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1 Preamble

In this tutorial, my contribution mainly has been the attempt to summarize the following papers and blogs in
a unified and (hopefully) more intuitive for Computer Science researchers. In particular, the blogs below are
extremely useful, and I encourage you to read the orginal blog as well.

Jaehoon Lee, Lechao Xiao, Samuel S Schoenholz, Yasaman Bahri, Jascha Sohl-Dickstein, and Jeffrey
Pennington. Wide neural networks of any depth evolve as linear models under gradient descent. arXiv
preprint arXiv:1902.06720, 2019

Arthur Jacot, Franck Gabriel, and Clement Hongler. Neural tangent kernel: Convergence and general-
ization in neural networks. In Advances in neural information processing systems, pages 8571-8580, 2018

J. H. Lee, Y. Bahri, R. Novak, S. S. Schoenholz, J. Pennington, and J. Sohl-Dickstein. Deep neural
networks as gaussian processes. ICLR, 2018

Radford M. Neal. Priors for infinite networks (tech. rep. no. crg-tr-94-1). University of Toronto, 1994

Alexander G de G Matthews, Jiri Hron, Richard E Turner, and Zoubin Ghahramani. Samplethen-
optimize posterior sampling for Bayesian linear models. In NeurIPS Workshop on Advances in Approximate
Bayesian Inference, 2017.

https://www.uv.es/gonmagar/blog/2019/01/21/DeepNetworksAsGPs

https://bryn.ai/jekyll/update/2019/04/02/neural-tangent-kernel.html
http://chenyilan.net/files/ntk_derivation.pdf
http://chenyilan.net/files/linearization.pdf

1.1 notations

T attempted to unify notations, where I used the following definition for Neural Network functions:

Ny
2k (x) = bl + Z W]i’j X d)(zéfl(x)) W,i,j N/\/’(O, %) b, ~N(0,04) or:
= )

Ny
1 -
2L () = opbl, +]; Ww,gyj x ¢(z§ 1(33)) Wi ; ~N(0,1) b, ~N(0,1)

1. k€ {1,... N1} indexes elements of 2!

2. i €{1,... N;y1} also indexes elements of z!, and it is used when & is reserved to a specific index
3. j € {1,... Ny} indexes elements of z!—!

4. Whe RN+1xN

5. z and z’ are used to indicate two data points

6. k and k' indexes two functional output of z*

7. size of data input is |djy|



1.2 Others minor contributions

I made the derivations a bit more verbose for people to follow
To make this turorial self-contained, I have included a very quick introduction on the relavant topics
incluce Gaussian Process and Central Limit Theorem



2 Gaussian Process

This tutorial makes frequent references to GP, so we talk about it briefly:

e GP is a (potentially infinite) collection of RVs, s.t., joint distribution of every finite subset of RVs is
multivariate Gaussian:

f~GP(u(z),K(x,z"))  forany arbitary z, '

e prior defined over p(f|X), instead of p(x) over X = {x1,...z}

fz1) k(zi,21) ... k(z1,zg)
p(f|X) =p : :N(o,K):N 0, : N 5
fzk) k(zg,z1) ... k(zg,zk)

2.1 marginal and conditional marginal under noisy output

e in aregression setting:

yi = fl@) e & S N(©0,07)

}T, after integrate out f:

)= /(7]

e joint [V, y*

([

[xiYT} /) p(f|X, z*)df

" .

= [ (2] [A8] o21) sl tsas
[K(X,X) + o2l K(X,z*)
%,—/ _\‘ P

=N]o K(z*, X) K(z*,z*) + o?

e predictive distribution of y*|) using conditional formula of multivariate Gaussian:

p (y* |V, X, z*)
— * 2\ —1 _
=N(0_+ K@) (K(X.2) +020) " (V= 0),
H2 Yo q /\117‘\ H1
B(a*,a%) + 02 = K(a*, X) (K(X, X) + 021) ' K(X,2"))
—————— ——

322 321

sl 21,2
“1,1



2.2 marginal and conditional marginal under noiseless output

e posterior of f given ) in regression:
Vi = FON _ K(X,X) 4021 K(X,z)
() = ([FE3]) = o [
for arbitrary variable x
conditional marginal of y*|) using conditional formula of multivariate Gaussian:

P(f]X, ) = GP (K (2, X)(K(X, X) + 021) 7'V,

k(z, ') — K(z, X) (K(X,X) + 021) " K(X, z'))

e deterministic function y; = f(z;) is used, e.g., neural network’s read-out layer f(z;), data y;

p([V,5*]T) no longer need to integrate f:

(] 15]) =2 ([F8]) = (o [£E53) £E523))

predictive distribution y*|) using conditional formula of multivariate Gaussian:

Py |V xat) = N (K@ 0K, 2) 7Y,

k(z*,2*) — K(z*, X)K (X, X)L K (X, x*))



3 sample and optimize

in words can be summarized as follows:
given a linear equation with non-empty null-space, and some prior distribution w ~ N() defined over

w € W. Since null-space is non-empty, there exist a “subset” of WV, namely w* satisfy linear equation, and
forming a new posterior distribution:

w* ~ p(w } [ Aw = y||%) 2)

We intend to draw a sample w* from this posterior.

sample-then-optimize allows us to sample w® ~ N/(), and optimize using gradient descend to obtain
w*. The following proves they indeed have the same probability as sampling from posterior directly

3.0.1 proof

w ~ N(0,\]) 3
y=Aw AecRN*M
when N < M, there is a family of solutions and this can be understood as to see the following:
w1
Y1 An A .. Aim—r Alm
. _ . . . . . wN
. - . . . . . WN 41 (G
YN Ani1 Ang2 ... Anm-1 ANu
way
general solution is:
Ww=ATy+ (I —-ATA)t for arbitrary t € RM ®)
= W|| + Wnunl
simple verification would see that,
A(y) =y
e A(If)H + If)nu“) =y (6)
because  A(w)) + A(Wnun) =y
~——
0
informally || = ATy gives the solution b for:
w1
Y1 Arp A1z .. Aim1 Alm :
. _ . . . . . wWN
N : g : WN+1 @
YN Ani1 ANz ... ANm-1 ANwu
wp
and Wy = (I — A+A) t to ensure W also simultaneously satisfy:



0 0 0 0 0 :
N - WN
o o] (wNg ®)
0 0 0 0 0 .
war
pseudo-inverse:
AATA= A
= AT =AT(AAT)"! At e RMXN (44T) e RV*N  full rank
= (ATA)TAT  ATAe RMXM ot full rank ©

= AT = lzim AT (AAT + 62 I) ! limit definition of pseudo inverse
§2—0
it is easy to show (I — A1 A) is projection into null(A) because:

AT —ATA=AT—-AT(AAT)"1 4)

=A—(AAT)(AAT)71A (10)
=0
since each of the columns of the matrix (I — AT A) span null space of A, then:
Wnan = (I — AT A) t is some linear combination of columns of (I — AT A) and hence:
Wpat = (I — ATA)t € null(A) an

3.0.2 what happen to w during gradient descend?

suppose we have the objective function:

Fw) = || Aw —y|I3

N af (w) _ A(Aw —y) T (Aw — )

ow ow
_ 0w AT —yT)(Aw —y)
- Oow (12)
O(wTATAw —yTAw —wT ATy +yTy)

ow
=247 Aw —24Ty
= Aw = fn(ATAw - ATy)

therefore, say at time ¢ = 0 we let the initial point w:

w® ~ N(0,\I) (13)

and break up w? into two components with axes in different sub-spaces:

w® = wiy + wf) (14)



and apply the following transform in gradient descend:

Aw(0) o AT Aw® — ATy
= AT A(uwy +wf) — ATy (15)
= AT Awpy + AT Awf) — ATy

because: gT AT f=fTAg=0 geERM, feRN genul(A)

T 0 T 4,0 T
Aw(0) o< A " Awyy +Ap Awjp — Ay
f g (16)
=0+ ATAwﬂ — ATy
the above means that there is no “movement” for wyy; component, V¢ in null(A). only movement

occur in the w)| subspace, assume gradient descend converge eventually. So at the end of gradient descend
attime t = 7:

Aw(t) =0
= ATAwﬁ —ATy=0
— ATAuw] = ATy (17)
= wfj=(ATA)TATy
= Aty

now we look at the general solution in Eq.(5) and replacing arbitary ¢ with starting point w® as a
repeating applications of gradient descend:

