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1 Introduction
I have been teaching people about Neural Networks and Convolutional Neural Networks for many years. So
I developed my own style of explaining things. Although there are thousands of blogs and YouTube videos
explaining what neural networks do, I’ve always wanted to write ”my own” teaching notes on this topic to
show the essential mathematics about neural networks and convolutional neural networks. The only prior
knowledge the reader needs to have is just basic calculus.

I started off by showing the reader the three different models at the last output layer: logistic regression
(binary classification), multinomial regression (multi-class classification) and linear regression (well, true
regression!). Then I showed people the concept of gradient descent algorithm. Then I moved on to the main
part, to show the reader what a basic fully connected neural network is, and then I end this note by showing
people what a convolutional neural network is.

To make things easier, I also try to keep expression in terms of scalars as much as possible in this note.

2 Logistic regression
Although Logistic Regression has the word “regression” in it, it’s actually used for classification. The same
goes for Multinomial regression.

2.1 motivation
Assume there are two classes of data that the classifier (with parameter θ) need to classify:

1. data x1 has label y1 = 1.

2. data x2 has label y2 = 0

3. data x3 has label y3 = 1

4. data x4 has label y4 = 0

5. data x5 has label y5 = 1 . . .

So basically, we want to build a classifier f(x, θ), such that:

1. (y1 = 1) =⇒ f(x1, θ) should be as close to 1 as possible, e.g., f(x1, θ) = 0.99

2. (y2 = 0) =⇒ f(x2, θ) should be as close to 0 as possible, e.g., f(x2, θ) = 0.005

3. (y3 = 1) =⇒ f(x3, θ) should be as close to 1 as possible, e.g., f(x3, θ) = 0.92

4. (y4 = 0) =⇒ f(x4, θ) should be as close to 0 as possible, e.g., f(x4, θ) = 0.1

5. (y5 = 1) =⇒ f(x5, θ) should be as close to 1 as possible, e.g., f(x5, θ) = 0.93

6. . . .
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2.1.1 property of f(x, θ) ∈ (0, 1)

It is obvious that f(xi, θ) ∈ (0, 1), i.e., it should be closer to 1 when yi = 1 and close to zero otherwise.
So let’s find such f(x, θ) ∈ (0, 1) that will make it happen.

Compared with previous slides, I have interchangeably used:

ŷθ(x) ≡ f(x, θ) (1)

Confused? Let’s use linear regression idea to illustrate.

2.1.2 thinking about linear regression
Linear regression is a lot easier to understand, so let me use it to illustrate:

−4 −2 0 2 4
−6

−4

−2

0

2

4

6

x

y

Figure 1: linear regression: the red line is the best fit

so for linear regression, your algorithm is to find the best line (the red line) that minimize the sum of
residuals (the blue dash lines). So basically, for a linear regression model you need define two things:

1. the model f(xi, θ∗). In linear regression, it is a line yi = m>xi + b

2. a way to measure the loss between predicted and real label: `(ŷi, yi). In linear regression it is
`(ŷi, yi) ≡ (ŷi − yi)2

So the overall loss will be:

L =
N∑
i=1

`(ŷi, yi) or L =
1

N

N∑
i=1

`(ŷi, yi) (2)

So the question is how do do the same for Logistic Regression?
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2.1.3 corresponding diagrammatic representation
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Figure 2: logistic regression: the red line is the best fit

then the question is what is:

1. the model f(xi, θ∗)

2. a way to measure the loss between predicted and real label: `(ŷi, yi)?

2.2 Sigmoid function σ
Well, we found a squashing (activation) function to map any x, i.e., f(x, θ) to be a value between (0 . . . 1):

σ(t) =
1

1 + exp(−t)

=
exp(t)

exp(t) + 1

(3)

One of the best ways to see the properties of this function is to plug the extreme points into it. Since we
are allowing −∞ ≤ xi ≤ ∞, then why not just to test them? We can very easily find:


σ(t = −∞) = 1

1+exp(∞)

= 0

σ(t = +∞) = 1
1+exp(−∞)

= 1

(4)

and let’s see what this function looks like:
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Figure 3: σ function

this is why it’s called a “squashing” function, since σ(x) squashes any number between −∞, . . . ,∞
to be between 0, . . . , 1.

