Entropy (p(Z|X, 09)|Ip(Z|X, 0)).
Eq. can be considered as a simpler version of the ELBO-KL decomposition of £(0|X) we have seen previously:

£(O]X) = /

Z

log (IM)p(Z\X,@(g))dZ —/

_p(Z1X,0) (9)
(Z)X,0) , log (p )p(ZIX, e'dz (20)

(Z|1X,00)

i.e., the added term log (p(Z| X, @(-")))p(Z|X7 09)) of the two terms cancel out and equivalent to Eq..

4.2.1 why only Q(©|0()) needs to be maximized
In E-M, we only maximize non © part of ELBO:

0t = arg max Q(0|0'?)
e

21
= arg max (/ log (p(X,Z\@))p(Z|X,@(g>)dZ)
© z
instead of maximizing the entire Eq., ie,Q(0109) 4+ H(O|0W)
the trick is, if we can prove:
H(©©Y) > HOWe9) veo (22)

then we can show:



£(9(9+1)) _ Q(@(g+1)|9(9)) + H(@(9+1)|@(9))
> Q(6(9)|@(9)) _i_H(@(g)‘@(g))

- (23)
Eq@ Eq.@)
— 5(9(9))
it is obvious that:
0 = argmax {Q(6|0¥) + H(6|0W)}
© (24)
= L£(0'*Y) # L(6)
422 H(©|0W)> HOW|EW®W) VO
1. cross entropy
H(©16) = - [ log(b(Z]X,0))p(2|X,6)aZ
Z
= Cross-Entropy (p(Z| X, ©9)|[p(Z| X, ©)) 5)
— argmin{H(0|0\")} = 0¥
(S]
— min{H(6]0))} = Entropy(p(Z|X, 0*)))
2. directly
H(@|@(g)) _ H(@(g)|@(g))
- / —~log(p(Z|X,©))p(Z|X,0“))dz — / ~log (p(2|X,0“)p(2]X,0)dz
A zZ
p(Z|X7@(g))) )
= 1 _ Z|X,0Y9)dz
fos (Bicey ) e o) 6

:/ —lo (%) p(Z)X,09)dz

p(Z|1X,0) (

—1 Z|X,09)dz
0g< Z‘X®<g)) p(Z|X,0') )
=0 ‘¢ = —log aconvex unction



S E-M Example: Gaussian Mixture Model

Gaussian Mixture Model (k-mixture) (GMM):

k
X|@ ZOQN X|m,21) Zalzl

1=1 27
and © = {al,...ak,m,...,uk,El,...Zk}
For data X = {x1,...z,} we introduce “latent” variable Z = {z1,...2n}, each z; indicates which mixture
component z; belong to.
Looking at the E-M algorithm:
0 = arg max [q(@, G(g))} = arg max (/ log (p(X, Z|©))p(Z| X, @<g))dz) (28)
© © z
All we need to do is to define both p(X, Z|©) and p(Z| X, O)
5.1 Gaussian Mixture Model in action
k
X|@) ZazN X|uz,zl)—HZazN(X|Ml7zl) (29)
i=11=1
How to define p(X, Z|©)
p(X7Z|®):H 331721|® Hp 331|ZL7 Zz|® HazL MZ” zi ) (30)
= = lf\/(uz, 2;) O‘z,i
Notice that p(X, Z|©) is actually simple than p(X|0).
How to define p(Z| X, ©)
z N z 722
p(Z|X,0) Hp zi|xi, ©) = M (31)
it 2 N (ua, )
5.2 The E-Step:
1(0,6) = [ log (p(X. 210))p(Z]X, 0z
) (32)

:/ / (Zlogp(zi,m@)Hp(zi|x¢,9<g))> dzi,...dz
21 Zn i=1 =1

5.3 Some derivation to help

let p(Y") be the joint pdf: P(y1,...yn), also let F(Y') be a linear function, where each term involves only one variable
Yis i.e.,

P(Y) = fi(@n) + o falon) = 3 i) (33)



then,

/yl_ . /y (ifi(yi))P(Y)dY = i (/y fi(yi)Pi(yi)dyi) (34)