*7/‘7' T
wr = wy + W

=Aty+ (I —ATA)W° (18)
13 o

so having w® ~ A(0, \I), w* is just apply an Affine transform with the following Gaussian distri-
bution:

w* ~ N(Aty, A(I — AT A)) (19)

so moral of the story, instead of sample from p(w|y) given the above, one can just sample w® from
prior p(w), and then optimize using gradient:

w* = arg min || Aw — y||3 (20)
w

3.0.3 apply to Gaussian Process

so if you want to sample w* from the posterior:

wx (y*z*, X, ) = K(z*, X)K(x, x) "1y

21
Te(yt|ar, X, Y) = K(z*, z*) — Kz, X)K(X, X)L K(X, 2*) @b

one may sample g ~ N (0, K), and then because of the assumption:



in MSE context of read-out only layer:

LT gLy )2
o=@ e - e
A w

= Sl ) -

(22)

the only difference, is instead of representing a prior for 05 *1 wehave a prior for §(x, 6 ), which we

know how to express (NNGP) and sample

and, instead of express posterior of w* = OL+1* = 9, we let:

*

= g(z,000) since §(z,00) is linear in Oz—oo

(23)

We can derive the expression of posterior for §(z, ), but we do not sample from it, and instead we

use sample-then-optimize



4 Kernel methods

consider the equation:

y=o¢(z) w
pr(z)] "

w

bm (z)
[61(2) ... om(a)]w

using definition:

Y=y, ]
N [d)(xl)v ceey QS(:ZTL)]T
o1(z1) ... Om(z1)

$1(@n) .. dml(wn)

nxm

Ridge regression can be re-written as:

n
. 2
w* =argmin Y (y; — ¢(z:) Tw)” + Awl|3
wooi=1
= argmin ||y — dw||3 + A||Jw|]3
w
just like the normal ridge regression, the least-square solution is:

w' = (®Te4A) 0Ty

mXm

substitute w* back to y = é(x) T w for a single pair of data,output (x, y):

Yw* (2) = p(a) Tw*
)T (@Te+A) oY

_ TeT T -1
=¢(x)' @' (20 +XI)" Y

nxn

1xn

using identity (@7 @ +Al) @7 =T (00T 4 A1) 7"

4.1 Kaernel trick

24

(25)

(26)

@n

(28

the above looks all good, except we want to avoid computing ¢(z) explicitly, especially when m is large!

However, knowing

[@01], = é(@) " d(x;) = K(xs, 25)
[6(2)" @], = 6(2) T b(x;) = K(=, ;)

we dodged the bullet of of computing ¢(x) explicitly!

(29



4.2 relationship with Neural Tangent Kernel

Taylor Expansion of f, () around wo:

fw(m) = f(wﬂﬂ) ~ f(w07$) + wa(wo,m)T(w - 'LUO) + ...
—_————
B()T

(30)

s0, in theory, one may solve this using Kernel regression. However, question is why still using neural
networks?
in here, we have not made any linkage to gradient descend yet.

4.3 relationship with gradient flow

This is a simplified version to Section[8]:
Gradient descend algorithm:

Ot41 =0 —nVoL(Ot11)
Or11 — 0t
—_— —V9£(9t+1) 31
0 —0 do(t
I Sl (O =V L(0)
n—0 7 dt

let’s substitute that into least square problem:

)= 3150 — w3
) = Voy(0) (5(6) — v) (32)

0
G
)
t

L
= VLl
do . -

S “a = —Voy(0) (9(9) - y)

so let’s look at %:

dij(6:) _ 9§(0(t) T do(t)
dt a0(t) dt

Ve@(e)( ~ Vo3(0)(5(0) — y)) (33)
== V3(0) " Vo3(9) (5(6) ~v)
———

—K(00)(5(0) - v)

Q

10



5 GP for Neural Network: Direct computation

5.1 neural network function

using parameters:

0={wrt bk, . Wt} (34)

Deep neural network function fy(X) is defined as:

fo(X) = Whol(X) + b
—wk (d)L—l(X)WL—l ¥ bL71) + bk

(35)
=wl...(Wiet(X)+b)+...)+ b
it should be noted that non-linear output ¢*(.):
L — 4L 1 L—1
X)=oL(X |6,...,0
#H(X) = o (X | ) 0

= ¢L(X |W17b17.”7WL717bL71)

5.2 Apply NN function in predictive distribution

However, applying NN function in predictive distribution: prior is defined over € instead of over f. i.e., i.i.d
noises are injected to each element of 6. The predictive distribution:

(D) Lo () ) onaiom o

The integral is not analytic!!

5.3 what is the predictive distribution

eventually, we will need to ask an even harder question on, i.e., suppose we let N = |Wl |, i.e., the “width”
of the neural network at each layer [, and we would like to study the effect of:

Yy X d
P[] ) mmm @

however, firstly, we ask the question on, what is:

(15~

attempt to compute it directly, by looking the mean and variance:

(4] |

(¢ or o [[5]]

11



5.3.1

look at the mean:

]J:g((x*)):| N(60,021)d0 to expand one layer :
T

[ oM (X)W + bE

)

)
2 WL 4L

(
[ @‘L(X)/WLN(VVL | 0,02 N dWT + /bLN(bL | 0,62 1)db"

=0 =0
e (:U*T)/WLN(WL | 0,02 1dwT +/bLN(bL | 0,02 1)dbT

L =0 =0

note we are not dealing with infinity at the moment

5.3.2

look at co-variance

-]

o[ v

'\‘“)l .....

Apply same trick as calculating mean, i.e., introducing € and then integrate it out:

LA e 3] o
= [ L e (] A6

E[Z2]  Z is not mean-subtracted

Let Z = [yy*]:

Var[Z] = E[Z%] — (E[Z2])? = E[Z%] = Var|Z] + (E[Z])*

0

o2l + {fQ(( ))} [fo(X)T  fo(z*)]N(0|0,031)d0
\/
Var[Z

(E[2])?

=o? [+/ [ (¢=(X WL+bL2 (WET o (X )T_i_bLT‘g) (6" (X WL+bL2)(

¢L (z)*T WL+b )(WLT¢)L(X)T+bL

12

(¢L *T)WL+b

}/\/’(WL\Oau,I)N(bL\OabI)\(()' ----- L2110, 020)dot L= taw L dpT

L l‘ (T/) )([(}1 ..... L

(40)

41

{f"(X)} ,afl) dydy* N(0]0,021)do 42

WLT¢L($*T)T + pL

1

T

(WLT(f)L(x*T)T + bL‘?):| N(9 | 0,0'gl)de

“43)



realize Cov (z' (X)WL, bL) =0
L Lyy/LT L (*xT\T LyLT
P (XOWEWE Tzt (') +b5b N(6]0,021)d6

(T [+ WLWLT L(X) —I—bLbLT
- ¢L( *T)WLWLTd)L(X)T + bLbLT ¢L (CE*T)WLWLT(;SL (m*T)T + bLbLT
(44)

factorize N\ (9) as each element of 6 is independent:

N(01]0,051)d0 = N (0" | 0,051) N'(0" =" [ 0,051)do" "1 45)
=L L(xT\T
_ (X) + o} L (X)L (2 T) + oy 1,...,L—1 1, L—1
/ [ ¢ (X)T +g_ o_ (J) T)¢L(Z,*T)T +Ubj| N(9 | 0, U )d@
(46)

let’s taking the left corner element, and expand 6 by one:

oo L—1 | 0, 031) dotsL=1 4 /UI?N(91,..A,L—1 | 0, 031) dolsL—1

/ o2 6L (X)HH (X) TN (61

:O',?U/(z)L(X)(ﬁL(X)TN(Gl ..... L—1 { 0,0'gl) d91 ,,,,, L—-1 +U§
“47)

asweknow ¢L(X)pH(X)TN (0L L=1]0,021) doVE~1 4 o2

91, ,L—1 ‘ 07 0_31-) del,m,L—l

Rl L R e e e C RN e M P
(48)

it’s difficult to see what is this distribution is.