2.3 parameters
Remember, our goal is to “learn” the best model in terms of its parameter θ to fit the data. However, so far,
just by looking at σ(t) = 1

1+exp(−t) , there is no θ for us to learn. So we need to insert a “learnable” θ into
this equation. This can be easily achieved by having:

t = x>i θ + b (5)

then our equation with parameter becomes:

σ(x>i θ) =
1

1 + exp
(
− (x>i θ + b)

) (6)

2.3.1 what is x>θ?
the > operation is called the inner product:

x = [x1, . . . xn]

θ = [θ1, . . . , θn]

=⇒ x>θ =

n∑
i=1

xiθi

(7)

Basically, it is just to have a sum of product between two vectors’s elements. For example:

x = [2, 3, 2]

θ = [1, 3, 4]

=⇒ x>θ = 2× 1 + 3× 3 + 2× 4

= 19

(8)

However, without loss of generality, you may view both xi and θ as 1-D number, then x>θ becomes a
product of two (scalar) number, which is also a (scalar) number.
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2.3.2 Role of θ in sigmoid function
to demonstrate, we have used θ = 0.5 and θ = 2.0 therefore their corresponding σ function becomes:

σ(0.5x) =
1

1 + exp
(
− 0.5x)

) σ(2x) =
1

1 + exp
(
− 2x)

) (9)
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Figure 4: σ(x>θ) on the left: we have σ(0.5x) (i.e., θ = 0.5). On the right, we have
σ(2x) (i.e., θ = 2)

You can see that the right hand side figure is much more steep as we are using larger θ. You should also
notice that without the b term, the zero value at the x-axis has σ function value occur at 0.5

what if we negate θ? Please see the following plots, where we have θ = −0.5 and θ = −2 respec-
tively:

σ(0.5x) =
1

1 + exp
(
0.5x)

) σ(2x) =
1

1 + exp
(
2x)
) (10)
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Figure 5: σ(−x>θ) on the left: we have σ(−0.5x) (i.e., θ = −0.5). On the right, we
have σ(−2x) (i.e., θ = −2)
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2.3.3 Role of b
let’s plot the following cases where b = −1 and b = 1:
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Figure 6: σ(x>θ) on the left: we have σ(x − 3) (i.e., b = 3). On the right, we have
σ(x+ 3) (i.e., b = −3)

.

Notice that on both cases, the plot was shifted by b amount horizontally. You should also notice that the
b value at the x-axis has a corresponding σ function value of 0.5.

2.3.4 simplifying x>i θ + b

It is much easier to write everything in the form of inner project rather than having a summation term in the
end. Therefore, x>i θ + b can be simplified by:



[
xi
1

]
−→ x̃i

[
θ
b

]
−→ θ̃

(11)

you can see that by doing so:

x̃>i θ̃ = x>i θ + 1× b

= x>i θ + b
(12)

Therefore, without loss of generality, when we have (part of ) equation in the form x>i θ, we can assume
that b term is in it.

2.3.5 Properties of sigmoid function
One of the most important property to remember for σ(t) function is that:

dσ(t)
dt

= σ(t)(1− σ(t)) it’s always positive (13)

Note that dσ(t)
dt is the derivative operator, which is used to calculate the rate of change of a curve (or

function). Although it is not necessary to understand how differentiation is calculated mathematically. But
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students need to understand what a derivative is, because understanding it is important for neural network’s
back-propagation operation.

Also it’s important to remember that the largest value of dσ(t)
dt is 0.25!

