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1 Abstract

Variational Bayes has been one of the cornerstones of generative models in the deep learning era. They
have been around for many years after the seminal VAE paper [?]. In this tutorial, I will try to explain
variational models, and more importantly, I will show detailed derivations that not only make this tutorial
self-contained, but also help machine learning beginners understand how these equations are derived. I’ll also
show some recent extensions to VAE, including Importance Weighted Autoencoders, adversarial variational
bayes, Variational Autoencoders, Relation to VAE-GAN, Gaussian Mixture Model Variational Inference,
Stick-breaking VAE and Normalized Flow, and of course, the last but not least, the noise diffusion model

2 Introduction

Variational Bayesian methods have been around for decades. Traditionally, it has been used to approximate
complex distributions by the most common mean-field approximation.

2.1 Maximum Likelihood Estimation

Firstly, let’s have a look at the good old maximum likelihood estimation:

0 = argma lo i 1
g1 x Y logpo(x:) (1)

=1

as many models are defined in terms of their latent variables z;, then we must specify p(x;) as a marginal
distribution:

§ = arg max lo / Xi, Zi
gr ; g | polxi,z)

= argénaleog/ po(xi|zi)p(z:)
i=1 Zi

the last term can be approximated by:

n ng
~ arg gnax Z log Z po(x; |z§3)) zij) ~ p(z) (3)
=1 =1

However, the reason for not using it is because sampling from p(z) may be inefficient, i.e. the corresponding
p(x|z) may receive a very low probability. So ideally we want to use p(z|x) to generate samples. Of course,
this is easier said than done. So the intuition here is for us to approximate this integal by sampling from a
"simpler” distribution ¢(z|x) that approximates p(z|x).



3 let’s talk about ¢(z|x) =~ p(z|x)

dropping index i, we want to have a good estimator of log p(x|0), we know:

log po(x) = 10g/p0($72)

—tog [ 220820, ol 4)

=log |:]EZNQ¢(Z‘Z> (%)}

in the above, log(E[.]) is not that useful, so we maximize its lower-bound, i.e., ELBO
(Let’s wait to see that the un-useful expression is actually the basis of IWAE)

0)
> Eogyzl2) {log (pe z,2] )] by Jensen’s inequality

- Ez~q¢(z|z) [lOg(pe(x Z|0)] z~q¢,(z|z) [IOg((Lﬁ('Z‘x)] (5)
= ELBO(¢)
= ELBO(¢, 0)

The advantage of ELBO is it has no “model conditional” p(z|z) = T ;z(j)z) (it’s hard to obtain). It can

be approximated by monte-carlo, using integral of k£ samples, where samples are from “proposal conditional”

q0(z]z)

3.1 monte-carlo approximation

ELBO(6) = E.vyy (o1 [bg <q¢<(xlm)>)}
= w0 =3 o (3575}

where 27 ~ g4 (z|z)

note that ELBO(¢) is a k samples approximation of Monte-Carlo expectation.
By LLN:

kli_{n ELBO(¢) = ELBO(¢) (7)

4 Evidence lower bound (ELBO)

4.1 Expression ELOB

knowing;:

ELBO(¢) = IEZ~q¢>(ZIX) {log (q:((zz\)x) /’r*(X‘Z)>]

= [10g (qf((‘)x) /m:x\z))qasmx)Dz

there are two main ways of expressing ELBO in literature:




o split one

:/10g/1«/(X\Z)CI¢>(Z|X)DZ+/10g<qf((zz|1()>q¢(z\x)Dz
— Ea o [ 1o (x12)] — [ log (%)%(z\xmz ©)

= Eprg, (zx) [ 108 po (x|2)] — KL [g4(2]x)||p(2)]

the advantage is that we can express it in terms of the KL. Let’s look at split one, we can view the
aim of ELBO ¢ to be finding alignment between g4 (z|x) with the posterior po(z|x):

ELBOg,¢) = IEZN%(Z‘X) [logpo(x\z)] + —K]L[q‘ﬁ(z\x)ﬂp(z)}

(10)

alignment with likelihoodpg (x|z) alignment with prior p(z)

Therefore, we can see that g4(z|x) is the balance of the two alignments. This will be illustrated again
the VAE-GAN

o split two

— [towsuxi2 ptadastabpa + [0 (L YaotaloDz

11
=E N%(z‘x)[loglm(x z)] — /logq¢(z|x)q¢(z|X)Dz (11)
=E, 2~ay (2]%) [logp(,(x 7) — logq¢(z|x)]
o split three

There is no reason ¢(z|x) be used. p(z|x) may also be approximated by ¢(z) as well. In this case, we
have:

ELBO(@@) = EZN%}(Z) [log pe(x,2z) — log Q¢(Z)] (12)

We will document which split papers are using of the following literatures:

4.2 Purpose of Variational Bayes using ELBO
4.2.1 to approximate po(z|x)

We already stated that p(z|z) = [p;Z(‘;L) is difficult to compute. Jensen’s inequality did not explicitly stating

what is actually missing between log ps(x) and ELBO(¢), so the extract expression is:

log(po(x)) = log(pe(z, 2)) — log(pe(z|z))
- (5~ (5609
= Jateorios (G55 oo (- fateones (25 )0) (Y
ELBO(¢) KL(qg (z|x))llpe (2|x)

= ELBO(¢) + KL(ps (z|)[lgs (2]2))

Maximizing ELBO has the same effect as minimize KL, which means VB allow g4(z|z) to approximate

po(z|).




4.2.2 perform Maximum Likelihood
to perform MLE:

6= arg max log po (x4
max g (o)

Q

arg maxz ELBO(¢) approximated by lower-bound
0,0 =1

Q

arg maXZ ELBOg(¢) further approximated by MC integral
0,0 =1

argmaxz Z[lg(p"“))} 2 ~ go(]a)

(27 |z)
po(z, z i ;
= argmaxzz [log <q¢ Zjlm)))} 2~ qp(2|2)
0,0 i=1 j=1

(14)



5 Importance weighted auto-encoders

5.1 TWAE,

this section is to explain [?]. Looking at Eq.(H), we know the following identity:

, 2|0
log po(z) = log |:Ez~q¢(z\z) (M)}

q0(z|z)

the goal is to approximate the above; however, let us first define an expression:

Imk = log

ol x|Z(J) (J))
Z o ( z(7)|ilf (15)

j 1

Note that although IWA\Ek looks like ELBOg(¢), Imk was merely an expression inside the monte-
carlo integral. Itself is a random variable, it’s not an approximation to expectation. In fact, we need to
“arm” it by putting this expression inside an Expectation, to make it functional:

IWAE, = E IWAE
w k {z(j)Nq(b(z\z)},,c 1 |: k]

(J) (J)

po(z|z )

-E lo

(s} [g ; » Z(a>|x ” (16)

(J) (J)
po(z|z (=9
lo E | | T
/(1) /(k) g|: o de z(])|x :| 9s(27"|)