13



6 Single layer neural network

H
fr(@) =br+ > vjrhs(x)
Jj=1

S 49)
hj(x) = tanh (aj + Zuuxz)
i=1
this is very strange way to define neural network, and it defines it to part of the second layer:
Ny
~~
H
fe(z) = b + Vik Xtanh( a; + uT x)
Lorprzeeler o
3 bl wi -1 4T
K [ bhoowit (50)
| S —
# (@)
Ny
= zl(z) =0} + Z W,é,j X ¢(zé_1(:c)) modern notation
j=1
6.1 p(z}(z)) for single input z
We need CLT for computing this probability.
6.1.1 Central Limit Theorem:
XM x@ X areiidsamples (51D
note any arbitrary distribution with bounded variance for X (*) will do
let X be sample mean, and let: 02 = Var[ X (1]
Limiting form of the distribution:
V(X —EXM)) -4 N(0,02)
— 1 d 0'2
(X —E[xXM]) -5 N (0, ;) (52)

%/ﬁ(y “EX M) -4 A(0,1)

Similarly, instead of “sample mean”, it can be also be applied to “sample sum” of i.i.d random vari-
ables:

V(X —E[xV]) -5 N(0,0?)
— Vnvn(X —EXD]) 5 N(0,v/n"0?) = N(0,n0?)
= n(X — E[xM)] LN N(0,no?) (53)

- (ZXZ - nE[X(l)}) i)./\f(()7 no?)
i=1

choose one of these conditions to suit the situation

14



6.1.2 Apply CLT to compute p(z}(z))

let’s pick any arbitrary x, since we only pick a single x, so the index is not important, there is no need to use
z(1) like in the literature:
computing p(z} (2)) directly is hard!

however, z}c (z) is b;c—s— sum of i.i.d elements using CLT notations:

2t (@) = bl Z Wi ¢ y ; (z)), note we are not taking average

—
= X, (54)

Ny

E:j=],)(j

therefore, we can just compute mean and variance of its individual element, i.e., an arbitrary j = 1 and
then apply CLT!

X; = Wlijqb(zi*l(x)) (55)

6.1.3 mean and variance of W} ¢(z:"(z))

Expectation

[Wk ( Lz )] :]E[W,éJ]JEM(zé_l(z))} since Wk and ¢ ( é (z)) are independent
as z]f Y(z) depends on (W't p'=1)
=0x IE[qb(zé*l(z))] because we choose W,éyj ~N(0,0u)

=0
(56)
Variance
Var[I/V,C J¢( l_l(w))}
2
-2 (whoe @) |
=E[(W} ]) ] E[d)(z;. x))z} since W ; and d)(z;.*l(x)) are independent (57)
=olE[¢ ( @)))?] = Var[W,iyjqb(z;fl(z))] to be bounded
%,_/
bounded
» E[o(z 1 (2))"]
we leave in this form, as
El¢(z, 1 @)*] = Epioa, y-1,. [6(z 7 (@)7] (58)

6.1.4 apply CLT:

However, we can apply CLT: making p(z' (z)) distributed as Gaussian where its variance is dependent on
variance of previous layer, a recursion.

15



using (Z Xi— nIE[Xl]) 2, N(0,n02)
i=1

Ny (59)
— (Z W;éjdu(z;_l(;r)) - 0) ~ /\/(O7 N o2, E[qﬁ(zi_l(:v))Q]) N; — o0
j=1
However, variance under this expression N; o2, [¢ (zll_ ! (z)) 2} is divergent because of /V;!
luckily, we can take control the choice of 0120, if we let:
1 1
W )=ow=—= =— 02 =— 60
Cr( k,g) Tw y/jv; Tw ]\Q (60)
the above is the key, implication is:
o 1—1 . =1, )2
= (w0 @) -0) ~N (0N v BoG @) 1)
j=1
’ ©1)

=N(O,E[¢(zi71(x))2])
bounded

; s bl
finally adding the bias by :

Note that sum of two independent Gaussian random variables is also Gaussian: (not to confuse with
GMM!)

XN./\/’(;L)(,U%()

Y ~N(py,0%)
Z=X4+Y Z=X+4+Y

= Z~N(ux +py,0% +0%)

(62)

Therefore:
Ny

(zé(m) =bl + Z W,i’j¢(z;’1(gg)))i> J\/(O7 ot +E[¢(zl1*1(x))2} ) as Ny — oo (63)
j=1

appreciate the recursion here

6.2 given two inputs z, 2’: compute Cov |z}(z) z}(2/)]

To do so, we need to used results from Multidimensional CLT:

6.2.1 Multidimensional CLT:
let X; € R%:

16



XOT ] e [ER )
. . : " . ()
> ; X!
., Xip) Xép) Xr(f) 1:1. i
DXi=| o+ ] = :
i=1 x| |x@ x(@) nox@
x| |x® X )
—_— —— ~—— =10 -
X1 X2 Xn nx, (64)
o xVl XM
%22;1 Xi(l)) K(P)
= X = l ZX‘ = - :
"is Ly x(@ x@
n 1=1 [3
Ly, xP] [x®)
. Sample mean version
Ly X EX]]
V=
1 n
= — X, —E|X since p(X;) = p(X
\/ﬁ;( [X1]) (X3) = p(X1) ©5)
Fr(n)- %
Yo X, ) - —IE [x
- (X %)
= V& (R~ E[X])
1 n
—= >0 [Xi —E[X]] = va (X - E[X1]) <5 Na (0, £(X1))
\/ﬁzzl
_ (66)
— \/ﬁE[(X(p)

EX)) (X7 -B[X”])] = 5 ). 0

scalar scalar

for every elements (p, ¢) € {1,...,k}:

. Sample sum version:

17



<{anxz] —nE[Xl]) 5 N (0,nE)
= E[([ixz] ® JLE[XI]@)) ([ZX ](q) E[Xs (q)>

= E {(ni(p) —nE [X%p)]> (ni(q) nk X(Q)

1)
(%] - e ([ x] - mxi?)

i

=n3(p),(q)

} = n3(p),(q)

67

_ (P) (@)
where 3 (q) = Cov(X;”, X;*")

6.2.2 Put into multidimensional CLT structure:
now, let’s look at k™" dimension of 2!, i.e., zfc, and to see in this dimension, how correlation between pair of
data input  and 2’ is. note that what happen to &£ dimension, applies to the rest

Wi (17 (@) Wiy, 0 (25 (2)) Yt Wi (= (@) z;,(z)
: Tt : = : =
Wi 1o(= " (@) Win o @) | S W ez @) | (2@
; 1) X
LL:l Xz( ) '
nfl.X‘(P)
s x@
>, x™)
(68)

compare with the standard notation of Multi-dimensional CLT, and use “sample sum version” of CLT,
Eq.[64], and remember 2! (z) = b} + Zi\ll w} j¢(z§._1(m)), to simplify derivation, let’s deliberately

not looking at bic for now

18



j=1

= (q) ®) 4 al l =1, 1

ZXz = [Z l] :Zwkjd)(zj (z ))

i i j=1 (69)
x® a Wii,j¢(2;71(’f))
X{q) Y ijd)( ;—1($/))

— z(xl)m,(q)écm,( W bz (:r)),W,iJ(i)(zi_l(m/)))

using above identities in Eq.[69]

Emixi](m E[x® )([ZX}(Q) X(q)D} = n2(X1) (5 ()

N,
2| (30 Who:4 ! @) - MEIWL 661 @) )(ZWH o) = MEWE 061 @) |
j=1 N et
=0 =0

:NICUV<H',V/J<>(:,:/l I(,I"‘)).HV/{_\()(',‘;/] l(i.r/)))

= N E[WE 16(47 @) x Wi (" (@)
(70)

look at z,lg(:v) with b;c too:

Ny
Cov(zfg(x),zi(a: ) =0y +E[(2Wk ;9 lil(az))) (ZW,é’jtb(zé*l(ac')))]
o2 4+ N, Cov (W) o247 (@), Wl 1 o(21 7 (2)))  use CLT result above from Eq.[71]
oy +NZ<7wC0V(¢(zll 1(:1:) (Zi 1((17 )
:aerNl Cov(qf)(zl1 1(9:) ¢(z (=’ ))

op + Cov( (17 (@), 6 (217 ("))
o + E[p(7 () x ¢(27" (2"))]

(71)
there are many notes this:
1. note 1 by definition, dim(z!) = N, 1, so the “entire” Cov (2!, 2!) is of size:
Nipr [X] x Nigq |X]
—— ~~ —— ~~ (72)

Vk VY Vk!  Vz!/

exactly how one may arrange this “gigantic” matrix, either N;; sub-blocks of Cov(z,z’), or |X|
blocks of Cov (k, k') has the same effect
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2. note 2: this co-variance is same Vk in zfC (z), so right hand side does not need to keep & index

because in this particular setting, since by, by, Wy ; and Wy, ;/ are independent variables, co-
variance between any of them are zero:

Ny

zi(:p) =b, + Z W,f,,jqﬁ(z;*l(m))

Jj=1

: SE W (ol 73)
2y (x) = by + Z Wk/’j¢(zj (z))
j=1

— B[ o(7 (@) x Wi 6(7 @) =0 ik K,5,5)

note 3: in literature, it is written:

Ny
E[z,lv(l)zfc(w’)] =0} + 02 E|:Z qb(z;._l(:n))qﬁ(zé_l(m/))}
=1
(74)

instead of = o2 +E{(il1w,é7j¢(zél(r))) (iWé7j¢(z§1(I,)))}
i= i=

This is because of notel above

regardless of this special property CLT still apply.