1− σ(t) = 1−
1

1 + exp(−t)

=
1 + exp(−t)− 1

1 + exp(−t)

=
exp(−t)

1 + exp(−t)
= σ(−t)

(14)

2.3.6 computing dσ(t)
dt

dσ(t)
dt

=
d
(

1
1+exp(−t)

)
dt

=
exp(−t)

(1 + exp(−t))2

=
( 1

1 + exp(−t)

)( exp(−t)
1 + exp(−t)

)
= σ(t)(1− σ(t)) it’s always positive

(15)

Question can you compute the largest value of dσ(t)
dt without d2σ(t)

dt2 = 0?

We can also compute the derivative of dσ(−t)
dt :

dσ(−t)
dt

=
d
(

1
1+exp(t)

)
dt

=
− exp(t)

(1 + exp(t))2

= −
(

1

1 + exp(t)

)
︸ ︷︷ ︸
σ(−t) or 1−σ(t)

(
exp(t)

1 + exp(t)

)
︸ ︷︷ ︸

σ(t)

= −σ(t)(1− σ(t)) it’s always negative

(16)

2.4 Another squashing (activation) tanh function:
Obviously it’s inappropriate for logistic regression, as tanh maps values (−1, . . . , 1). However, sometimes
you may want the labels to be between (−1, . . . , 1)

tanh(x) =
expx− exp−x

expx+exp−x

=
exp2x−1
exp2x+1

× expx

=
1− exp−2x

1 + exp−2x
× exp−x

(17)
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Figure 7: tanh function

2.4.1 tanh derivatives
d

dx

(
expx− exp−x

expx+exp−x

)
=

1

(expx+exp−x)

d
dx

(
expx− exp−x

)
−

expx− exp−x

(expx+exp−x)2
d

dx

(
expx+exp−x

)
=

expx+exp−x

(expx+exp−x)2
d

dx

(
expx− exp−x

)
−

expx− exp−x

(expx+exp−x)2
d

dx

(
expx+exp−x

)
=

(
expx+exp−x

) (
expx+exp−x

)
(expx+exp−x)2

−
(
expx− exp−x

) (
expx− exp−x

)
(expx+exp−x)2

=

(
expx+exp−x

)2 − (expx− exp−x
)2

(expx+exp−x)2

= 1−
( expx− exp−x

expx+exp−x

)2
= 1− tanh(x)2

(18)

2.5 Logistic Regression
now that we know how to define ŷ, we also need to define `(ŷ, y). So we resort to our favorite Cross Entropy
function:

2.5.1 formal revision on Cross Entropy
Remember from last topic, you have studied Entropy formally in which you have learned Entropy of a
distribution p is:

H(p) = −
∑
x∈S

p(X = x) log(p(X = x)) (19)

in the case where sample space S only takes on two values, say {0, 1} it becomes:

H(p) = −
(
p(X = 0) log(p(X = 0)) + p(X = 1) log(p(X = 1))

)
(20)

looking very closely, the formula for cross entropy requires just a small change from the formula of
Entropy. Let’s still look at the simple case where both q and q has the same sample space {0, 1}:

H(p, q) = −
(
p(X = 0) log(q(X = 0)) + p(X = 1) log(q(X = 1))

)
(21)
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2.5.2 example of Cross Entropy
It’s time we substitute some numbers into Cross Entropy:

1. Cross Entropy between distribution:

{
p(X = 0) = 0.3
p(X = 1) = 0.7

{
q(X = 0) = 0.7
q(X = 1) = 0.3

=⇒ H(p, q) = −
(
0.3 log(0.7) + 0.7 log(0.3)

)
= 0.949

(22)

2. Cross Entropy between distribution:

{
p(X = 0) = 0.3
p(X = 1) = 0.7

{
q(X = 0) = 0.3
q(X = 1) = 0.7

=⇒ H(p, q) = −
(
0.3 log(0.3) + 0.7 log(0.7)

)
= 0.610

(23)

note that even two distributions are identical. Their cross Entropy is not 0

3. Cross Entropy between distribution:

{
p(X = 0) = 1
p(X = 1) = 0

{
q(X = 0) = 0.3
q(X = 1) = 0.7

=⇒ H(p, q) = −
(
0.3 log(0.3) + 0.7 log(0.7)

)
= 1.203

(24)

4. Cross Entropy between distribution:

{
p(X = 0) = 1
p(X = 1) = 0

{
q(X = 0) = 0.9
q(X = 1) = 0.1

=⇒ H(p, q) = −
(
0.3 log(0.3) + 0.7 log(0.7)

)
= 0.105

(25)

compare the last two, it’s obvious that the last one should have much smaller cross entropy!