=1

in summary, IWAE itself is an expectation of the expression ﬁvﬁk. So if one is to approximate IWAEy,
one must sample, sample-set {z, ..., 2"} multiple say n times.
Now looking at what happens when we have k =1 and k = oco:

5.2 IWAE;
what if we have k = 1, by looking Eq.(@)7 we have:

—

IWAE: =B, (), (.1a) [IW E1

ol :c|z(1) (D)H

= ]Ez(l)rvq¢(z|x) [log [ 2CO)

(17)

= ELBO(¢)

5.3 IWAE,
in fact, there is no need to explicitly proving IWAE,, we can use the fact that Vk:



- 1 po(z]z9)p(z")
IWAE), = ]E{Z<j>~q¢(z|z)}j:1 [log {(k E CM)H

Jj=1
k GNYp (D)

B N [ €8 G E e

{sz%(z\z)}j:l k ~ 46 (z0|z)

k (J) (J) 1) (1) k (18)
=log = / / Zpo (z]2 G ) ) _|_/ po(z|z (1)>p(z o (zV]2) H (29 |z)
@ W \ = ae(zY |9E 20 gs(zW]x) ol
=pg ()

= log kpgk(x) q¢(z(1) |z) cancels out in numerator and denominator
= logpy(z)

since the upper-bound of IWAE, = pg(x) Vk, then, by proving section(@), we can deduce:

IWAE.. = py(x) (19)

5.4 Tighter bound

it can be proven that:

ELBO = IWAE; < IWAE; < - < IWAE., = log ps(z) (20)

5.4.1 proof of why k > m — IWAE,; > IWAE,,

First, intuitively, the following is true:

|:wJ1+

+wjm] _wir -t wg
m

k
In words, the “average of a uniformly generated sub-set equal the average of a full-set”.
More formally, it means is that given m < k, you are selecting uniformly a subset of m elements from k
available data. Then, instead of perform true average on k-element data, you are performing an average on
the m-element subset.

EI:{jl ----- Jm} (21)

In Eq.(R1), it says the expectation of the “average of uniformly-drawn sub-set”, equal the value of true
average. Note the above should not work when m > k. Also note that the original set {w1,...ws} does not
need to be stochastic.

Now we apply the above lemma to IWAE equation:

B B k
1 x|z(]) (J))
IWAE; = E 1 — —_—
k {z(j>~q¢(z|x)}f:1 ) k g q<f7 Z(J)|"L'

true average

zlz Jt) 5 (7t)
log | Er=gjy....jm} { Zpel))] ” apply Eq.(21)

2 (3t) |:L‘

=E
{Z<.7‘>~q¢<zlz)}j:1 L

expectation of “average of uniformly-drawn sub-set”

E E | Po x‘ (Jt) (Jt)) by J .

> ) —1j ; o _ - ensen’s inequalit

= {Z(])qu)(zlm)}::1 I={j1,-.jm} |1O08 2 o Z(Jt |x) Y q y
(22)



Now looking at IE{ [Er=(j1.....im} -], these two nested expectation is computed over the

2 gy (2] I)}k
probability, by first selecting k i.i.d samples from q¢( |z), and then select m subset from it. (However, the
above may possibly result duplicating values of z(%) )

So the two integral can combine together:

1 m|Z(Jf) (]f))
=E, . m |log | — s Rt 7
{Z<u>~q¢,(zlz)}t:1 {Og [m 2 gt>|x)

m (])

1 o (|2 (J)) )
= IE{ZQ)N%(Z‘Z)}:; [log [m Z W drop index of ¢

j=1

Ms

(23)

=IWAE,,

we have proved k > m — IWAE,; > IWAE,,



6 Variational Auto Encoder

it uses the split one of ELBO derivation:

ELBOg,4) = Ez~q¢(z\x) [log/)u(x z)} — KJL[q(b(z\x)Hp(z)} (24)

note that if we use split one:

ELBO(4,4) = Ezng, (z]%) {log po(x,z) — log q¢(z|x)] (25)

although it’s the same thing, but we cannot have a nice KL interpretation.

6.1 VAE algorithm

during each iteration of gradient descend, the gradient is computed as:

get mini-batch {x}
z ~ qo(-|x)
re-parameterization:
e~ N(0,T)
z = Encoderg(x, €)
= po(x) + Tp(x) X €

A x —veELBO(97¢) (X, Z)
Agf) = —V¢ELBO(97¢) (X, Z)

(26)

if we have just one z; to correspond to a x;, then we basically draw a single sample from each distribution
g¢(zi|zi) to approximate ELBO including the KL part

6.1.1 evaluating log po(x|z) through reconstruction loss

under traditional variational inference logpo(x|z) is evaluable.
However, in the typical settings of VAE, for example where x is images, log pg(x|z) can not be evaluated.
This is of course where the backward decoder becomes helpful to evaluate it, i.e:

% = Decodery(z) (27)

therefore:

po(x|z) = p(x | Decoderq(z)) by VAE
o exp ( — d(x, X = Decodery(z)))

28
:exp(fd(x, 5()) (28)
= logpo(x|z) = —d(x, %)
making the first term just the average reconstruction loss, we may rewrite ELOB again for VAE:
ELBO(5,4) = Eaay (alx) [ 10g 10 (x/2)] — KL go(2|%)||p(2)] (29)

= EznBncodery (x) [ d(x, Decodery (z))} — KL {Encoderqg(x)Hp(z)}



6.2 some points to note
o Encoder,(x) is actually a re-parameterized probability density function g4 (z|x), whereas the Decodery(z)

is only part of the probability of py(x|z)

o p(z) are to evaluate KL [y (2[x)|[p(2)], it is not used for sampling. Therefore, in theory, one may use
very complex p(z) form, as long as it’s evaluatable

o Encodery(x,€) is a single inference network

6.3 relationship with VAE-GAN
6.3.1 why VAE generate blur image

Due to the claim that VAE’s decoder (used for reconstruction) may not be as effective as GAN’s gener-
ator (Gen®AN). A popular explanation of why VAE may generate blur image: one explanation is that if
reconstruction loss was d(x, Decodery(z)), and imagine Decodery(z) is a blur version of x, then, their VAE-
reconstruction loss is in fact small (They can be “content-wise” similar, but “style-wise” different - think
about an image and its Gaussian smooth version can have small Ly loss). GAN on the other hand has no

individual reconstructions. Therefore, it is looking for global distribution similarity (style loss)

6.3.2 VAE-GAN loss

Therefore, we can do the following, and we also change the objective to minimization instead of maximization.
By letting DesPN to be the I*® layer of Discriminator (therefore, DesfN € R™ whereas Des®4N ¢
(0,...1)). Of course the GAN objective will be able to train Gen®*N and Des®AN

—ELBO(g,4) + GAN = E, g, (z/x) [ — log po(x|2)] + KL[Encodery(x)||p(z)] + GAN
= EzNEnCOder¢(x> [f(/(x. L)(‘,('o(lor(;(z))] + KL [q¢(z|x)\|p(z)] + GAN

replace keep alignment with prior
= Ezngy(aln) [ — log ps (T)(xx;';‘\’\] (%) ‘ Des AN (Do(‘ud(su;(zy‘)))} + KL [Encodeer)Hp(z)] + GAN
= Bz (alx) [ —log \'(Des{ (x) ; Desf"*™ (Decoders <;z‘)>)] + KL [Encodery (x)||p(2)] + GAN
(30)

Whereas in VAE-GAN-reconstruction loss rl(T)oS}:A\V(x) 4T)(‘s,(;A\I(T)(t('()(h‘l'()(z)) needs to ensure they

are “style-wise” similar features. Putting both, real data x and & from decoder & = Decodery(z) into
Discriminator.