6.2.3 Relationship with Gaussian Process (GP):

let f(z) = zfv (z) be some function, and since for every arbitrary point pair, x and x’, we have:

E[f(z)] =0
E[f(z,2")] =24 0 (75)
= f~GP(0,X)

looking at mean and co-variance as N; — oo

Cov [zi(x),zé(x’)] =02 4 E[qﬁ(zi*l(x)) X ¢(zifl(x'))] as N; — oo
d ! 2 (76)
24 () J\/(O7 o + E[d)(zl_l(:v)) }) as N; — oo

putting it in layer specific GP define over some domain X as N; — co:

= 2,(X) ~ GP(0, %))

77
where specific co-variance E;’x, =02+ IE[qb(zlfl(x)) X qb(zlfl(x’))] 77
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6.3 looking at GP systematically

First let’s change for the rest of the tutorial:

= K (78)
K!(z,2') in terms of pre-activation z! (z) in this section, it will be changed later to post-activation.
instead of letting o (W?! .) = —L— in previous section, we let it be more generically:
go(Wy ;) U P g y
Ow
oWt )= -2
( k,j) m (79)

we look at all GP kernel K relate to K‘—1:

Kl'(z,a') = E[zfc(z)z,lg(z'” zl_l}

= 0'? + Uﬁ,E[(b(zifl(x)) X ¢(zl171(a:/))] apply CLT N; — oo (50)

= Ug + 0121) Ezllfl@y),\,g'p(()’}(lfl) ¢(Zl_l(w))¢(zi_1(wl))

since E[¢(2)] = E,p(z)[6(2)] and p(21 71 (X)) = GP(0, K'~1) just as Eq.[77), and ¢(2} ' (x))
is function on a specific point x, keep on going:

=o0f +02 F, (Klil(x7 ), K'Yz, z), K (2, z'))

Fy(Kl-1) (1)
=0} +on, Fy(K' ™} (z,2"))

using properties of point Marginals of Gaussian Process:

Pl 000) = Bt sy |65 0)oled (@)

=10, 00 (0 0 [P EDOET D] 82
-1

z;" (x) N K'=1(z,2) K'"l(z,2')

Lf%az')] o [ned ) *9

assume z'~1 can be integrated out:

= Fy(K' Y (z,2"), K' = (x,2), K' 7 (2, 2')) (84)

6.4 in summary

this is how K relates to K~ 1:

K'(z,a) = of + o3, E(Z;—uz),zg—l(z/)) ~ N (0,K1-1 (2,27)) [¢<Z§'71($))¢(Z;71($,))] (85)

we will see the same recursion also applies in NTK, except ¢ — ¢’
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7 Expand GP across all layers
7.1 Overall objective

Looking the probability of the final layer output 2~ depending on input z:

pltla) = [ pE KO KL K ) aRO

L (86)
= /p(ZL\KL) ( I_Ip(Kl|Kl*1 ))p(K0|w) 4K L

=1

7.2 p(z"|K"): conditions on K' = {qﬁ(zl*l)(x))qﬁ(zl*l)(x’))}M

(J. H. Lee et. all 2018) presents an alternative definition of K ! where no longer define K from pre-
activation:

K'(z,2") = B[} (2)2} (2")] 2'71] &7

instead it define K in terms of post-activation of previous later ¢(z!~1) for reason illustrated later
look at Neural Network function:

() = b, ZW,” 27 Nx)) (88)

let’s make it dependent on {(j)(z;_l (z)) };Vl e
Conditional Marginal

N;
D) {6 @)} = b+ Wi o= (@)
j=1 —

constant

N;
= @) {6z @)} ~ N(o, g+ ¢><z§f1(x))QVexr[v’Vﬁ,,,l) 9
j=1

2 M
_ 2 Tw -1 2
— N (0024 52 Y01 @)?)
Jj=1
using property of weighted sum of Gaussian:

XZNN(M17012)7 t=1,...,

n n n
= ZaiXi ~N <Z ai,u,i,Za? Var[X,;])
i=1 i=1 i=1

(90)

Conditional Co-variance
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Cov [z,lg(x), 2t (!

=E[zk (@) | {o(7 @), 0 (24

:UgJF ]Ewl,. {Z

Zl. 1:)3)) (;

(=5 (@), o (=5 (@) }jvzll]

l(z'))};\ll]

@) |

constant, used as condition

zl- 1x))¢(l 1

—O’b+ Z\u U,/

-7

l 1($l))

Z¢ll$)

_o'b+

not using property of weighted sum of Gaussian:
Combine all together

{67 @), 04

Cov [z}C (x), 24 (z")

e} ] =ok

zk(x|{¢> - 136) NLN ( o + 02 Nquﬁ

oD

x'))

l l(wl))

))2)

Ny
Z z (@) ¢

N ) | ¢(Z (z) K (ac z)  Kl(z,a')
(CE |¢>(z (=) z,z’) K2, x)
92)
in GP paradigm:
Z(z)| K ~ gP (25 0,G(KY)) (93)
where
K! z,x’) 1) Pl 1 qb 2 1 (=)
( Z (= (27" @) o
G’(Kl(x,:c ) =0} +Ule(a:,x )
Conveniently, we use K as a short-notation collection of ¢(z§.71 (@), ¢(z§.71 (") Vz,z’,j
also taking care of the layer one, which is just input z:
dizd 1z]m—d1 T’ =0
K! Kl(x,x'):{ n N, -1 in -1 %95)
P NL Zg:’l ¢(Zj ) (zg ! ) 1>0
to reflect:
Cov(zh,2L,) =0V kK €{1,... Niy1} (96)
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note that

1
Kz, o')y= —zTa'

in

appears again in NTK

N

one may construct giant co-variance matrix with N;q1 X N;; diagonal blocks:

A@D) 2 (@®)

zl = Z;_(zm) Z;_(x@))

nglﬂ(m(l)) Z§VZ+1(93<2))

2 (2(PD)
zé_(x{m\))

zgvlﬂ(m(IDl))

D
[G(KS ) . 0
0 0 G(K} )
G(KLY ) ... 0
vlo 0 0 G(K} )
G(KIZDH) 0
| 0 0 G(Kip,)

= p(@K) = N (0,G(K) © T, xn,., )

=GP (20,G(K")

73 p(K|K)

Use marginal property of GP and look at: p( K| K!=1):

24

width = vec(z!) =

Z§VZ+1($(|D|))

......... G(K} p)) 0 ]
......... 0 0 G(K; p)
......... G(K} \p) 0
......... 0 0 G(K; p))
--------- G HEipy,p)) 0
:
......... 0 0 GKpp p) |
9%



p(E 'K
(99)

pRKY = [
L1
:/l (KNG (10, GK L)

using GP property, and just look at two points z, z’:

PGl = /zl—1<z> A1 () p(Niz §1¢(Z§(:C))¢(Z§(x’)))
, iz
z—l(m)} 0.G ( [ ][((ll_—ll((;: ;3/)) l[gll_—ll(%(;}; /))} ))

V([

7.3.1 what happen to sum Zj\;’l ¢(z§-_1(x))¢(z§_1 (z')) as N; — oo using CLT:

look at K zlnq and notice it’s sum of iid random variable K Il,’]q

Ny
1 _ _
b= LG @)l @)
=
x XJEKZQ:J;I
= PRI = [ OB E)EE)
2=1(x) ] K'=Yz,z) K'Yz,
N( |: l_l(z/)] 707G( |:KZ_I(CE,:L") Kl_l(m/,:ﬂ’)
= (FoG)(KL Y
(101)
using CLT, pick the most appropriate definition:
M) (102)

(X —E[x1]) % N(o .

let’s see what is lim v, 00 P(JCH K1)

