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1 A Simple Pinhole Camera Model

For anyone with a digital camera, it’s on every iPhone these days! CCD/CMOS is a type of imaging sensor:
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It’s rather strange to see things when the object and what appears on the CCD/CMOS sensor (we will refer to as
image plane) are upside down, so we redraw it to look like:
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Now it looks more geometrically pleasing.

1.1 homogeneous co-ordinate system

for all points (z,y, z) on the plane containing the origin and orthogonal to vector [a@ b c]T, they must satisfy the
following:

ar+by+cz=0 €))

Obviously, we can pick out some very specific z, for example z = 1:
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now, if [z y I}T satisfies Eq., then, if we times e to each of the dimensions, i.e., [ex €y e]T also satisfies:

aex + bey +ce =0 3)

it makes sense, as one may not just “cut” the plane at z = 1, it is also possible to cut it at different z values.
A geometric example:

1. given a 2-d point [1.6  1.2] at the plane z = 1, thus, [1.6 1.2 1]

2. it also represents the same object at position [3.2  2.4] on plane z = 2, thus, [3.2 2.4 2]

therefore, under 2-d homogeneous co-ordinate system, [1.6 1.2 1] and [3.2 2.4 2] are in fact the same point!

1.1.1 practical importance
for practical operations, we need to keep all transformation in matrix multiplication, this is because:
AlAr. A X=(A1A;.. . A,)X (@)

however, if one is to look at translation operation:

X' =X+t (5)

there is no way we can write an translation operation in terms of a matrix multiplication. However, we can do so via

homogeneous coordinate system, i.e.,
X' I t] (X
=l 3] ©

1.1.2 another interesting factor about homogeneous coordinate system

looking at figure (I), the important thing is that if every object is defined according to the camera coordinate system,
where [0 0 0] at camera center. Then, their positions on the CCD/image plane can be easily found by similar
triangles:
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The last equality is due to the fact that the coordinates are homogeneous. Then, we also need to add translation, since
the image is from a different source than the CCD (usually in the center), so we have the following expression:
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2 line and plane representation
2.1 2-dline
Back in high school, people preferred to use the following equation for straight line:
y=mz+b (12)
f()
1,m
T
Figure 1: y = mx
However, this representation has some difficulty in for example vertical line, one would have to model it using:
Yy=00XT (13)
2.1.1 new representation: through origin
we can do something differently, imagine the following equation:
axr+by=20 (14)
or writing it out as a 2-d linear equation form:
b=l = 1
o 5] =0 (15)



Since {ﬂ = {8} is part of null-space of 1 x 2 matrix [@ b] ( null space always contains zero vector ), then (z,y)

must lie on a line passing origin, orthognal to 2-d normal vector [a b]T. So, if you want to define a 2-d perpendicular
line through the origin, then let:

[@ b=d[l 0] VdeR (16)

2.1.2 new representation: not through origin

If one wants to have a generic line not passing through the origin, then:

ax+by+c=0 a7

where ¢ “shift” is parallel to the parallel of [a  b], now we can see that the parameter becomes (a, b, ¢) and up to a
certain scale, which means:

ar+by+c=0
— %Y oo (18)
a*tav"ta "
2.1.3 Alternative way of looking at 2D line
One may argue we can still change the following into implicit representation:
y=mx+b
19
= [m —1}@“):0 (19)
Note that it means the normal vector [ —1] is decomposed by vectors [m 0] and [0 —1]:
Y
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It can be seen that since b only plays the role of shift (because it is not directly multiplied by y), then m is changed
by fixing b and if one. This means that a vertical line is achieved by letting m — oo , i.e. by "wiggling” %’ very close
to the origin.




2.2 Equation of line and points: 3d
looking at ax + by + ¢ and extend it to 3d:

ar +by+cz=0 (20)
on a 3-d linear equation form:
T
[@ b c|y| =0 21
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Since [0 0 0]" is an element of null-space of [a b ¢, then (z,v, z) must lic on a plane passing origin,
orthognal to 3D normal vector [a b ¢] . If one wants to have a plane not passing through the origin, then:

ar +by+cz+d=0 (22)

where d “shifts” parallel planes orthogonalto [a b ¢].

3 Camera Calibration

3.1 How object location relates to an image point?

Naturally:
x
U
s {v =P |Y (23)
1 z
1
the inverse, i.e., determine the 3D ray from 2D image point x can be achieved by (this is to be discussed later):
Xip(A) =P x + AC
) (24)

where PP =1

Representing the entire projection matrix into a single 3 x 4 matrix P doesn’t help. Because some parts of P are
related to the camera itself, and other parts are related to the position of the camera.