6.3.3 notes on VAE-GAN

there could be many different implementation to the above. for example:

« if one were to replace
Ezrgy(alx) [ — log.\'(f)(w;':‘“’(x) : DesAN(Decodery (fz)))] to also update Des®AN
with
.\'(D(\\f;‘w(x) : D(‘S?i'\‘\(D(‘('od(‘l‘u(z))) —>.\'(D(\>‘f;‘w(x) : T)(‘S?i'\‘\((](\n“‘\\(z))) (31)

it makes no sense, as we are not learning decoder parameter.



6.4 KL between two Gaussian distributions

Last piece of puzzle is that, VAE objective function requires to compute KL between two Gaussians, let’s
have a look at their forms:

6.4.1 generallized for to compute KL (N (1, X1) [N (2, $2))

KL= [ [ tog 22— Le )5 (@ )+ L@ )8 e - u2>] % p(x)Da

= | 2
_ |32 -1 1 Tw—1
= Slog (22— tr {El(z — )@ — )] 571} + LBl — )55 (& — p2)]
2% 15, 2 2 )
Log 22l L iy 4 L — 0)7S5 (n — o) + S0e{5 150}
2 g|21| 2 d 2 M1 H2 2 (U1 H2 2 2 1
D _
{10 :22: d+tr{S5 ' S1} + (u2 — ) Zzl(m—lﬂ)}
substitute i1 = [p1, ... ,,uK]T and ¥, = diag(o1,...,0K), pe =0and 32 =1:
1 _T_
KL= (tr(El) + il — K —log det(Xh))
1
ST IR TSy )
k k k k
1
=3 ;(ak—l—ui—l—logai)

6.4.2 when p(z1,a2) = p(z1)p(x2) and g(w1,x2) = g(21)q(x2) (1)
KL(p, q) = — (/p(xl)logq(wl)le - /p(fvl)logp(ml)Dm)
= KL(p(z1)p(z2)lla(z1)q(z2))

( / / p(w1)p(a2) [log a(1) + log q(2)] Dexy — plar)p <x2>[1ogp<x1>+logp<m>]m1)

/ / p(22) log g(z1) + p(1)p (m)logq(m)—p(m)p(m)logp(m)—p(m)p(acz)logp(xz)]Dm)

-

(/zl /Izpml (z2) log g(z1) /z1 /12 z1)p(x2) log q(z2) /z1 /I2 x1)p(x2) log p(z1) /Il /z2 z1)p(x2) log p(ze) D2
_ ( / ) oga(o) [ o+ [ o) [ st osaten) - [ peiossien [ ) - /zlp(xl) /wp(m)logp(mz))

(

(

T2 Tl 2 1

/zlp(M)logq(le/ p(x2) log q(2) —/ p(z1)log p(z1) —/ p(Iz)logp(M))

2 1 2

/ (o) log o)) - / 1 p(m)logp(am) - ( / (o) o fz) - / 2 p(a:z)logp(xz))
KL(p(e1)lla(e1)) + KL(p(as)llg(22))

(34)

therefore,

10



KL(p(z1)p(z2)llg(z1)q(x2)) = KL(p(x1)llg(21)) + KL(p(22)[lq(x2))
k

— KL(Hpm)n Hq(xw) = S KL(p(x:)llq(a:)

=1

6.4.3 when p(z1,z2) = p(x1)p(z2) and g(x1,22) = g(x1)q(z2) (2)
let p(z) = N(pp, 0p) and q(z) = N (g, 04):

KL(p,q) = — / p(x) log g(z)Dax + / p() log p(x)Da

2 Y
= %log(erg) + 9+ (p —ta)” %(1 + log 2m02)

202
:log%z+<ﬁ++pg—uq>2 -1
—logaq—logap—szg—i-%éqf—;
let p(z) = N(p,0) and q(z) = N(0,1):
KL(p,q) = %2-&-%2 - % —logo
I

moving into k dimensions, and apply ]K]L(Hk p(xr) || T1, q(mk)) = Ele KL(p(x:)|lq(z:)):

<t (Tpeol [Towo) = 5 32 [ + % - 5 - ose’

11

(35)

(37)

(38)



7 Gaussian Mixture Model variational inference

7.1 model

Refer toll for more details.
The model was presented from the paper [?]:

w ~ N(0,T)
z ~ Mult(r)

x|z, w ~ H N(qu (w; 5),diag(o€k (w; 5)))27“ where 2z € {0,1} (39)

yix ~ N(/J,(x; 0), diag(aQ(w; 9)))

Looking at the graphical model, it may also work if w is set to a fixed hyper-parameter. Basically,
x is the z in the conventional VAE. The following is the relationship between the conventional and new
representation:

p(z) — p(W)p(2)ps(x|w, 2) (40)

note that in conventional VAE, p(z) has no parameters. The decoder part is the similar:

p(x|z) — po(y|x) (41)
7.2 choose appropriate ¢(-)
the conventional ¢(z|x) becomes:
q(x,w,zly) = [ [ 4. (%ily:) a6, (Wily:)ps (z:]xi, w:) (42)

i

the key to the paper is that the prior ps(zi|x;, w;) also becomes part of ¢(-):

ELBO = E, [p“y’xwz]
q(x,w,zly)

— i, tog (2R Cptex.a) )

» (X|¥) 0., (Wy)ps(zlx, w)
= &, log (po(ylx))] +Eq [ log (pi;fj(g;))] +E,[log (%)} +E,[log (%)]
(43)

Note that the ¢(-) used in the expectation is ¢(x, w,z|y) = go, (X|y)ds. (W|y)ps(z|x, w), therefore we
can omit terms contain variables do not appear inside the expectation. Also we rewrite the expectation into
separate terms that participate towards KL:

- (xy)
)]+Eq¢1<x\y>q¢w<w\y>%<z\xw>[log( (Zi?w))] (44)

pa(x|w,z
ELBO = Eq(xjy) [10% (Pe(.Y|X )] + By, wiyips i) Eag, (xly) [105( )]
( (
w |
| = Eagn, ety ot [ KL, (x13) 93 (xIw, 2))|

p(w)

+ Eq¢w(W\Y) [lOg ( W|y)
= Eq(xly) [10% (Pe ylx) )

— KL[gg,, (Wly)llp(w)

Thttps://arxiv.org/pdf/1611.02648.pdf

] = Eq,, (xly)ag,, (wiy) [KL(ps (z]x, w)|p(2))]