(X - E[X1)) iw(o, V"“[Xﬂ)
n
! L1y d Var[K5L]
— (Kp’q —E[K 7q]) —),/\/’(0’ NP,q )
1
1,1
= (Kp,— (FoG)(K, 1) i>/\/(0, Var[]f[{”’q}) (103)
l
Var[K41
= (KpqlKp ) ﬁN(@oG)(KH), ar[T>
! FOG)(KI_I)) entire matrix

note using CLT, sample mean converge to d,,, can be exploited for other application

note that this single step conditional is quite easy
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7.4 putting in the overall objective function

let width of all layers to — oco:

petle) = [ B KO K ) ROt
L
= [ttty (TT o) )ola) arco
=1
L
. Ly _ _L| 7oL A g -1 0 0,....L
NL—>ool,1.I4r.l,N1—>oop(Z |:L‘)—/p(, K )(Hé(h (FoG) (K )))p(K |z) dK
L 1
= /g}’P(,:":[}.(—.’(I\’/‘ ) (H(S(Kl - (FoG)(K’*l))>5<K0 - d—.rT.r) dK 0L
=1 in

= (FoG)?(KL=2)...
=(Fo@)t (dimxTac>

=1 ifKL=(FoQ)(KL1)
otherwise
-

0
= QP(ZL;O, Go(Fo G)L(di:c :c))
(104)
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8 Gradient Flow in terms of Neural Tangent Kernel

8.1 The problem

since Cost (or output layer) can be defined in convex function terms of post-activation last layer neurons
(2L (x)), for example:

C = ly — p(z"(2))|? (105)

there must be a global minimal if we were to optimize it in term of ¢(z~ (x))
however, current training regime:

1. gradient descend are not optimized using m

E 26C
2. but, it is computed through <55~

so it’s unclear if a tiny step taken when 6(t) — 6(¢ + €) is to lead towards a negative gradient value in
éC
o¢(zL ()

8.2 what do you hope for functional gradient %

Under any training regime, there will be parameter dynamics (gradient flow) %
what you hope: under gradient descend with infinitesimal step size (a.k.a. gradient flow)

w__oc (106)
a0

functional gradient % is negative all the time!

because C' is convex functional of f(6), and if gradient is negative all the time, it will eventually reach

the global minima
and no! this doesn’t work all the time, it only occur under specific conditions listed below:

8.2.1 % under arbitrary infinitesimal step change 0 — 0 + en

So the question is, when 6 undertakes infinitesimal step change in a direction vector 7, i.e.,:

60— 0+en (107)

how does % change. Formally, we want to compute the following limit:

. C[f(6+en] — C£(8) (108)

e—0 €

it is a mathematical traditional to write functional C'[f] is in square bracket
Since C[f] is a functional, we need to use Riesz-Markov-Kakutani Representation Theorem:

Jlg +ed] — Jlg] 109)

ot (z) " ¢(z)dz = lim
) e—0 €

if g was a variable instead of a function, then, the above is analogous to:

¢ Vg (110)
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i.e., directional derivative of .J in the direction of ¢, and there is no integral fx dz!
we can not substitute into RMK Representation directly, because our changes en occur in f’s argument:

e—0 €

But we must get it in the form of C' [ f(0) + en]. Therefore, we need to use Taylor Expansion:

o[ g0y +en- 2L +oe)| - clro)]
——

= El% ’ ¢ c matching with RMK representation
_ T, 010

- [, Grar®) (%5 )es

1] T p

_0f(0) (112)

*2/ (rm@) (%2 )ee

6]

-2 L3 () ()

i=1

0] N
= Z Z / (6f 0) )1 (8{];0(? ) ida: change order of integral and sum

d=11i=1

8.2.2 6??9) under gradient flow in gradient descend training
above tells how much does C change if § — 6 + €n

since we can choose any direction 77, we can equally (and meaningfully) choose a direction to be gradi-
ent flow, i.e.:

o0
=% 113
= a
which correspond to the training regime used
by substitution:
CLFO +en)] = U] _ o 5C Q)
lim ZZ( )/ ( (ac)) ( )d:c (114)
e e L o x \of(0) "), \ a04 ),
if gradient descent training regime is used, then:
()
at 90
_ . Clf(0+eD]—C[f]
=- Iy c (115)
o 81 (0)
- Z Z/ ( z’) ) < ) dz’  changeindex to kand x — z’
d'=1 k=1 k 80(1’ k
substitution:
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Clf (0 +em] = CIf°]

lim
€0 €
-2 () L (G, (5) &
1] ol N Y
22| 2 2L G, (), [ (), () ]

=22

SR L (), (52), ] L (), (42)
0
SR (L (), (42) o) (550, (%2) o)

can take sum Z out of bracket because second term has no &
k

222 L ), (B, (), (52) =
i

Lok EE G (£, (8] (), =

d=1

|
Bl

X miwi My = zT Mz

/x/ (6f 0" )TG(“') (5;(09)(33)) da da’

note O(z, ! ) above has nothing to do Neural Networks, i.e., the above is true under gradient descent
regardless of f(6) used

(116)

8.2.3 What happens O(x, ) is positive definite
the above implies that if NTK is positive definite (which is the NTK paper is all about):
Clf(0+58)] — Clf°]

lim = negative value (117)
e—0 €

cost will converge to a global optima.
it is important to know the term inside the integral is actually not guaranteed to be positive.
It is only become positive when the integrals are taken. To make it clear, we rewrite the following using

simple notations:
| [ i@ e@aia) (118)

for a specific term

f@) T K(z,2")f(2') (119)

it may not be positive as left vector f(x) and right vector f(z’) may not equate. However, by summing
all four elements concerning the co-efficient of ©(3, j) = 6; j(z, 2'):
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A= [i(2)00,5)f (@) + fi(2)Oi,5)f;(') = fi(2)0,5)(f;(x) + f;("))
B= fi(2")0(,5)f;(@) + fi(z)O3, ) f; (@) = fi(z))O, 1) (f;(x) + f;(2"))
A+ B = (fi(z)+ fi(z") ©(,5) (f;(x) + f;(z)))
N/ e ——

gi(z,z’) g (z,z")
(120)
since g is non-specific to value in = and x’, as both are used.
therefore, K (x, z’) is positive definitely condition on the fact that z and =’ are distributed from the
same distribution, e.g., p".
formally, we can write it as:

K is positive definite with respect to || - || if

(121)
By prpn [f(@) T f(2)] >0 = B, s [f(2) Kf(2')] >0

8.2.4 What does NTK paper aims to prove
NTK paper is all about, Proving under gradient descend training regime/gradient field
and with the following conditions:
1. f(0) is a neural network
2. 0 has appropriate Gaussian initialization is applied
3. having Ni1,... N — oo:
Then,
1. NTK is indeed positive definite, in a Scalar matrix form: “some positive scalar” ><INLJrl
2. remains approximately constant throughout training

Clf(0+¢39)]-C[£(6)]

Consequently, leading lim._o - to stay negative, i.e., cost always going down in
a convex function, so it will eventually reach global minimum.

8.3 NTK in Neural Networks

we use the re-parameterization version of NN function:

Ny
w_ 1 W b1 bl
2z \/ﬁz; K@z, (@) + owby,

(122)
where Wli,jv bl ~ N(0,1)
Neural Tangent Kernel at each Layer [:
Omy =3 2@ g 2
T, x') =
P 89d outer agd
10l - T
_ 02l (x) 8z§VZ+1(x):| [azll(x’) 323\71_,_1(90’)

el QLY 90, 80, 804 (123)
[02L (2) 924 (2") ozly,, (@) 0zl | (=")

161 86, 00y e 20, 20,

i ozly,, , (@) 02l (a")
L8906, o0, 20, 20,
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note that size of ©(z, z’) is Ny 1 x Ny 1, it has nothing to do with |6] (it is used in the sum)

however, the entire NTK ©! will be the size (N;1 X [D|) x (N1 % |D|)
loosely speaking:

1. NTK studies “pseudo-correlations™ between a pair of output (k, k’) of a vector function z! by sum-
ming over their derivatives over all parameters from two data = and z’
(derivative correlations between function’s output)

which is different to fisher information matrix:

o 0
L ; :E[(a—eilogf()(;e)) (%logf(X;G))} (124)

2. where FIM studies correlation between log derivative of pair of parameters (6;,6;) from a scalar
function f.
(derivative correlations between function’s parameters)

note that symbol here ® above is outer product as oppose to kronecker product everywhere else in this

tutorial. But the two are related:

U ®kron VT = uvT = u ®outer v (125)
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9 NTK at initialization

Given a single input x, we show the following is the relationship between two adjacent layers z!—1(z) —
U( )
2t (x):

- - . - -
ﬁwf,1¢(zl (@) + ovby ﬁwf,Nl¢(Z1 (@) + oub}
FeWiadGE T @) Fobe |4t | ey @@ @) + vt

-1 -1

_\/EV*IWJIVZ+1,1¢(23' (SC)) + Ubsz+1_ _\/EV*IWJZVHDNZ‘?(% (SC)) + UbblNH_l_

r 1 Ny l -1 ! 7
ALV VA0 . b
v Zim Wi oz (@) + nth 4 ()
- ﬁ T WE 6(2 (@) + oubl, = | Z(a)
SN W e @) + ot i (@)
L\/N, “<3=1 " Niy1,d J b Nit1 ]

(126)

9.1 prove by induction
9.1.1 prove by induction

induction works by proving value at [ = 1, then show relationship between [ and [ — 1 in general. Finally,
it shows what value is at an arbitrary index L

9.1.2 for NTK

we need to show by induction,

1. assume for a small network, at [ = 1 we prove:

1
O (@, a') = ( —a'a' +af )6k,k/

in

K1
even better, no need to show: @}c’k,(x,a:') — Klék,k/, it is actually equal!
(127)
2. then by assuming:
-1 ’ 322_1(3770)T822_1($179) Ni—oo -1 ’ (128)
ek’k/ (CC7.Z’ ) = 90! 90! eoo (x,x )6k:,k/
3. we prove:
9z (z,0) T 92l (z',0) Nipi1—oo
@a,k/(% a') = %91 kael @loo(a:,z/)ékyk/ (129)
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9.2 when!=1:

From the Eq.(126), we have:

®Ilc,k’(x7 Z")

when computing:

computing W() only k‘h row going to return a gradient, i.e.
3

(diinxTa:’ + Uf)dk,k/

- 1 din i
Van S5y Wi jé(21) + owbi 2} (z)
e S W o) +outh | = | i) (130)
: 1
\/7 Z N1 g(b(le) + Ubb}\’l_ o @
A( )

, here, we use i to index entries of W, because k is used by 2, I (x). note when

8zk(z)
*OWy

=0ifi#k

1

9zt () _ mxl ifi =k ie.,rowk
oW, ; 0 otherwise
1
= ——=0; k%; (131)
m i,kLi
a7, (x 1
ke (7) = —=0; kTi
8Wi’j \/din ’
L , Ol o =l8] OFL()
now, taking pair of data z and ', each element of the outer product matrix ©"(z, 2) = >, 30, ®
1
or, (w ) atk, k' is:
O (@) ‘921‘ L A )
k,k/ r,r )= —_— = ,
= a0}, o0},
wi bl
W ori@) oFL () U orl(a) 0F) (2)
- T T 1 1
o oWy oWy i oby oby
din N
_ Z Z sz(x 0z, (") N Zl 0z} (x) 0z, (')
i=1j=1 8W 8VVz,j =1 81)1 61)1
N1 din N1
= ik —==Ti0i + crb5 k 0p0; p onlyoned € {1,... N1} in outer sum remain
din
=2 g Tt} 0p o+ O30kt Oi g Bik = O
j=1
1
=—z'x 'Sk ks +0b5k K’
dl]’l
_ 1 T,/ 2
= —z 2 +0o; 5k,k’
din
————

K1
= K'(z,2")0k g

conform to notation in NNGP section

(132)
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now we have each element @ the final ©! is:

k,k">

Kl(z,2') 0 0
0 KYz,2') 0 0
= Ol(zx,z') = : : . : :
0 coo Kl(z,2') 0
0 0 0 0 Kl (z,z")
ke{1,..N;}

= repeating diagonal with K (z, z')op s
=K' (:L', ZE/) ®outcrINH_1 XNy
N——

scalar

©1 matrix of square the size of input |z |, importantly, there is no limit to take for ©1

9.3 when! > 1

split sum into two parts: {W* b'} and §'—1

10" 5.1 U (ot

0z (x) 0z, ()

ol ., z, ') = E k il
b (2:27) = a0t a0t

wh bl ol—
! 5 o2l 92l (a)
L pl 1 pl apl—1
2 HWLYY oWl by T 2= o)

looking at this specific term: ool 1 write © = x, and definition again:

d

[ AL WL @) et
AT W @) vt | = | A@
Z q;(zl_l(l")) + o bt §Vz+.1 (x)
r Nz+17J J bON14q |

1
! d,ai (z) azé, (=)

-1
o6},

N,
1 _
2, = N DWW 6T (@) + oub,
Jj=1
1 Ny Ni—1
L l71 1— 1
= — (z) + oub; ) + opb’;
VN, 2:: (\/ N1 Z ) ’

34

K e{l,...

N}

(133)

(134)

(135)
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02k (z) 0z} (z)  9p(2'~1(z)) 91 (x)
00" 3¢(zl*1(w)) 0z~ 1(x) a6t

0p(z. "1 (z)) 925 (x)

Z ,j 92 l—l(l,) 86; 1

drop index for the last two terms

(137)

Al—1
0z " (x)
— E W]i co'( P () —L-—-— leave last derivative as is, in “recursion”
S 90! 1
i d

substitution:

|t 1 I /

Z 0z, (x) Oz, (z")
-1 -1

= 099, a0,

o= P!

N, -1 N
_ 1 N 1y 9z; " (x) 1 S A=y i (@)
- X (s o670 T ) < (T b #6760 )

|91 1| N; N 1—1 =1,/ 4
1 1 0z, " (z) . 1 0z, ~(z')
ZMzzom A7) ) < (Whey 6 (G ) o)
j=1y d d
j—3’
ot NN A d=1, N A l—1(
1 -1 0z (z) F)Zj, (z")
:Z DD W W ¢ (2N @) ¢ (2 @) L= ~
N, = J 90", a0, !
N Ny 00217 (@) 0517 (a)
= Zme@m*mm%%»Z L L
15/=1 d=1 09 86(1
J J
definition @i;} (z,x")
Ny N
= Ziﬁmm$¢u“mww‘mm“ow

L= 1J’*

zfzzmm@wwmwg<w%%wm

] 15/=1
i i i steriar QL1 / -1 ’
subsitute induction criteria: @J.’j, (@, 2") = O (z,2')d; 5
deterministic and diagonal limit
1§ -1 -1 il
l l / — / — / -1 ! -/ - l
- ﬁl Z Wi Wk/’j¢ (Zj (z)) ¢ (zj (z")) ©4  (z,2") change 7 — j and remove Z Wy j

j=1 j'=1

(138)

apply CLT, we know that:

35



o't oy U (ot
IE[ 0z (z) Oz, (z ):|
= o1 gl

=E[W, Wi,/ G @) ¢/ G @) 0 @ e)] N oo

=E[Wh, Wi B¢/ @) ¢ (L @) s (@, e)

constant

(139)

= 0w E[¢ (7 (@) ¢/ (217 ()] 05 (")

we have seen previously Eq. (85):

I(l(qs @) = Ub +J E( = (@), z’ 1(;0/)) N(O,Is’"*l(:mn’)) [¢(z;71(x))¢(z;71(x/))] (140)

however, this time we need to define a similar auxiliary variable K ! notice it has no Ug term, describing
expectation of ¢’ ()

K@) = 00 B 14y 2171 1) W (01 010) [ (7 @)/ (557 )]

= E(zéfl(z)yzéfl(z/)) ~ N (0K (220)) [qﬁ’ (@) e’ (z;’l(x’))] assume o = 1
(141)

also notice the above equation is not a recursion, i.e., K'(z,z’) and K'~!(z,2’) are not the same
thing.