2.5.3 back to Logistic regression
Let me give you the logistic regression objective function directly!

Given a set of points and their labels (xi, yi), where yi ∈ {0, 1}, we need to find θ that minimize the
following objective function:

C(θ) = −
( n∑
i=1

yi log σ(x
>
i θ) + (1− yi) log

(
1− σ(x>i θ)

))
= −

( n∑
i=1

yi log
[ 1

1 + exp(−x>i θ)

]
+ (1− yi) log

[
1−

1

1 + exp(−x>i θ)

]) (26)

9



can you spot why the above is the Cross Entropy? where is p and q? Let’s looking at just the term inside
the summation and drop data index i:

by letting qi ≡ σ(x>i θ), the last expression is in the form of:

−
(

y︸︷︷︸
p1

log
[ 1

1 + exp(−x>θ)︸ ︷︷ ︸
q1

]
+ (1− y)︸ ︷︷ ︸

p2

log
[
1−

1

1 + exp(−x>θ)︸ ︷︷ ︸
q2

])

= −
(
p1 log(q1) + p2 log(q2)

) (27)

Hopefully, now you can see despite the complex form of Eq.(26), this is in fact Cross Entropy between
two distributions which you studied in Topic 4!

It is easy to see that Eq.(26) and equation Eq.(28) below are equivalent:

C(θ) =


−
∑
i:yi=1 log

[
1

1+exp(−x>i θ)

]
−
∑
i:yi=0 log

[
1− 1

1+exp(−x>i θ)

] (28)

You may optimize the above using gradient descend. We will talk about them together with the Multi-
nomial regression.

2.5.4 Logistic regression from a Bernoulli probability perspective
Remember all the biased coin examples you learned in the stats course?

{
Pr(Y = 1) = t
Pr(Y = 0) = 1− t (29)

You can combine both lines into a single equation: Bernoulli probability distribution:

Pr(Y = y |t) = ty (1− t)(1−y) y ∈ {0, 1} (30)

You are half-way there, we can now change t → σ(x>i θ), so we can actually define a Bernoulli
probability for a random label Yi:

{
Pr(Yi = 1) = σ(x>i θ)
Pr(Yi = 0) = 1− σ(x>i θ)

(31)

Then we can simply have x>i θ, we can maximize the joint likelihood probability:

Pr(Y|X,θ) =
n∏
i=1

[
1

1 + exp(−x>i θ)

]yi [
1−

1

1 + exp(−x>i θ)

]1−yi

=

n∏
i=1

t
yi
i (1− ti)1−yi let ti ≡

1

1 + exp(−x>i θ)

(32)

note that we are writing Pr(Y|X,θ) =
∏n

i=1 Pr(yi) and then perform a maximum likelihood esti-
mation (MLE):

θMLE = arg maxθ

( n∏
i=1

[ 1

1 + exp(−x>i θ)

]yi[
1−

1

1 + exp(−x>i θ)

]1−yi)
(33)
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However, this is different to what you have learnt previously, for example, Gaussian MLE:

θMLE = arg maxθ

n∏
i=1

N (yi;µ, σ) (34)

This time, instead of having each yi be distributed from an independent and identical (IID) distribution,
instead, in our case, each yi is distributed from an independent but non-identical distribution. They all share
the same θ, but each xi is specific only to their respective yi.