12


https://arxiv.org/pdf/1611.02648.pdf

p(zi; = Dp(x|zi,; = 1, w)

pp(zi; = 1|x,w) =
v S p(zik = Dp(x|zik = 1, w)

_ miNp(x|zj =1, w)
S p(z = k)p(x|z; = k,w)

13

(45)



8 Traditional Variational Bayes for DPMM

This is from [?] and let {n{,...,nJ, } denote distinct values of {n1,...,nn}, let ¢ = {c1,...,cn}. Looking at
ELBO, letting posterior to be p(V,n, Z|x), and we use split three:

ELBO(g,¢) = Ezngy () [log/m(x. z) — log q¢(z)]
= Eq¢(v) [log pe(VIN)] + Eqy (n+) [log pe(n”|N)]

+ Z ( 94 (Zn,V) Ing (Zn ‘V)] Bgy(zn) [Ing(X"|Z")] ) (46)

should be Eq_ (7, n+) [ 108 p(xn | Z0 %)
—Eq,v.n2)[96(V, 0", Z)]

the most important part is to realize that:

(oo}

Eq(7,0) [1082(Zal V)] = Eq(z, 3 [1og ([](1 = Vi) 2n>e 220 ) )

i=1

For example Z,, = 5, which means it does not belong to stick 1,2,3,4, but to stick 5. The reason
the rest of the sticks 6 and beyond are not involved in the calculation is because the sticks comes in this
stick-breaking order. They do not need to be part of the calculation. Then we have:

=Eqz..v) [ZIOg ((1 - ‘/i)lzn>i ‘/ilZn:i)]

=1
= S Bazawa log (1 — Vi) 7ot 1200
1=1
) 1
=3 Eqzavn log (1= Vi) 2>t v17n ) (48)
1=1
T T 1
= Eyz,.vy)log(1 = Vi)' %> 43 "Ey(z, v, log V; 7~
=1 =1
T
= a(Zn > i)Byq; [log(1 = Vi +Z Zn = i)Eq(v;) [log V]

s
Il
i

the last line because the alternative case is 1z, >; = 0 == log(1 — V;)'2»>i = 0, then we have:
q(Zn = 7') = ¢nz

q(Zn > 1) Z bn,j

J=1i+1

14



9 Stick-breaking VAE

this comes from the paper [?]. The main improvemnts is the use of Kumaraswamy distribution which
generate non-central re-parameterization.

v ~ Beta(1l, )

k—1
T = Vg H(l 71)1)
=1

O~ H

Go=>_ mko,
k=1

(50)

9.1 re-parameterization

unlike the VAE algorithm from Eq(@) where one can re-parameterize:

re-parameterization:
e~ N(0,I)
z = Encoderg(x, €)
= pg(x) + Tp(x) X €

(51)

one may not do the same if gs(vik|x) has a beta distribution, i.e., beta distribution does not generate
non-central re-parameterization. Therefore we need to have:

q(v) = Kumaraswamy (v; a, b) = abv® (1 — )"~ (52)

since one can re-parameterize it through the inverse of CDF:

v=(1- u%)% u ~ Uniform(0, 1) (53)

10 Adversarial Variational Bayes

This section is to explain [?]
it uses split one of ELBO:

ELBO(g,4) = Ezg, (lx) [log po(x

2)] KL [0 (21) [p(2)]
m}

=Ezngy(alx) [10}3’ po(x|z) — log 99

p(z)

= m$XEz~q¢(z\x) |:l(>g po(x|z) — Ty(x, z)]

= Eangy(zlx) [h)g po(x|z) — Ty(x, z)]

q¢>(2\1)
p(2)
in VAE, one needs to assume how to evaluate gq(z|x) to be some distribution, in AVB, we treat it as

black-box inference model, we only need to know how to sample from g4 (z|x)

the paper ignores structure of log

and train to obtain T} (x,z) complete separate network.

15



10.1  how do you obtain 77 (x, z)
we use the following objective function:
T (x,2) = max B By o) | 108 0T (%, 2))| + BB, ) | log(1 = 0(Ty (x,2)))] (55)

this expression looks like a logistic regression to differentiate (x,z) between p(x)qs(z|x) and p(x)p(z)
real fake
note that we didn’t use p(x,z) but instead p(x) and p(z)

10.1.1 why does this objective work?
we must prove the following lemma:

Lemma 1 by defining T}, (x, z) to be:

T (x,2) = max B0 By, i) | 108 0(T(x,2)) | + B, By [ log(1 = o(T(x, 7)) (56)
we then have:
]Ezwqu(z‘x) log po(x|z) — Ty (x, z)} = Ezw%(zb‘) [log /)H(x\z)] — KL [q¢(z\x)|\p(z)] (57)

i.e., after maxy,, we get our original ELBO back. Consequentially, we have the following overall objective:
10.1.2 overall objective

max max ELBOg,¢)

= max mgx [EZN%@‘X) []ugpo(x\z) —Ty(x, z)]]

= m;lx mfx [EZ"‘%(Z\X) [lug Po (X Z) — mfx [Ep(x)Eqd)(z‘x) [log U(Tw (X, Z))] + EP(X)EP(Z) [log(l — O’(Tw (X7 Z)))H:H
= m;xx l’an mlgn [Ez~q¢ (z]x) [l()g Yoz (X‘Z)} — Ep(x)Eq¢ (z]x) [log 0’(T¢ (X, Z))] + EP(X)EP(Z) [log(l - (T(Tw (X, Z)))]:|
(58)
10.1.3 proof is similarity to GAN’s optimum D™ (x)
look at GAN after fix G and optimize D: (see my GAN notes):

mMaXExp, () [l0g D(x)] + Exere 0 ) [log(1 = D(x)]

R 1 C N :
= D(z) = pe(@) +pl(x)

compare it with Eq(@) and to look at pattern, the best o(7*(x,2)) should occur when:

" - p(X)qu (Z‘X)
O’(T (X, Z)) = p(x)qQ(Z‘X) + ];(x)/)(z)

90 (z[x)

=27 (60)
40 (2|x) + p(2)

= —— for simple notation
q+p
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1 q
—4 =
1+ exp(=T7) q+0p
= q+p=q(l+exp(-T7)
= p=qexp(-T")

definition of o

— logZ =_71~
q
= Ty =log(qs(z|x)) — log p(z)

in summary, by calculating:

T} (3, 7) = max By ) By, i) | 108 0(T(x,2))| + B, o) [ og(1 = o(T(x,2)

— Ez~q¢(z\x) |:1()g ])()(X‘Z) - T’LZ (X7 Z)j|

g4 (zx)
=FEpg. (z1x [1()3; po(x|z) — log ]
a4 (z]x) [1O5 PO | p(z)

= ]Ezwqd)(zlx) [10}_’, Do (X‘Z)] - KL(q¢(Z|X)||p(Z))

17
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11 Normalized Flow

The first paper of VB on Normalized Flow can be found at [?7]

11.1 Revision on Change of Variable

looking at example with 1-D:
Let’s consider a simple 1-D example where y = 2z. This means f(z) = 2z and f~'(y) = ¥.
For a function g(x), we want to perform a change of variable to express it in terms of y:

[ st = ot ) |5 d
- [Ca(%) | (%) (63)
S IORT

the reason why there is absolute value is because we want to make sure that the integral is still valid

even if the function is not monotonic.
Here, ’d% )| = % is the absolute value of the derivative of the inverse function, which corresponds

to the determinant of the Jacobian in higher dimensions.