= 5k,k/E(z§_—1(x)’z;—l(m,)) ~ N (0,K1 1 (,27)) [d"(%fl(5’?))¢'(Z§71(51?/))] 0L (z,a)

(142)
=0 Kl(z,2") 05 (z,2")
look at {W*, b} part:
wt bt
! | 02L (z) 8z£,(:c’) (143)
T pl 7 pl
2 Bwi i} ogw b}
and compare that with for [ = 1:
16" 1
OF}(z) OF}, (z') 1 11
0t ={W-,b (144)
2 oo ony o

it’s the same if we replace

dim—rm/ +Ub>5k K = (Kl(z,a:') = NL¢>(zl(m))T¢(zl(:r ) +Ub)5k K (145)
!
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(Wbt -1

ozl(x) 0z, (@) il osl(a) 02L(2)

ol (') =
o dz::l HWh bty o{who'y = o0 o0t

= KN, ') 8y 0 + O K (2,27) O3 (2,2)

= (Kl(x,:r') + Kl(z, :p')@gl(z,x')>6k7k/ (146)
repeating diagonal with K'(x,2') + K'(x,2")0L;  (x, ")
= (Kl(x,:v') + Kl(z,2") 05 (2, 2")

) ®0utcrINH_1 XNI,+1

scalar
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10 NTK during training

Looking at training the Last-layer:

10.1 single data x under mean-square error

for a single data 2 in R%n, and its associated label y, imagine last layer parameter is:
6L+1 — (VVLJrl7 bL+l) (147)

then, objective is:

1
€= Slf@ — vl
) (148)

1 Ow 1 L+1 (L L+1
= 2w b - H
2”(1/Nl (=" (@) + o Yl

the above defines last layer as if it is the linear layers in NN, non-standard part is to re-parameterization
Zw_ and oy, are added to allow:

VT

WEHL W N(0,1)  and bEHY ~ A(0,1) (149)
then, the above is written as:

2

oY vy fgmete) o)

—_—
oLt a(x)
1
= 5ll@@ "o ) — ol (150)

1
sloe@ =l

ocC

sor1 = a@) " (@@e" ! —y)

=

reason to write this way is to express derivative in £+ jointly, instead of writing WE+1 and b +1
separately

also note that if only read-out layer is trained then a(x) is constant in ¢:

0ge(z) _ _
o = alx)
991 ( )Tai%(t ) (151)
Yyt (T Yy (T B B
a0, 90, a(z) " a(z) = O¢(,2) = Oo(z, )
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10.2 entire dataset X’:
10.2.1 softmax:

3¢ (1)
W @)
92 (en)
:I;t(.)() = . — Vec([gg($)}z€/¥) c RNL+1><\D\><1

L1
g (zk)

z}tl(l;\p\)

L1
LN (z)p))

10.2.2 mean-square error:

we focus on MSE:

¢ = L Tor) - 2
= 3l =1
oo = al) (@(X)et - )
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[ Jt(w1)
91(X) = | 9e(zr) | = vee([9e(2)lzex) € RIPI x 1
L9¢(= D))
r dge(z1) dg¢ (z1) 7
07 do)q)
9Gt(X) | dge(er) dge (21
90 07 do)q)
dge(z)p) 49 (2| p) (154)
| a6, )4,
. (X X
= O(X,X) = Z 8y59 ) ay(;; )’ empirical Tangent Kernel
101 29e(1) 091 (a1) 1] ayt(zl) 99¢(zp))
Z
20, 20, i=1 20,
| 5ol s (21) 951 (1) 1 01 (z ) 9912 1p))
=| iz yataeil yg%)kk 2= yt 8 30,
\9\ a9 (z ) 99¢(=|p)) |9I 99¢(2|p)) P9¢(2|p))
Z yt 1 —o Z e o |

) = flin(.%et)

10.3 what is linearized model: f(z,6;) — fi"(z,
(9f(x,9)

Im
0: — 0
(@) = fol=) + 00 )9%90\( ‘ 0),
- £6(t)
constant in ¢
of (z,0) . . . -
= fo(z) + 0 losse AO(t) note AG(t) refer to change, irrespective of starting position 6o
—0o

(155)

10.4 Sketch of Proof to compute f!"(z )
We are interested to study the behavior of f, "“( ) for a singular data z as 6; evolves

the expression f}"(x) can be misleading: it should be written instead as f}i"(x|X) as it depends on

training dataset (X, )), and 6 as well.
Note that we can interchangeably write:

fin(x) = fin(x, 04) (156)

Also, as we do not have expression for 8¢, we must start from

(X,0) =

obtdmed from gradient descent:

1. find expression for f;i" (X, 0): it has two versions:

using gradient descend:
-

aC
afi™(x,0)

af"(X,0)
00

do
dt

(157)

\

40



then,

version 1: assume f}"(X') is a linear model

(a) from %, use ODE to obtain AG(¢)
. lin
(b) then, obtain f1"(,0) = (2L IX) T Ag(r)

version 2:

(a) obtain expression for:

dj _ (8ft““(X) ) Tdo
dt a0 dt
(b) then, use ODE to obtain fli“ (X,0)

2. now we have expression of f"(X', ), substitute it back to gradient descend:

dAe(t) _do (aft"n(x,e))T oC
dt  dt a0 afin(x,0)
3. from %i“), use ODE or straight integration to obtain:
AO(t) = 0, — 0o
4.

0¢) model:

df(:l), et)

"(,0:) = f(,600) +
(L2 P

26(1)

(158)

(159)

(160)

Finally obtain how change of parameter contribute to last layer of single data in linear (in terms of

(161)

think above as: instead of taking Euclidean step, i.e., 6y = 6 + h, it now follows gradient descent

path:

0r = 6o + AO(¢)
dependency chain is:

NG

(&, ) dt

[0 = B"(2,0)

note the following:

e We need all training data pairs (X', )) to determine the change in 6

® 50 % is a function of (X, Y), more specifically, f(X, ) and ), this is in Section (10.6)
e then we can work out how % may impact f}"(x)

e simply obtained expression of fi"(X') won’t give you expression for f}"(x)
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10.5 General linear ODE solution

We need basic tools on ODE solution:
looking at the equation, treating everything in 1-d:

t=Ax+b
— & =
Az +b
- x T = A
T+ 3z
d b d b gz
- &log(m—s—g):A easy to see: £10g(z+z):xf%
d b (164)
— — log (x + —)dt = [ Adt
¢ dt t
b
log<z+f) =At+h
+2 (At +h)
x — = ex 1
A p
= 2(t) = —— + Cexp (At)
when things are in multi-dimensions:
z(t) = —A Y%+ C exp (At) b is column vector (165)
lett = 0:
z(0)=—-A"tb+C
1 (166)
= C = (z(0)+ A 'd)
substitute in C":
z(t) = —-A"tb+ (z(0) + Ailb) exp (At) (167)

10.6 find expression for [/"(X 0):

t
10.6.1 generic MSE loss for f!in

we use version 2:

da(t) 7n(8,fji“(X,9))T aC
of

dt o0 in(x,0)
. T
= 777(8f0((;;’9)> 8f%if(i,9) using property of linearlised model Eq.(155)
d lin lin
N fi™(Xx,0) _ afim(x,0) do(t)
dt 00, dt
o afgi"(x,e)(afo(x,e))T aC
Y 96 afin(x,0)
ocC
= —n0g(X,X) ————
100 i 0)

(168)
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assume C' is MSE:

dfi"(x,0)

TR —nOo(X, X) (fi"(X) — V)

= —nO0 (X, X) fi"(X) + nOo (X, X)Y
———— N———

A
so by substitution, using Eq. (167), we have:
A= -nB0(X,X)
-1 _
= A7l = —(0o(x, X)) "
n
b=nOo(X,X)Y

we have:

a(t) = —A~b+ (2(0) + A7"b) exp (At)

— gLHI(t) = (@0(;&;\6))71 (neo(x,X)y)

-1
n

b

(169)

(170)

+ [0+ (oo, 0) (oo, 2) | exp (= neu(r. 1)

=Y+ (fo(X) =) exp (—nOo(X, X)t)

solution is:

fin(x 0) =Y+ exp ( — 1B (X, X) t) (fo(X) — y)

10.6.2 read-out layer only under MSE

L+1
we are using version 1 (link 1) to get expression for 8L+1(¢) from w:
in MSE context:
_ LT a1 2
¢ =@ Torty 2
1, 2
=3 §e(X) —J’HQ

H9L+1
= —na(x)" (a(x)6" " - )

dt

= —na(x) a(x) 0L (t) + na(x) Ty
| — ——

A

so by substitution, using Eq. (167), we have:

A= —na(x)Tax)
— A= %(a(X)Ta(X))‘l

b=na(x)'y
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doL+i) (agt(x,eLH))T aC
-1 80 (X, 91+1)

b

(171)

(172)

(173)

(174)

(175)



z(t) = —A71b + (2(0) + A1) exp (At)

— gLl = __71 (&(X)Trz()()) - (na(X)Ty)