5.3.1 Proof

/YF(Y)p(Y)olyz/y1 /y2 / Zfz yz Y)dy, ... dyn (35)

Expand it out, this equation has N sum terms. The first term is:

N N
// /f1 yp(s - un) [ (dw:) + // /f\ yn )P, yn) [ (dwe)
i=1 i=1

Y1 Y2 Y1 Y2
N N-1
= /fl(yl)dyl (/"'/p(ylwnvyN)H(dyi)) +'--+/f/\s(yw)d1m/~~~ / p(y1, ..., yN) H dy;)
y1 y2 YN =2 YN Y1 YUN-—1 =1
(36)
inside the first big bracket becomes the marginal probability density of p(y1 ), therefore, the first term becomes:
/ Si(y)p(y1)dys 37)
Y1
Apply this to each of the N terms, therefore:
[ Eenpeiay = [ f@oPiwdn ++ [ L) Paln)dn, G8)
Y Y1 Yn
now apply Eq.(34), we have:
q(©,09) = / . / (Z log p(zi, 2:|©) Hp(zi|$i7 @(g>)> dz1,...dz
zn \j i=1
= Z (/ log p(zi, z:|©)p (zi|xi,9(g))dzi> zie€{l,...,k}
 n 39
= Z Z log p(2i, 7:|©)p(zi|zi, ©9)  swap the summation terms
zi=1i=1
k n
= Z Z log[ouN (x|, £1)]p(l|zs,©9)  substitute Gaussan and replace z; — |
1=1 i=1
5.4 The M-Step objective function
k n
2(0,0%)) = 3~ " loglou (il S0)lp(lfzi, ©)
=1 i=1 (40)
= ZZlog a)p(l]zi, ©9) + ZZlog[N zilp, £0))p(l]z:, ©19)
1=1 i=1 1=1 i=1



5.4.1 computing responsibilities
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Figure 3: compute responsibility probabilities, red and blue each indicate its own un-normalized responsibil-
ities

N (x5 pu, 1)
Sk auN (xilps, Bs)

Eq. shows that the first term contains only « and the second term contains only y, ¥. So we can maximize both
terms independently.

p(l]z:,0') =

(41)

5.5 The M-Step: maximizing o

Maximizing « means that:

82?—1 > log(au)p(l|as, @(9)) . .
- o = ... — 42
80(1, ey 8ak [0 0} Subject to Z o 1 ( )

=1

This is to be solved using Lagrange Multiplier

k n k
LM(aq,...ak, ) = Zlog(al) (Zp(”xi, 6(9))> +)\<Zo¢l - 1) “3)
=1 =1

i=1

contains no o

taking derivative with respect to just one «;:

OLM _ 1 [ NG _
P~ o (;p(lw@,@ ))+A=0
(5 (9)
= A= — p(l|zi, ©')
R i=1
n 44
— Ao = (Zp(”l‘“@(g))) ( )
i=1
k k n
= —)\Zal = Z ( p(l|z 7@(g)))
=1 =1 Ni=1
— A=-—n

10



substitute A = —n into Eq.(#4):

— i(zp(zm,@@)) “n=0 (45)
_1ly (9)
= = E;p(”x“@ 9)

5.6 Optional The M-Step: maximizing 1, >

Here I jot down the MLE steps for the parameters of a single multidimensional Gaussian distribution. The MLE of a
single 1D Gaussian distribution can be easily found in your previous work.
So, maximizing u, > means that:

O3, Sor  log(ar)p(l|zi, ©9)

=10... 46
8/},1,...,8/Lk7821,..4782k [O 0] ( )

* You will need some linear algebra identities to solve this. It’s quite involved. For details, please refer:

* J. Bilmes. “A Gentle Tutorial on the EM Algorithm and its Application to Parameter Estimation for Gaussian
Mixture and Hidden Markov Models”

5.6.1 Some formulas to remember

derivatives of log of determinant (with determinant)

dlog |X| —1I\T
—r - 47
X (X7 47)
¢ Derivatives of Traces
ITe(F(X)) .
) 48
<= (X)) (48)
where f(-) is the scalar derivative of F'(+)
¢ Derivatives of Traces of inverse, fact 1
8TI'(AXB) TrT
T _A'B 49
oX “9)
e Derivatives of Traces of inverse, fact 2
8Tr((X+A)_1) _ -1 —1\ T 50
X = ((X+A) X+A) ) (50)
¢ Derivatives of Traces of inverse, fact 3
OTr(AX'B) 1 T
- _ 51
X (X7 BAX™) (51)