3.2 what is camera calibration?
sx= K [Rt] X (25)
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3.3 Camera calibration details
sx= K [R|t] X

u Jfo v wol[rii T2 Tz ta sz 27)
— s|v| =0 fy wo||ra1 re2 T23 ty >
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1. Intrinsic parameter
fo v wo
K=|0 fi wvo (28)
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compare this with Eq.(TT) , we now have an extra skew coefficient y to account for mechanism inaccuracies.

2. Extrinsic parameter

r11 T2 T13 o
[Rt] = |21 T2z 123 1y (29)
r31 T3z T3z Iz

4 Intrinsic Camera calibration

This rest is largely paraphrasing from []]




4.1 “Data” collection: use Homography H as data

x M (30)

Imagine we know that the 4™ and 5™ grid corner (i.e., M = [4 5] has image co-ordinates of x = [34.12  65.21],
then, there exist a homography H such that:

x = HM
34.12 4 (31)
65.21| =H |5 as an example
1 1

Homography H acts like our “data”, because it can be computed beforehand without needing any camera geometry
geometry information. As long as you have 4 pairs of matching points, you can calculate a particular H up to a scale
constant. So that’s why I wave the checkerboard in mulitple poses, just to collect different H.

HM

Let us define M to be X without 2 component
X =
x
=H gl/ (32)
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X
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Get 4 pair of points and we are done, yeah? Where is the catch? Image points have noises!

> [ = %) TAT (ki %) (33)

A

For simplicity, can just assume: A = o1, i.e., noises are the same for each corner:
min E [[xi — %l (34)
1

4.2 alternative computation of H:

During the calculation of Homography, the following steps can be used (or you can use other methods if you prefer).
However, I would like you to use more than 4 matching grid corners to reflect what computer vision people usually do.
Looking at each of the matching corner (x,y, 1) and image corner (u, v, 1), for example:
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then we have:

U hii hi2 hi3] [z
vl = |h21 h22 h23| |y
1 h31  hs2 haz| |1

_ hi1z+ hi2y+ hi3 (36)
h31z + h3 2y + h3 3
__ha1z 4 hopy+ has
V=
h31x + h3 2y + h3 3

- U

4.2.1 Direct minimization method

you may just try to solve it as a minimization problem:

N
arg min (u~ _ hiawi + hapyi + h1,3)2 (v' _ heawi 4+ hopyi + h2,3)2 37)
hi1,ehss 3 " hsjaxi + haoyi + has ' haaxi+ haoyi + has
where N > 4
4.2.2 Ax = 0 method
the last two equations from Eq.(36), it gives you the following:
U(h3,1$+h3,2y+h3,3) =hi1zc+hi2y+his (38)
U(h3,123 + h32y + h3,3) = ho,1x + ha2y + ha3
Rearrange them to give you two equations in a linear system:
—hi1x — hi12y — h1,3 +uxhs 1 + uyhs 2 + uhs 3 =0
—ho1x — ho 2y — ha 3 + vxhs 12 + vyha 2 + vh33 =0
hya]
hia
hi,3
— |=7T Y -1 0 0 0 wuwr wy u Z;; —0 39
0 0 0 -z -y -1 vz vy v h2:3
h3,1
hs,2
L 73,3

If this is the first pair of matching corners, then let’s add some indices to it such that + — x; and y — y;. Suppose
we have N > 4 matching angles, therefore, we have our linear system:

—T1 —Y1 —1 0 0 0 U111 U1Y1 Ul Zi’;
0 0 0 —T1 —Y1 —1 V1T1 V1Y1 V1 1’3
—X2 —Y2 —1 0 0 0 U2 Uu2Y2 uz h2,1
0 0 0 —XI2 —Y2 -1 V2T2 V2Y2 V2 hz’z -0
. . . . . . . . . h2’3 (40)
-y —yn —1 0 0 0 unzTN uUNYN uN >
0 0 0 —ITN —YnN —1 UNIN UNYN UN hi’z
A(Nx2)x9 hox1



Therefore, we have a system:

Ah=0 1)

you can then compute SVD for A and let it be:
A=UxV'
9
= Z o;u; (Vi)T
i=1

Now if you sort the {o; } in descending order, i.e., 01 > 02 > ... 09, then you just pick h = vo which correspond

to o9 (smallest) as the best approximation to solution of Ah =~ 0,
Why? think about SVD again: if A = UXV ", then:

(42)