2.5.5 How can we reconcile the two?
here is the watershed moment where we can minimize the − log(Pr):

C(θ) = − log[p(Y|X,θ)]

= −
( n∏
i=1

[ 1

1 + exp(−x>i θ)

]yi[
1−

1

1 + exp(−x>i θ)

]1−yi) (35)

2.5.6 food for thought about Bernoulli
basically we need to have a way to combine the following two statements into a single line:

{
Pr(Y = 1) = t
Pr(Y = 0) = 1− t (36)

and there can be many different choices, for example:

Prt(Y = y) = (1− t)(1−y)ty or :

Prt(Y = y) = (1− t)(1− y) + py
(37)
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Figure 8: different functions to combine Bernoulli statements

2.6 Softmax function
Assume there are four classes that the classifier is designed for:

1. if data x1 has label y1 = 1, then y1 can be written as [1, 0, 0, 0]>

2. if data x2 has label y2 = 2, then y2 can be written as [0, 1, 0, 0]>
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3. if data x3 has label y3 = 2, then y3 can be written as [0, 1, 0, 0]>

4. if data x4 has label y4 = 3, then y4 can be written as [0, 0, 1, 0]>

5. if data x5 has label y5 = 4, then y5 can be written as [0, 0, 0, 1]>

6. . . .

So basically, we want to build a classifer f(x, θ), such that:

1. (y1 = 1) =⇒ f(x1, θ) be as close to [1, 0, 0, 0]> as possible, e.g., f(x1, θ) = [0.99, 0.005, 0.005, 0]>

2. (y2 = 2) =⇒ f(x2, θ) be as close to [0, 1, 0, 0]> as possible, e.g., f(x2, θ) = [0.005, 0.99, 0.005, 0]>

3. (y3 = 2) =⇒ f(x3, θ) be as close to [0, 1, 0, 0]> as possible, e.g., f(x3, θ) = [0.005, 0.99, 0.005, 0]>

4. (y4 = 3) =⇒ f(x4, θ) be as close to [0, 0, 1, 0]> as possible, e.g., f(x4, θ) = [0.005, 0.005, 0.99, 0]>

5. (y5 = 4) =⇒ f(x5, θ) be as close to [0, 0, 0, 1]> as possible, e.g., f(x5, θ) = [0.005, 0.005, 0, 0.99]>

6. . . .

Therefore, we need to have a function f(θ,x) that can transform x to [π1, π2, π3, π4]>, such that∑4
i=1 πi = 1

2.6.1 Softmax function expression
This is a beautiful function called “softmax” function. You may find a survey paper I wrote about some of
the interesting research about this function:

https://github.com/roboticcam/machine-learning-notes/blob/master/files/
softmax.pdf

A softmax function of k = 3 classes are (and you can generalize it to arbitrary k classes easily)

f(θ,xi) =

(
exp(x>i θ1)∑3
k=1 exp(x

>
i θk)

,
exp(x>i θ2)∑3
k=1 exp(x

>
i θk)

,
exp(x>i θ3)∑3
k=1 exp(x

>
i θk)

)
(38)

where θ = {θ1,θ2,θ3}

2.6.2 Diagrammatic representation
Although you can write Softmax function down in a single step, I thought it may still be useful to express
them step by step in terms of “layers”. In Neural networks, layers represent the different steps of a composite
function:

f3 � f2 � f1(x) ≡ f1
(
f2
(
f1(x)︸ ︷︷ ︸
layer 1

)
︸ ︷︷ ︸

layer 2

)

︸ ︷︷ ︸
layer 3

(39)
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u1 u2 u3

x1 x2 x3

π1 π2 π3

θ1,1
θ1,2

θ1,3

θ2,1
θ2,2

θ2,3

θ3,1
θ3,2

θ3,3

Input

Linear layer: x>i θ

Softmax Layer

from this diagram, you can tell:

1. a single data x ≡ (x1, x2, x3)

2. parameter θ ≡ {θ1,θ2,θ3}, where

θ1 = {θ1,1, θ1,2, θ1,3} θ2 = {θ2,1, θ2,2, θ2,3} θ3 = {θ3,1, θ3,2, θ3,3} (40)

Let’s look at each of layers, so we introduce auxiliary variables u1, u2, u3:

1. Linear Layer

u1 = x>θ1 =

3∑
i=1

xiθ1,i

u2 = x>θ2 =

3∑
i=1

xiθ2,i

u3 = x>θ3 =

3∑
i=1

xiθ3,i

(41)

each of the x>θi is called logit

2. Softmax Layer

π1 ≡ Pr(yi = 1|xi,θ) =
exp(u1)∑3
k=1 exp(uk)

=
exp(x>i θ1)∑3
k=1 exp(x

>
i θk)

π2 ≡ Pr(yi = 2|xi,θ) =
exp(u2)∑3
k=1 exp(uk)

=
exp(x>i θ2)∑3
k=1 exp(x

>
i θk)

π3 ≡ Pr(yi = 3|xi,θ) =
exp(u3)∑3
k=1 exp(uk)

=
exp(x>i θ3)∑3
k=1 exp(x

>
i θk)

(42)

of course, it is easy to check that:

π1 + π2 + π3 = 1 (43)

one may easily extend them to multiple K arbitrary classes
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2.6.3 Relationship between 2-class Softmax and sigmoid function

π1 ≡ π(yi = 1|xi,θ) =
exp(x>θ1)

exp(x>θ1) + exp(x>θ2)

=
1

1 + exp
(
x>(θ2 − θ1)

)
=

1

1 + exp
(
x>(−θ)

)
=

exp
(
x>θ

)
exp

(
x>θ

)
+ 1

(44)

which is identical to sigmoid function

2.7 Logistic Regression and Multinomial Regression
An perfect θ that gives zero error for all data obviously impossible. We need to find a θ which minimize
the sum of cost instead. We talk about both the two class (Logistic regression) and the k-class Multinomial
Regression (and confusingly, sometimes it is also called Softmax Regression).

We also follow what is said about the relationship between Bernoulli MLE and Logistic Regression.
Let’s draw the relationship between Multinomial MLE and Multinomial regression!

C(θ) = −
N∑
i=1

K∑
k=1

yi,k︸︷︷︸
p

log
[ exp(x>i θk)∑K

l=1 exp(x
>
i θl)

]
︸ ︷︷ ︸

log(q)

= −
N∑
i=1

K∑
k=1

yi,k

[
log exp(x>i θk)− log

K∑
l=1

exp(x>i θl)
] (45)

it is easy to see that the above can be expressed as:

−
n∑
i=1

K∑
k=1

yi,k log qi,k (46)

this is the Cross Entropy between the one-hot vector [yi,1 . . . yi,K ] and [qi,1 . . . qi,K ].
The above can be alternatively expressed as (when we have K different classes):

C(θ) =


−
∑
i:yi=[1,...,0] log

[
exp(x>i θ1)∑K
l=1

exp(x>i θl)

]
...

−
∑
i:yi=[0,...,1] log

[
exp(x>i θK)∑K
l=1

exp(x>i θl)

] (47)

2.7.1 from Multinomial distribution perspective
given we have a probability distribution of K possible outcomes, we have ti being the probability of the
ith component. Therefore, we have a probability vector t = [t1 . . . tK ], such that

∑
ti

= 1, and our
random categories Y is expressed as one-hot vector:


Pr(Y =

[
1 0 . . . 0

]
) = t1

Pr(Y =
[
0 1 . . . 0

]
) = t2

...
Pr(Y =

[
0 0 . . . 1

]
) = tK

(48)
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using a single line expression, we should have:

Pr(Y = y |t) =
K∏
k=1

tk
yk y is a one-hot vector

Pr(Yi = yi |t) =
K∏
k=1

ti,k
yi,k add data index i

(49)

Just like the Logistic regression case, if we substitute ti,k for one of the component of the softmax
function, i.e.,:

ti,k =
exp(x>i θk)∑K
l=1 exp(x

>
i θl)

(50)

then we have the joint Likelihood density (remember they are independent and non-identical):