This example illustrates how the change of variable affects both the argument of the function and
introduces a scaling factor (in this case, %) to maintain the equality of the integrals.

take Integration by substitution problem to higher dimensions, and let:

let x ¢ R" and y € R"
So how are dx and dy related? in turns out that:

ox
dz; ---dxy, = ‘det (— dyi - - - dyn
N - oy — (65)
corresponding infinitesimal base volume in dx N——e reference infinitesimal base volume in dy

volume of change ratios

using Dy as the infinitesimal “reference” base volume, then the corresponding Dx (or Df*(y)) must
be:

dy x volume of instantaneous changes ratio between x and y

® (66)
©)

there are two parts to the above equation, @ “instantaneous changes ratio between x and y” can be
described by:

ox _df '(y)
= ay (67)
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which is the Jacobian matrix w.r. to y, and then, the @ is the volume of the parallelotope spanned by
the columns of this Jacobian. This is the determinant!

det (W;iy(”) ’ (68)

one can visualize it as following: given a reference rectangle volume (or area if it’s 2D): dy, through

-1
mapping function f*l(y)7 its corresponding parallelogram dx’s volume is determined by ’det (WT(”)) ‘ dy.

formally:
-1
dx1 - -dz, = |det (M>‘ dy; - - -dyn, or,
dy
01~ (y) o
dx = |det (7}/)’ dy
Oy
11.1.1 apply change of variable to probability
Pr(Yes)= /py(y) dy
S N
= / px(x)dx =Pr(Xe f_l(S))
f=s)
-1
= / px (x)|det (L(y)> ‘ dy substitute change of variable
1) oy
_ -1 af M(y)
=[xt aer (2020 ay (70
—1
= py(y) =px(f'(y)) ldet (WT’()’)) ’ things inside the integral
=px(f ' (y)) ldet ((97y> - roperty of det(.)
px y 9/ 1(y) property :
-1
= px(x) |det <8£(:)> that’s the familiar expression
11.1.2  one reason to have | det(-)]
b -1
Py <a)= [ pa(f ) (det afa—y(”) Dy
a B a -1
= ["oxtr7 o) (~ et 200 ) py )
b y
e of ' (y)
_ 1
= [ e e 22 ) oy
11.2 apply to Normalized Flow
re-writing x — z, and y — z’:
-1
p(z') = p(z)| det 8](;(:) (72)
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we let:

zx = fr 0+ 0 f20 fi(z0) (73)

starting backwards, and let zx = fx(zx-1):
~~ ——"

’

P e
(o) = plasc_) | der L5 281)
N—_—— ZK—1
Ofx-1(zx—2) | Ofx(zr-1)|
= _2)| det ————= det ————=
p(zrx—2)|de S2x s x| de Er
= po(zo) | det O(20) |7 L | ey Yrr(zr2) |70 g OFre (K1) - o
= PolZo 8Z0 (9ZK_2 aZK_1
K _
0 -
= log(p(zx) = log (po(20)) + Zlog det %
k=1 -
0
log po( zo Zlog det f;jkll)
11.2.1 Expectation
using the final equation form:
log(p(zx) = log (p(z Zlog det% (75)
o k—1
substitute it to derive expectation:
Ep i [1(2)] = Epage) [h(2K)]
:/ h(ZK)p(ZK)DZK
A (76)

:/ h(fKO~~~OfQOf1 (zo))p(zo)Dzo
= Epap) [1(fx 0+ 0 f20 fi(z0))]

11.3 variational learning of Normalized Flow

Obviously, Normalized Flow is used in a varieties of settings. However, when it is used in ELBO, it is used
in q4(z) we replace all previous representation from p — ¢, and also not explicitly writing out g4 for clarity:
let g4(z|x) = qr (zK), and substitute:

Ofw(zr—1) |

det ———=
0zp—1

log(ge(zK) = 10g qo( Zo Zlog

It us using split two of the ELBO:
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ELBO(9,4) = Ezrq, (a1 [ 10g 16 (%, 2) — log gy (z]x)]

=By mar (arc) [108 Do (%, 210 ) — log qi (zx )] using qr (zx) = qo(2z|%)
= Eagmaqo(zo)x) [ 108 p6 (%, 21 ) — log qx (2K )] qo(20) = qx (zx) by NF construction  (78)

afk Oful(zia) |
= Eagmgo(zolx) | 108 16 (%, 21 ) — log (qo(2o|x)) Zlog - }

zi replaces what was X (reconstructed x) in traditional VAE.

11.3.1 NF variational algorithm

Ofk(zk—1)

by = 1, which is not necessary, but convenient to make:

now by keeping det

K _
Z log | det Of(ze-1) =0 (79)
Zk—1
k=1
in each iteration:
get mini-batch {x}
Zo ~ qo(+|x)
re-parameterization it as:
e ~N(0,T)
Zo|X = 204 (X, €) (80)
= pg(x) + Ls(x) x €
ZK<—fIO;O"'Of260f19(Zo) decoder step
A@ X —VQELB097¢(X, ZK)
Aqﬁ = —V¢,ELBO¢9,¢(X, ZK)
11.4 How to construct such function
remaining task is to choose appropriate fi(zx—1) such that it is easy to find:
1. inverse of forward function
2. determinant of Jacobian
11.4.1 Planner
Forward mapping zx—1 — Zk:
zi = fo(Zk—1) = Zk—1 + Uh(WTZk—l +b) (81)
1. inverse
fo 1(zk) can be difficult, need careful choice
2. determinant
0z, o re T T
det =|1+h (W zZr—1+bu w (82)
0z 1

need to make sure h'(-) is bounded.
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11.4.2 Nonlinear Independent Components Estimation (NICE)

In [?], we have the following construction:
Forward mapping zx—1 — zk

each z; are separated into two portions {zS), zgf)}:

(1 _ (1)
Zy =2y

2 2 1
2 =27, + oo ()

one can also rotate the role of {z,(cl), z,(f)}, such that:

2 _ (2
Zy =2y

1 1 2
ZI(C/) = z;(g/)_l + fo (Z;(@/)_l)

1. inverse mapping
Inverse mapping zr — zr—1:
1y _ D
Zp_1 = 2y

2 2 1
20, =2 — foo) (2

2. determinant of Jacobian

Either Eq. (@) gives:

o2V ozl
BZ%))I az%))l _ { Idl(l) 0}
!
| e (md) e
9z, 0z;"” |
and Eq(@) gives (change k' — k):

9z(H 9z

1 2 ! 2
32;21 azl(cll — s, f9(2)(zgcll)
oz 92(? 0 Ly,

1 2
8z(k—)1 Bzijl

the determinant is one. the moral of the story is that this setup works for any “complex” fy(-)