A=UxV'
_ -1
=UXV (43)
— AV =UX
— A[Vl Vg]:[o’1ll1 0’9119] 0'12022...0'9
Since all |Ju;||2 =1 Vi, then:
[Avollz = o9 (44)

4.2.3 Ax = b method
looking at Eq.(36)), we have:

U hii hi2 his] [z
vl = |h21 h22 h2s| |y
1 h31  hsa2 has| |1

_ hi1z+ hi2y+ hi3 (45)
h31x + h3 2y + h3 3
__ha1z 4 hopy+ has
v =
h31z + h3 2y + h3 3

= u

and by letting hs 3 = 1:

hi1z+h1 2y+hy 3

u = h3,1z+h3 2y+hs 3
_ hgiztha 2ythas

vo= h31z+h3 2y+h3 3 (46)
u = hi,1z+h1,2ythi 3
T hz1zthz2y+1
v = ha 1z+ho 2y+ha 3
T hsz,azths2y+l
this means that:
uhz 1z +uhs2y+u =hi1x+hioy+ his
vha1x +vhsoy +v = heix+ haoy+ hags 47

hi1x + h12y + h1,3 —uhz 1z —uhs 2y =u
ha1x + h2 2y + haz — vha1x —vhs2y =v



therefore, we end up with a linear system of Ax = b:

1 y1 1 0 0 0 —ui—xz1 —wyr hi,1 Uy
0 0 0 X1 Y1 1 —V1T1 —V1Y1 hl,z V1
T2 y2 1 0 0 0 —U2T2 —U2Y2 h1,3 U2
0 0 0 22 w2 1  —wvaxo —V2Y2 haa| _ | v2
. hoo| —
: . : . . hgyg .
zy yn 1 0 0 0 —unzny —unyn| |hs: UuN
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4.3 back to the projection matrix

now let’s examine the projection matrix again!
sx=K[R t]X

u fo v wo
slv]l =10 fb Vo
1 0 0 1

let’s assume the board is a planar surface, and z = 0:

| —
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s|v| =K |r21 722 T23 ty
1 31 Ts2 T33 U

=K [1‘1 o t] |:§:|
1

=K[r1 r2 t|{M

—ow R

obviously, we need to re-arrange to cancel auxiliary variable r and t

4.4 Combine the two case together
substitute x = HM

sx=K[ri r2 tM
=HM

— H=XMK[r1 r2 ¢t )\:é

kept on going:

H=[h; hy h3]=)K[r1 r2 t]
= [h1 h2]=XK|[r1 rg] we do not need hs and t
— thK_TK_lhg =0 casel
also = hjK 'K 'h; =hj K" 'K 'hy, case?2

so r and t are completely disappeared
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45 proveh/K "K'hy =0 casel
H=K[r1 r2 t]
= [h;y hy h3]=K[r1 r2 t]
h; =Kr; = r1 =K 'h
hy =Kr; = r; =K 'hy
rirs = (K 'hy) K 'h,
=h/K 'K 'hy=0

because rotation matrix R is orthogonal: r; r; = 0¥ # j A won’t matter:

1

h1 = )\KI‘1 — 1 = XK_lhl
1
hy = \Kr; = rp = XK71h2
1 _ _
= ﬁth TK'hy =0

4.6 proveh/ K- "K'h; = h, K"K 'h, case2

I‘II‘] = (K_lhl)TK_lhl
=h/K 'K 'h; =1

similarly,
ryrs = (K 'he) K 'hy
=h K 'K 'h =1

together:

— h/K 'K 'h; =h, K"K 'h,

again, because rotation matrix R is orthogonal

4.7 now you have a linear system

a linear system:

h/K "K 'hy=0
h/K 'K 'hy —hj K~ 'K 'hy =0
= h; Bhy =0

h/Bh; —hyBh, =0 let B=K 'K!

fo v wo
knowingK = [0 f, wo
0o 0 1

you can perform python code to get expression of B = K~ TK™!
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4.8 Solve for B

notice B is symmetrical matrix, so there are only 6 degree-of-freedom

Bi1 Bi2 Bis
B2 Bz Bos (59)
Bi3 B3 Bss
sowelet B = [Bu, Bi2, Baa, B3, Bas, B33] ’
h; Bhy =0
T T (60)
h,; Bh; — hy, Bhy; =0 can be written as:
hi1h21 hi1haz 4+ hizhoy hi2hao hi11ha3 + hizhoy hi3haz + hizhos hizhas
hithi1r — hathor  2hi1hi2 — 2hai1hes highia — hoshoo  2hi1hiz — 2ha1hes  2hi2hi3 — 2haohesz hizhiz — haesheos
B
glz
21
X |Ba22| = [8:|
B3
Ba3
B33
(61)

then you can solve for K from B

5 calibrate extrinsic parameters

Extrinsic parameter transforms object defined in terms of world coordinate, to a new co-ordinate system where the origin
is at the camera center. It is actually much easier to do it only requires a single image/pose:

[——

AT e T
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(62)

but it has many object and image pairs.
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u (P11 P12 P13 Pra
s|v' | = |p21 P22 D23 D2a

LP3,1 P32 P33 P34

LB

N

[pf X
= |p2 X
Lps X
/
u u
convert | v’ | — |v| in image point
w' 1
_piX _p:X

— U =

psX U piX
:>plTX—p.IXu:0 pQTX—p;XUZO

5.1 another system of linear equation
by looking at just a single point:

T _ T P1
plTX - pgTX/u =0 p;X — p;X’U =0 = x 0 uX } |:p2:| =0
N points:

o]
[X{ 0 —uX{] X!/ 0 —uX]] |P12
P1,3
0 X/ —uX/| 0 X —oX[| |Pu4
P o

p2| = . . . ’ =0
: : : Ps : : : P23
XL 0 —uX} XL 0 —uXj| P23
P3,2

L0 XL —uX}{] 0 Xy —vXy] |pss
~ | P3,4 |

5.2 Solving for p
if P were the original projection matrix, then we let p = vect(P):
if we were to solve:
p = arg min||Ap|*
p

the most obvious solution is p = 0!, adding the constraint, then the objective function becomes:

p =argmin |Ap[* st |p[® =1
p
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5.2.1 equivalence of Frobenius norm constraint

although the objective function in Eq. is to put the vector L2 norm in the vectorized p = vec(P), when converting it
back to the matrix P (I use Same notation here), using the Frobenious norm is equivalent to constraint:
imagine let |P||z = s, i.e., Frobenius norm = s

Y| = [P2,1 P22 P23 P24
z

r X

T P11 P12 Pi3 Pra| |y
Z

|P3,1 P3,2 P33 P34 1

X
0] [= s 0 O] [p1,1 P12 P13 Dia % 69
Ol |yl =10 s Of |p2,1 P22 P23 D24 7 (69)
s 0 O s| |p31 P32 P33 P34 1

[sp1,1 Sp12  Sp1,3  Spi4
= |Sp2,1 Sp2,2 SpP2,3 SP2,4
|SP3,1  SP3,2  SP3,3  SP3,4

i

and obviously,

spi1,1 Spi1,2 SP1,3 SP1,4 P11 P12 P1,3 P14
Sp2,1 Sp2,2  Sp2,3  SP24 =5|||p2,1 P22 D23 P24 (70)
Sp3,1  sp3,2  SpP3,3  SP34]||p P31 P32 P33 P34]|lp
scale the matrix P by s won’t change image points
5.2.2 Rayleigh quotient’s view
p =argmin [|Ap|* st |p[* =1
P
2
= p" = argmin Aﬁ same as finding unconstrained p (1)
P p
TAT
A'A
= arg min (pTip)
p PP
generically, the above is a form of Rayleigh quotient:
x| Mx .
R(M, x) := — where M is S.P.D (72)
xTx
Rayleigh quotient reaches its min value:
R(M, Xmin) = )\min(M) (73)
smallest eigenvalue of M, when x = vin the corresponding eigenvector.
and
R(M7 Xmax) = )\max(M) (74)

where have you seen this before?
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5.3 Decompose further: P — (R, t)

|:1p71,1 P12 P13 I D14 Rt R |
P=|p21 p22 p23 p2a| =K[R [t] = K[R | -Rc
3,1 DP3,2 P3,3 | P34 \tf') (75)
KR — KRc
where c is the camera center, in case you may wonder why t = —Rc:
leave out K for now: if we were to just transform [)ﬂ by just the extrinsic/pose matrix [R  t]:
Rt m —RX +t
X . .
=[R —Rc] 1 if we were to substitute t = —Rc (76)
=RX - Rec
=R(X —c¢)
then, if we let:
X=c = [R t][‘l’]:o a7

yes, the transformation of c is correct!

then if we to transform a generic point X (defined in some “world coordinate”) to the “camera coordinate” (with
camera center = c defined by world coordinate), we need:

1. subtract X by c

2. perform rotation R

alternative is to perform rotation R first, and then translate by —R.c. Both are the same!

5.4 findingt and R

knowing K, then we can easily find t and R. This is why when we calibrate extrinsic parameter, we need to specify
intrinsic parameter first. OpenCV commands for finding extrinsic parameter:
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