Pr(Y|X,θ) =
N∏
i=1

K∏
k=1

[ exp(x>i θk)∑K
l=1 exp(x

>
i θl)

]yi,k
(51)

now if we take the − log(Pr):

C(θ) = − log
(
Pr(Y|X,θ)

)
= − log

( N∏
i=1

K∏
k=1

[ exp(x>i θk)∑K
l=1 exp(x

>
i θl)

]yi,k)

= −
N∑
i=1

K∑
k=1

yi,k log
[ exp(x>i θk)∑K

l=1 exp(x
>
i θl)

] (52)

2.7.2 How to find θ∗?
How may we find θ∗, such that:

θ∗ = argmin
θ

C(θ)

= argmin
θ

(
−

N∑
i=1

K∑
k=1

yi,k log
[ exp(x>i θk)∑K

l=1 exp(x
>
i θl)

]) (53)

We need to solve it using Gradient descend algorithm

2.8 Gradient Descend algorithm
It is an iterative method of finding maxima or minima for f(x), when you can not solve it analytically, i.e.,
solve for∇f(x) = 0:

xn+1 = xn − ηn∇f(xn), n ≥ 0 (54)
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Figure 9: gradient descend in 2D

A descriptive explanation is that when a person wants to go from an arbitrary location in a mountain to
a valley (minimum) in the dark, if the person is only equipped with a flashlight and can only illuminate the
vicinity, then the person goes along the steepest direction. So he/she walks in one step by η length. When
the person reaches a new location, he/she finds a new steepest direction and takes another step with η length
(both step size do not need to equal). By doing this repeatedly, the person hopes to reach the valley.

The question remains, what is the definition of the steepest direction? It turns out that it is the gradient
vector∇f(xn) estimated at the location xn.

so you can see that in order to use gradient descend, you must find the expression of the derivative
∇f(x).

2.8.1 1-D gradient descend example
Let us use:

f(x) = x2

=⇒ ∇xf(x) = 2x
(55)

Let’s pretend we don’t know how to find the minimum of f(x) = x2, we need to use gradient descent
to find it:

−4 −2 0 2 4
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(-2,4)

x

f
(x
)

f(x)

Figure 10: gradient descend in 1-D, starting at x1 = −2
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as the above diagram shows, we let x1 = −2, then, the first iteration would be, if we let ηn = 0.1:

xn+1 = xn − ηn∇f(xn)
=⇒ x2 = x1 − η × 2x1

= −2− 0.1× 2× (−2)
= −1.6

(56)

now that we have x2 = −1.6, so the gradient need to computed at x = −1.6:
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Figure 11: gradient descend in 1-D, this iteration starting at x2 = −1.6

You can iteratively apply the gradient descend to obtain x3 by

xn+1 = xn − ηn∇f(xn)
=⇒ x3 = x2 − η × 2x2

= −1.6− 0.1× 2× (−1.6)
= −1.28

(57)

you repeat the process until some stopping criteria is met. A common stopping criteria may be when
|xn+1 − xn| ≤ δ.

2.8.2 starting from x1 = 2

The same applies if we start from x1 = 2:
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Figure 12: gradient descend in 1-D, starting at x1 = 2
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as the above diagram shows, we let x1 = 2, then, the first iteration would be, if we let ηn = 0.1:

xn+1 = xn − ηn∇f(xn)
=⇒ x2 = x1 − η × 2x1

= 2− 0.1× 2× (2)

= 1.6

(58)

now that we have x2 = 1.6, so the gradient need to computed at x = 1.6, i.e.,∇xf(1.6):
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Figure 13: gradient descend in 1-D, this iteration starting at x2 = 1.6

You can iteratively apply the gradient descend to obtain x3 by

xn+1 = xn − ηn∇f(xn)
=⇒ x3 = x2 − η × 2x2

= 1.6− 0.1× 2× (1.6)

= 1.28

(59)

you repeat the process until some stopping criteria is met. A common stopping criteria may be when
|xn+1 − xn| ≤ δ.