11.4.3 RealNVP

Volume preserving may be too restrictive, so some NVP model is proposed, for example in [?]:

(1)
z;(f) = exp”? (z’“_l) © Zl@l + fo( 2 )

Zp—1
@ exp”’ (#200) 0
0z
(Ii> = 0 0 assume z") € R
0z, ( 1t )
0 . exp O\th-1dy

22
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11.5 Continuous time Normalize Flow

technically, it concerns most with ODE, but I leave it here for completeness. These are found in [7].

log px (x) = logpz(z) + ' 9logp(z(t)) dt

Ot
=logpz(z) + /t—O (0fé ((i)) 1) )dt see neural ODE paper (89)

z=x+ 1 fo(x(t))dt

t=0
where x(0) = x and x(1) = z, i.e, the encoder

note, we replaced the “discrete” Jacobian aa:’“ by the “continuous” Jacobian

%((?t) But essentially,

Houtput
dinput

it’s just the
11.5.1 Plannar CNF
2 = fo(zk_1) = 2r_1 +uh(w 2,1 +b) (90)

the continuous version becomes:

fo(z(t)) = uh(w ' z(t) + b)
. 0dlog p(z(t)) _ —Tr( 8hT)

ot Yoz (91)
= — T@
0z
11.5.2 Hamiltonian CNF
1 1
i) et
1
Z]((; e Z;l + fom (z§€7)1)
in alternative steps: (92)
(2) (2)
) Co
Zy = Zk/ 1T fo (zk’) 1)
the continuous version becomes: (also for clarity, we have index:
D1 =1:d1 (93)
Dy =di+1:d1+d2
dz 1 1
ddj:t)l — {fﬂ (ZDz)} Zl(c2’) 22') 1+ fo (2 k’) 1) (94)
d]i2 for(zp,) ,(c ) = Z;,) + fo) (Z;(C,)l)
therefore:
6f91 (ZDl ) =0
8ZD1
95
O (zny) %)
9z p,

. o . . . . dlog p(z(t
Jacobian are zeros in diagonal, so trace is zero. Since it’s volume preserving, therefore % =0 no
surprise!
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12 Denoise Diffusion model

12.1 data distribution g(xq)

There is a lot of focus in [?] around denoising diffusion models that claim to replace generative adversarial
networks.

Basically, the data distribution g(xo) is the only real distribution of data. Note that the notation of p
and q are swapped compared with what was in the other variational inference literature. I keep it consistent
with the original paper.

Then the trick is although we have just the marginal distribution of real data, but we can extend its
distribution to higher dimensional space, where g(x1.7|x0) can be of any arbitrary distributions.

T
q(x1rlx0) = [ [ a(xelxi-1) (96)
t=1

In here, any conditional density q(x¢|x¢—1) is going to work. But what is an appropriate distribution to
extend them to? We have chosen it to be:

q(xe|xe—1) = N (x6; /1 = Bexi—1, Bi]) (97)

12.1.1  why gq(x¢|x¢—1) = ./\/(xt; V1— ,tht_l,ﬁtl) works?

we can proof that:

q(x1|x0) = N(Xl; mx()w@ll)
q(x2|x1) = N (x2; /1 — Bax1, B21)

then:

x2|x0 = /1 — Ba2(x1|x0) + W wi ~ (0, B21) (99)

using similar derivations from Kalman Filter’s prediction (using moment matching):

x2|x0 ~ N (/1= B2 /1~ Bixo, /1= B2 B1I \/1— o+ (1)
=N(/1 =)A= B2) x0, Bi(1l — B2)I + BI)
=N(V (1= B1)(1 = B2) %0, (B1— B1B2+ B2)I)
N(mm, (1= (=B = B2+ frf2)])

N(V (1 =B1)(1 = B2) xo0, (1—(1—p1)(1~B2))T)

the reason of rewriting the last line into this form is so that we can better analyse its variance

(100)
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12.1.2 Relationship with Kalman Filter

In Kalman Filter, we have: p(z¢—1|y1:4—1) = N (ji—1,%—1) from the previous time ¢ — 1. Then in order to
compute:

p(Xt|y1:4—1) =/ p(x¢|xe—1)p(Xe—1|y1:6—1) (101)
Tt—1

However, this is instead computed using moment matching techniques, where we let random variable
Xt—1|y1:t—1 be:

Xt—1|Y1:t—1 = E[X¢—1|y1:e—1] + €1—1 er—1 ~ N(0, 2A3t71) (102)
= fiz—1 + €—1

it’s important to know that random variable x;—1|y1.+—1 and x¢|y1:t—1 are different ones.
and we attempt to write both €; in terms of €;—1:

xt|y1:i—1 = A(xe—1|yre—1) +wr  we ~ N(0,Qy)
= A(fit—1 + €—1) + W (103)
=Afi—1+ Aer—1 + Wy

mean: iy = E[x¢|y1.¢—1]:

ir = E[Afit—1 + Aer—1 + Wy

104
— A (104)
covariance: Y = VAR[x¢|y1:6—1]
=E[(Afi—1+ Aer—1 + W) (Afu—1 + Aer1 +wy) ||
= E[(Aet 14+ wi)(Aei—1 + wy) ]
=E[(Ae—1 + wy Y1 AT +w, )} (105)
=E[Ae 16 1 AT+ E[lwiwy ] Ele:—iw/ ] =0
= AE[e;—1¢/ 1]JAT + E[wiw/ ]
=AS AT+ Q
12.1.3 generalization and let t — oo
now looking at the variance of
x2[x0 ~ N (V(1 = B1)(1 = fB2) %0, (1—(1—p1)(1—B2))I) (106)
if we generalize, we should have:
t t
Xt|XO NN( H 1 _ﬁs XO s (1 - H(1 _55))1)
=t o=t (107)
t
~ N(xt; Vaixo , (1— ozt)I) letting oy = H(l — Bs)
s=1
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do you notice that x¢|xo is a Gaussian distribution
therefore, one need ay — 0:

x¢[x0 ~ N (x40, I) (108)

which basically makes it standard Gaussian noise.

12.2 proposal py(xo)

we have the proposal (but it’s written in pg(xo)) this time:

po(x0) = /po(XO:T)dxl:T (109)

It should also be extended to higher dimension pe(xo.7) to match gi.7.

The loss function is a lot more direct, in which we want to minimize the cross entropy between g(x¢) and
po(x0). However, we also bring the other dimension into it as this is where the pg(xr) and ¢(xo) “meet”.
this is important.

Eqtxo) [ — 108 po(x0)] = / — log po(x0)q(xo)dxo

X0

= /xo —log (/XLT pG(XO:T)dxl:T)q(xo)de
/x0 ~log (/XLT Mq(xm|x0)dx1:T)q(X0)de

q(x1:7[x0)
= /xo —log (EQ(XLT‘XU) [%])Q(Xo)dXO (110)
< /xo Eq(x1.71%0) [ — log (%)} 9(x0)dxo
= Eq(xo.0) [ — 108 po(x0:1) + log q(x1:7[x0)]
— £(0)

Therefore, instead of minimizing the cross entropy between ¢(xo) and pg(xo), we minimize the upper-
bound £(0) instead.

this is different to traditional VAE approaches, where the proposal distribution is used in Monte-Carlo
sampling. In here, the data (and its extension ) distribution is used instead.