+

o+10)+ —+ (a) Tat) ) - (™) exo (= na) a0

= (a(xfam)_l (a0

0+10) - (a0 Ta()) B (a0)™) ] e (= na)Tacxe)
(176)

+

look at MSE again: §j¢(z) = a(z) ' 9L+

(%) = 0 0)a() = (a(2)Ta)) B (s vaw)

+

1

o)) - () Ta@)) () Tva) | e (= nato) )
— Y+ (§0(X) — V) exp (—na(®) Ta()e)

=Y + (fo(X) = Y) exp (—nK(X, X))

177)
9t (X) can be written in various forms:
9e(X) = YV +50(X) exp (= nK(X, X)t) = Yexp (- na(X) Ta(X)t)
~ (178)
= (I—exp (= nK(X, X) 1))V + fo(X) exp ( — nK(X, X) t)
relationship between g (X') and %:
9(X) =Y + (90(X) = ¥) exp (= nK(X, X))
dg (X - .
ytd(t ) = _nR(X, ) (0(X) — ) exp (~ nK(X. X)) (179)

= (X, X) (4:(X) — V)

no close-form solution when IC(X , X) is also a function of time, however since we are dealing with
last layer, KC(X, X) is constant, therefore:

10.6.3 Two are equal!
looking at Eq. (177) and compare it with Eq. (172) side by side:

§:(X) =Y + (90(X) = V) exp (—nK(X, X))

. (180)
fN(X,0) =Y+ exp (—nO0(X, X) t) (fo(X) — V)

it looks the same as long as K (X, X') = O¢ (X, X), but wait, if one look at Eq. (132)

@iyk,(x,x') =K' (z,2")g 4
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since we fixed all the preceeding layers, and only train readout layers, so it’s like just K using last-
layer post-activation as oppose to input x and =’

this means all thereafter sections we can using either one in Eq.(180)

10.7 computing A6(t)

using gradient descend, but substituting §(X):

o oC
a - Tas
B a9:(xX)\ T oC
- ‘"( 2 ) 99:(X) s
G (X)\ .
—-n(Z2) ) -)
. T
= _77(8?%(;()) (90(X) — V) exp (—nK(X,X)t) using equation (179)
to work out AG(t):
AO(t) :/t:o %d‘r
t ~ T
= /:0 _n(ay;(eX)) (Go(X) = Y) exp (- nkK(x, X)7)dr (182)
~ T t .
= _n(ay(,;(;()) (Go(X) =) /:0 exp (—nK(X, X)7)dr
looking at:
/io exp ( — nIC(X, X)T)dT
T= . ) ,
= { — —K(X, X)71 exp ( - nIC(X,X)T)]
n =0
1. . 1 . (183)
= _;;c(x, X)"Lexp (—nK(X, X)t) + EIC()(, x)~ !
= %I@(X, A)"HI - exp (— nK(X, X)t))
Finally AG(¢):
g (X)\ T . 5
200 = —n( ) (i) - ) TR (T exp (— KX, 2t -
. T
_ (a;,g;)) (d0(X) — V) K(x, x)~1 (1 ~exp (—nR(X, X)t))
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10.8 putting togehter for ¢(x,0;)

0y (=, 0) ‘
00 660

= §(z,00) + a(z) ( _ o)

’g(xv et) = Q(I,eo) +

26(t)

)>T (90(%) = ¥) K, 2) 71 (T = exp (= n(X, X)1))
a6
(@, 00) — a(@)a(X) " (G0(X) — Y) K, x)! (1 — exp (— nK(X, X)t))

= i(x, 00) — a(x)a(X) " (Go(X) — V) K(X,X)"! (I —exp (= nK(X, X)t))

= §(x,00) — K(z, X) (§(X, 00) — ¥) K(X, X))~ (I —exp (- nK(X, X)t))
(185)

10.8.1 simillarly for f!in

looking at pattern, you will see that:
Fi,0) = F(w,00) = Oo(a, X)(£(X,00) — ) O0(X, &)~} (1= exp (— nO0(X, X)t) ) (186)

10.9 expectation and variance

mean
E[§(z, 04)] = E[g(x, 00) — K(z, X)(§(X, 60) y) K(x, x)~ 1(1 —exp (= nK(X, )1) )]
=E[§(z,00)] — E[§(X, 00)] IE[ -1 (I —exp (= nK(X, X)t ))]
=0 =0

+ JE[IC(;E X) VKX, X)L (I —exp (= nK(X, X)t))]
= IE[ (z, X)YE(X, X)~ (I —exp (= nK(X, X)t))]

= K(z, X)K(X, x)~1 (I — exp (— nK(X, X)t))y deterministic in infinite width

(187)
variance
9(x,0:) —E[§(x,0,)]  letinfinite width

=iz, 00) — K(z, X) K(X, X))~ (I — exp (= nK(X, X) t)) 9(X,00) —

— K(z, X)K (I—exp nICXX)))y
=§(w,00) — K(w, X) K(X, %) (T exp (— nk(X, X) t)) (X, 60) (188)

+ Kz, X) K 1( —exp (- nICXX)t))y

— K(, X)X, 2) 71 (1= exp (= nK(X, X)) )Y
=ij(,00) — K(z, X) K(X, x)~ ! (1 — exp (= nk(X, X)t) ) 9(X,00)

then:
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Var[§(z, 0t)]
=& (92, 00) ~ E[3(x,00]) " (3,00~ E[o(a,00)] )]

= E[ (9=, 60) — K(w, &) K(X, X)7" (1= exp (= (X, X)t) ) §(X,00))

(i, 00) — Kz, 2) K (2, )~ (1 — exp (= nK(, X)1) ) (X, 90))T]

(189)
knowing that when ¢ = 0:
cOv[ (z,00) , §(X, 90)] =E[g(x,90y(x eo)T] = K(z, X)
Cov[§(X,00) , (,00)] = E[3(X, 60)3(,00)T | = K(X, )
Var[ (x,00) , §(z, 00 ] = [y(z 80)4(z, o) ] K(z, )
(190)

K, X) K2, 2) 7 (1 exp (— nk(X, X)1) 5(X.00)))

~

symmetric

= (9, 60)T (X, )7} (1= exp (= (X, X)1) ) K(X, 2) )

symmetric

Var[§(z, 6:)] =E[g(z, 60) §(, 60) ]
- E[y(m, 00) 5(X,00) T K(X,x)" (I — exp (- nK(X, X)t)) K(X, a:)]
— E[K(2, ) K(%, %) (1= exp (= nk (X, X)t) ) 3(X, 00) (, 60) |
+ E[/C(z, X) K(x,x)"t (1 —exp (= nK(X, X)t)) 9(X,00)9(X,00) TK(X, X))~ (1 —exp (= nK(X, X)t))IC(X, ]
=K(x, )
— K(z, X) /C(X,X)*l(l —exp (= nk(X, X t)) K(X, )
- K(z, X) K(X,X)—l(l — exp (= nK(X, X) t)) K(X, )
T K(x, X) K(X,X)~ (1 —exp (= nK(X, X t))IC K(x,x)! (1 —exp (= nk(X, X)t))IC(X,:c)
=K(z,z) — 2K (z, X) K(X, X)~! (1 — exp (= nK(X, X)t ))
T K(x, X) K(X, X)L (1 —exp (— nK(X, X)t ) (I —exp (— nK(X, X)t))IC(X,m)

=K(z,z) — K(z, X) KX, X)"! (21 — 2exp (— 7K (X, X)t) ) K(X,z)

+ K(z, X) K(X,X)fl(l —2exp (— nK(X, X)t) +exp (— 27]K(X7X)t)>IC(X,x)

(191)

terms outside of the red bits are the same:

Var[§(z, 0,)] = K(z, z) — K(z, X) K(X, X) ! (1 — exp (- 20K (X, X)t))IC(X, z)  (192)

47



10.9.1 similar in ff

® mean:

E[fi"(2,0,)] = O(x, X)O0(X, X) " (1 —exp (- n@o(X,X)t)>y (193)

e variance:

Var[ /1" (z, 0¢)] = ©o(x,2) — Oo(w, X) O (X, X)! (I —exp (— 2700(X, X)t)>eO(X’x)
(194)
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11 Infinite width networks are linearized networks

for every z € RN0 with ||z||2 < 1 with probablity close to 1 over random initialization:

lin

sup || fe(z) — f¢"[l2
t>0

[16: — Goll2 1
sup ————— =0Mn 2) as n— o 195
A (n”2) (195)

sup |©: — Ol »
t>0

check relevant publications for the proof
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