11



5.6.2 Maximization

second part of ¢(©,09)) = ZZlog (zilp, B0)]p(l|zi, ©19)

=1 i=1

(52)
1 Tyl (9)
e (- W u))) plllzi, ©)
;lzl (v )% 2
Let Y be zero-meaned data matrix, where each column of Y is x; — pu;:
L= Lp(YIK)) = 7? log(2) — glog K| - %Tr(lC’lYYT) (53)
second part of ¢(©,0)) = ZZlog (2|, 30)]p(l|2i, ©9)
=1 i=1
1 Ts-1 (9)
= log p(f*(m*u) = (fEiM)))p(llwu@g) (54)
X5 (e (-
n n 1
_ ( ) - o
= S 2) = 30— log(Bp(l. ) = 3 5 — )2 o~ e 0
1 . T @
— S(u, ;') =-Tr TZ(“ — )z — )" p(l|zi, ©9) | + Constant
i=1
85(/1/1,21_1) o 1 (9)\
= —m = 3 ZQ(L — w)p(ljz;, ©9) =0
i=1 (55)
= > wplllen, 09) = ju Y p(lfzi, 0)
i= i=1
o Syl 6)
Zizl p(l|$i, @(g))
5.6.3 Maximization of covariance
second part of ¢(©,0) ZZlog (2|, 30)]p(l| i, ©9)
=1 i=1 (56)
1 T -1 (9)
=303 g o (= o) (mm)))pm,eg)
- (e (-
* let Y be zero-meaned data matrix, where each column of Y is x; — p;
« let P be diagonal matrix in which P;; correspond to p(|z;, ©(9)
L= LY, S) = _dx%r(P) log(27) — Tr(ZP) log || — %Tr(zlePYT) (57)

12



oL _ _ _
ox, = > YPY 'S, ' -Tr(P)E; ' =0
— %,7'YPY ' =Tr(P)E; !

— YPY 'S, '=Tr(P) = =, ' =Tr(P)(YPY ')}

(YPYT) ©8)
S =Te(P) (YPY )= -~
= X =Tr(P)™( ) Te(P)
_ i (@i — ) (@ — ) p(l|zi, 0)
21:1 p(”miv @(g))
_ . 1 1 _
S %) =Y (—glog(lEZD — o= m) = @ - m)) p(l]z:,07) (59)
i=1
Change ¥ to £ 71, this is so that after taking derivative of log(X), the result is in terms of X ~*
( L[5t 0
= (St ot 0~ Jie{ 57 3o e s 0 ) )
M,
0S(m, %) _ 2300 Sup(lai, ©9) = 301 diag(D)p(l|zi, ©9)  2M, — diag(My) 0
ot 2 2 -
- (a) g (9) (60)
20} " Sp(llz:,09) — My) = diag(Sp(l]as, ©9) — My) =0
i= i=1
= Sp(lz;,09) — M, =0
i=1
_po XM N (= )(@ — ) "p(le:, ©1)
> iz p(l]zi, ©6)) > iz p(l]zi, ©0))
5.7 Summary of Gaussian Mixture Model
Maximizing x, ¥ means that to update ©(9) — @9+1);
N
a§g+1) Z (|, @(9) (61)
M(g+1) ZiV:1 zip(l|zi, @(g)) (62)
: Sy p(llzi, ©09))
N i+1 i+1
sio+n _ Eiafee =Vl = "] p(ll, €) )

Zizl p(l|$i, @(g))

One can verify that when the number of component K =1 = p(l = 1]z;,0?) = 1, then:

13



al(gH) =1 (64)

1 N
w =53 (65)
i=1
1 & . .
B = 3w — e — )T (66)
=1

which becomes the parameter update of a single Gaussian

5.8 To show the diagram again

p(pdt, fu,v]) pa(pet . Tuv]

(a) GMM at initialization: o (b) GMM at convergence: e

14
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