12.3  expressing £(0) in terms of KL
po(X0:7)
LO) =E;,| — log ——
( ) 11|: og q(xl:T|xO)
pe(xo\xl) pe(x1|x2) .. -pe(XT—1|XT) po(x'r)
=E,| -1
a [ 08 q(x1]x0) q(x2|x1) ... q(x7|%X1T-1) ]

where py(x7) = N(0,I). note that we use forward and backwards dependencies for py(-) and q(-):

(111)
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C(@)IEq[—log(pg(XT))—lo Po(x1|x2) ... po(Xr-a|xT) - pe(XO\Xl)}

q(x2|x1) ... q(xr|xr-1) q(x1[x0)
=E, [ — log(pe(x7)) — log po(Xa[x2) ... po(Xr—sfxr) __ log 22 (XO|X1)} markov forward assumption
q(x2]x1,%0) . .. q(x7[x1-1,%0) q(x1]x0)

~ 3 log Po(Xi— 1|Xt) _logpe(XO\Xl)]

:IE[ log(pe(x
q g(po (x1) q(x¢|xt-1,%0) q(x1(xo0)

t>1

(112)

po (x¢—1]xt)
q(xt|xt—1,%0) "
the same random variable, i.e., z:—1. Therefore, we change q(x¢|xt—1,X0) in terms of ¢(x¢—1|X¢,X0):

looking at the term: log The problem is that the numerator and denominator are not about

q(Xt,Xt—hXo)
q(x:-1,%0)

_ q(xe—1]x¢,%0)q(xt|x0)

B q(xt-1x0)

q(x¢|xe—1,%0) =

(113)

substitute the above into main equation:

pe Xt—1|x¢)q(Xe—1|X0) po(Xo|X1)
L) =E,| 1 1o )
()= Ea| ~loatpatxr)) = 310w e )~ %8 o) )

]Eq[ log(pe(x7)) Zlo p9 _Po(xi—axe) Zlog xt 1[x0) —log po(xolx1)]
et q(x¢—1]%¢,%0) — x¢|X0) a(x1]%0)

]Eq[ log(pe(x1)) Zlog _poximlxe) (Zlogq X¢—1(x%0) — IOgQ(Xt\XO))—IOgIM]
7 q(xe-1fxe,x0)  \ 4 q(x1[x0)

telescope sum

X X x0|x
- ]Eq[ log(pa(xr)) = > _log pgtiﬂt) + log q(xrx0) — log q(x1[x0) — log M]
=1 Xt 1|Xt, Xo) q(X1|X0)

:Eq[flo _Poxr)_ Z og pe Xt— 1‘Xt)) logpe(Xo\m)]

X Xt, X
t>1 t— 1‘ ty &0

= KL(g(xr|lp(xr)) - Z KL(q(x:-1]xt, %0) [po(xe-1]x0)) — Eq | log po(xolx1)

t>1
(114)
since they are KL between Gaussian, which can be computed efficiently.
12.3.1 alternative expression
let’s look at the alternative expression, starting from Eq. ()
po(x1]x2) ... po(x—1|%7) po(xo[x1)
L) =E [—lo x7)) — lo —lo ]
( ) q g(pe( T)) g (X2|X1) (XT|XT—1) g q(X1|X(])
Po(Xi— 1|Xt)
=E,[-1 log P12
q Og pe XT Z og Xt‘xt 1) (115)

t>1

pe Xt— 1|Xt) (Xt—l)
—E [ 1 log ]
q Og pe XT ; (o1 [%e)q(xe)
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the last line was because we let:

ol 1) = Axexe-1) q(xe—1[xe)q(xt)
aGeere-) q(xt-1) q(xt-1) (116)
we have:
Eq[ log(pe(x1) )—Zl %—Z(logq(xtfl)—logq(xt))]
Eq[ log(ps(x7)) — > log : ll‘lzt)) (log g(x0) — log Q(XT))}
t>1 (117)
=E,| - 10% —D log pg polxeiP) o a(xo)]
t>1 q(xe-1]x¢)
= E, [KL(q(XT)Hpe(XT) — S KL(glxe-1fxe) [pa(xi-1[x:)) — log a(xo)
since the first and last term contains a sin;le r.v:
£06) = KLq(scr) o)) — 3 B [KL (gl el lpo (01 [x0)) | = H ) (118)

t>1

13 DDPM as a Stochastic Differential Equation

From the Discrete Forward Process (DDPM), we have:

= V1= Biair +\/Brer, e ~N(0,I) (119)

We can rewrite the discrete update rule in terms of a change in z, and let t >t + Atand t — 1 — ¢:

Tirar = (V1 = Beyar)Te + / Berace

(120)
Tipar — Tt = (V1= Bivar — 1) + / Brracz
1. Let us define a continuous noise function §(t) such that the discrete:
Berar = B(t + At)At (121)

2. Now, let’s look at the term /1 — B:+a¢. Using the Taylor series expansion v/1 —x ~ 1 — %x for small
x:

1= BO)AL~1— %,B(t)At (122)

Substitute this back into our difference equation:

TirAr — Tt N ((1 - 1,B(t)At) — 1) ze + / B(t) Ater
= —*5 Yz At + 4/ B \/7615

(123)
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By definition of the Wiener process:

dwy ~ N(0,dt) = dw, =~ vV Ate; where ¢, ~ N (0, 1) (124)

Substituting this into our equation:

1
d$t = _iﬂ(t)mtdt —+ 4/ 5(t)dwt (125)
The equation above is the specific SDE for the “Variance Preserving” (VP) SDE used in DDPM. If we
look at the general form requested:
dx¢ = f(x¢,t)dt + g(¢)dw (126)

or we may use the notation v(x¢,t) instead of f(x¢,t) to indicate the velocity field:

dx; = v(xe, t)dt + g(t)dwe (127)
By comparing terms, we identify:
o Drift Coefficient (f or v):
Flnt) = —5B(0) (128)
This term pulls the data towards zero (mean reversion), since 8(t) > 0 V.

— Case 1: z is positive (z > 0): the velocity f(z:,t) is negative.
— Case 2: z is negative (z < 0): the velocity f(x¢,t) is positive.

— Case 3: z is zero (z = 0): the velocity f(x,t) is zero.

therefore, counteracting the expansion of variance caused by the noise.

« Diffusion Coefficient (g):
g9(t) = VB(1) (129)

This term controls the intensity of the noise being injected.

14  Flow matching

The flow matching approach is to find a velocity field v(x¢,t) that matches the data distribution. It can be
simply formulating the Eq() by removing the stochastic term:

dx: = v(x¢,t)dt (130)

Then, for inference (or decoding), we can solve the ODE:

1

X = x0 + v(xy,t)dt
<~ <>/ (e, ) (131)
clean image noise
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In order to make the two apporaches comparable, we standardize the notation to use t = 1 as the clean
image and ¢ = 0 as the noise. (this is mainly because of making sense for the flow matching inference
Tr1 = To =+ fol ’U(JZt, t)dt)

Diffusion Models Flow-Matching
Diffusion Equation Diffusion Equation
SDE: dx; = v(x¢,t)dt + g(t)dw, ODE: dx; = v(xy,t)dt

TRAINING TRAINING

e X1 ~ data e x; ~ data

. t~U(0,1) « L~ U0,1) xo0~AN(0,1)

o x¢ = Jauxi + /1 — age e x¢ = (1—1t)xo +tx1

o €9 =v(X¢,t) ¢ V=X — Xo

o« L=|é— €3 o Dp = v(x, 1)
INFERENCE - L= lloo — vl

« 2o ~N(0,1) INFERENCE

e in steps t: 0 — 1, solve the reverse SDE e x0 ~N(0,1)

¢ solve integral:

1
X1 = Xo +/ v(x¢, t)dt
0

Here is the question then, what is the denosing step?

14.1 the reverse SDE
we also stated that the corresponding SDE of DPMM [7] is:

dx = — 2 B(t)xdt dt + /() dw, (132)
2 ——

£(x,t) g(t)
Importantly, any SDE has a corresponding reverse SDE whose closed form is given by (we will see later
it requires g(t) is independent from x):
dx = [f(x,1) — ¢°(t)Vx log p(x)]dt + g(t)dWw. (133)

Here dt represents a negative infinitesimal time step, and w represents a standard Wiener process. The
SDE needs to be solved backwards in time (from ¢ = T" to ¢ = 0). In order to compute the reverse SDE, we
need to estimate Vx logp:(x), which is exactly the score function of p;(x). We can learn the score function
which is parameterized by 6, such that s¢(x,t) ~ Vxlogp:(x). This needs to be done before solving the
reverse SDE.

dx = [f(x,t) — g°(t)se(x, t)]dt + g(t)dw (134)
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14.1.1 How to generate sample

The goal of generative models is to produce samples. We commence with zr drawn from pr(-), which
serves as the initial prior distribution by design, allowing us to tailor it according to any chosen Stochastic
Differential Equation (SDE). Also keep in mind that po is the data distribution. We can then solve the
reverse SDE to obtain a sample xg.

Of course, we can do so, only if the score function of each marginal distribution, Vz log p:(x), is known
for all ¢, i.e., we need to train sg(x,t) well.

14.2  Some mathematical foundation for Reverse SDE Eq()
The reverse SDE is from the same paper using Eq() A summary of workflow can be described as follows:

1.

The conventional SDE is expressed in drift-diffusion paradim: dX; = (X, t)dt + o (X, t)dWy, where
W represents the standard Wiener process.

. An Ito Lemma provides an additional drift-diffusion SDE when applied to a function f, i.e., for f(X:):

) dt + o 2L aw, (135)

of 1 ,0°f
¢ ox

rex) = (g + 5o g5

the above two items will be described in detail by the rest of the report from section ?? onwards.

. Then, the Fokker-Planck equation describes the temporal evolution of the probability density function

(PDF) for X; (given the correponding p: and o¢) which is analogous to the Kolmogorov forward
equation.

Oup(n) = = 0, (e )p(ee)] + 508, [ (@)l (136)

The derivation of the Fokker-Planck equation is given at B

. The Kolmogorov backward equation establishes the inverse relationship for the PDF. for s > t is

defined as

1
—Oup(zs|7e) = p(xe) On,p(ws|ze) + 3 o*(xs) 02, p(xs|2e) (137)

the derivation of the Kolmogorov backward equation is given at E, or from this YouTube video E

. Using both the Fokker-Planck equation (forward) with the Kolmogorov backward (backward ) equation,

in the paper, “Reverse-time diffusion equation models”, the authors derived an equation for the reverse
SDE, which incorporates the score function into its formulation. This is the general form.

1

dX, = (*M(xl—f) + )

Ozy_. [02(331_7) p(:vl_.r)]) dr + o(z1-7)dW; (138)

By keeping the o(z:) as constant and independent of z; (but still dependant on t) and applying the
log-derivative trick, the drift simplifies to:

Zhttps://ludwigwinkler.github.io/blog/FokkerPlanck/
Shttps://ludwigwinkler.github.io/blog/Kramers/
“https://www.youtube.com/watch?v=wrvHHNCRI7I
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— o?(1-7) — o(l1—7)

1 > ——
( pw(zi—r) mazl_, [0 (z1-7) p(xlfT)])dTJr o(x1--) dW; (139)
= x -7 x T+o(l—1
—( pu(ri—r) p(m 3 20y, D( H))d +o(l —71)dW, (140)
= ( —u(xi_r) + 02 (1 —7)0,_. logp(:m,T))dT +o(l—7)dW; (141)

compare it with dx = [f(x,t) — ¢*(t)se(x, t)]dt + g(t)dW, we see that we allow dr to be the positive
infinitesimal time step, and d¢ to be the negative infinitesimal time step. We also express o(1—7) = g(t)

. Then, As a result, many papers, [?] have developed a method to estimate the score function, which
enables the determination of X (0) by resolving the SDE from a given sample of X (7).
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15 discussion on contrastive-ness in p and ¢
the same tricks have been used in GAN, AVB, and NCE

e in GAN, since we already “operationalised”:

maxBap, (x) [10g D(x)] + Expp 0 [log(1 = D(x)] (142)

the fact that D*(z) = #ﬁ)&)() is mainly gives us an explanation of what maxp aims to obtain, in
r(x F4€4

GAN however, such property is not practically important

e however, in AVB, by proving that the maximization of:

mq@xIEp(x)E%(z‘x) [log o(T(x, z))] + Epo0 Epz) [log(l —o(T(x, z)))} (143)

then immediately, it is realized that, with some abuse of notation:

(T (x. 7)) = P(¥)4s(z[x) __ 4s(zx)
(T2 = g (alx) + p(p@) a9l + p(2) (144)
= T, (x,2) = log(qy(z]x)) — log p(z)

¢ the moral of the story is that instead of maxp f(D), we perform maxr f(D(T)):

D(T"(p,q)) = Ex~p(x [log D(T(p(x), 4(x)))] + Exqx) [log(1 — D(T'(p(x), q(x))))]
_ p(x) (145)

p(x) +q(x)

then, we can choose some D : R — [0,...1], for example, o(-), and obtain get T™(p(x), ¢(x)) into a
desirable quantity

o the same applies to NCE, where the operationalised objective is:

6" = arg max Ewp(w) [log (0 — log k:q( )]))} + kEweq(w) log [1 — U(WTO — log [k:q(w)])]
= (o(w 0" — log kq ) p+kq
exp(WTG) P
exp(wT0) +kq(w)  p-+kq

= p(w) = exp(w ' 0)
(146)

in here D(T*(p,q)) = U(WTO* — log [kq(w)])
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