2.9 Gradiend descend for Multinomial regression
Therefore, in the case of Multinomial regression, we just need to find the gradient, in order to apply Graident
Descend algorithm. This time, we are not pretending we don’t know how to solve for∇θC(θ)!

∇θC(θ) = ∇θ

(
−

N∑
i=1

K∑
k=1

yi,k

[
log
( exp(x>i θk)∑K

l=1 exp(x
>
i θl)

)])

=


exp(x>i θ1)∑K
l=1

exp(x>i θl)

...
exp(x>i θK)∑K
l=1

exp(x>i θl)

− yi

≡
[ exp(x>i θ)∑K

l=1 exp(x
>
i θl)

− yi
]>

(60)

remember here yi is a one-hot vector, and we let exp(x>i θ)∑K
l=1

exp(x>i θl)
to represent the softmax vector
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2.9.1 put in Gradient Descend iteration
so the gradient descend algorithm then becomes:

θn+1 = θn − ηn

(
N∑
i=1

xi

[ exp(x>i θ)∑K
l=1 exp(x

>
i θl)

− yi
]>)

, n ≥ 0 (61)

in many cases, we need to add a regulariser to the objective function:

C(θ) = −
N∑
i=1

K∑
k=1

yi,k log

[
exp(x>i θk)∑K
l=1 exp(x

>
i θl)

]
+
λ

2

K∑
k=1

m∑
j=1

θ2k,j (62)

then, the corresponding gradient descend algorithm becomes:

θn+1 = θn − ηn

(
N∑
i=1

xi

[ exp(x>i θ)∑K
l=1 exp(x

>
i θl)

− yi
]>

+ λθn

)
, n ≥ 0 (63)

What’s this λ
2

∑K
k=1

∑m
j=1 θ

2
k,j business? It’s the regulariser we added. Regulizer is beyond the

scope of this topic, I will not discuss here.

2.10 Find derivatives of Multinomial regression
Let Zk = x>i θk , we have,

∂C(θ)
∂Zk

=
N∑
i=1

∂

(
−
∑K
k=1 yi,k

[
log

(
exp(Zk)∑K
l=1

exp(Zl)

)])
∂Zk

=

N∑
i=1

[
exp(Zk)∑K
l=1 exp(Zl)

− yi,k

]
see next page

=⇒
∂C(θ)
∂Z

=
N∑
i=1


exp(Z1)∑K
l=1

exp(Zl)
− yi,1

. . .
exp(ZK)∑K
l=1

exp(Zl)
− yi,K

 =
N∑
i=1

(
exp(Z)∑K
l=1 exp(Zl)

− yi

)
(64)

If we were to differentiate with respect to θ:

∂C(θ)
∂θ

=
∂C(θ)
∂Z

∂Z

∂θ
=

N∑
i=1

xi

[
exp(x>i θ)∑K
l=1 exp(x

>
i θl)

− yi

]>
(65)

let:

pk =
expzk∑
l exp

zl
C = −

∑
k

yk log pk, where
∑
k

yk = 1 (66)
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1. when k = i:

∂pk

∂zk
=
∂
(

expzk∑
l exp

zl

)
∂zk

=

∂

(
expzk

expzk +
∑
l 6=k expzl

)
∂ exp(zk)

×
∂ expzk

∂zk

(67)

We know the identity:

∂ x
x+c

∂x
=
∂x(x+ c)−1

∂x
= (x+ c)−1 − x(x+ c)−2 =

(x+ c)− x
(x+ c)2

=
c

(x+ c)2
(68)

Therefore,

∂pk

∂zk
=

∂

(
expzk

expzk +
∑
l6=k expzl

)
∂ exp(zk)

×
∂ expzk

∂zk
=

∑
l 6=k exp

zl(∑K
l=1 exp

zl

)2 × expzk

=

∑
l 6=k exp

zl(∑K
l=1 exp

zl

) × expzk(∑K
l=1 exp

zl

) = pk(1− pk)

(69)

2. when k 6= i,
We know the identity:

∂ y
z+c

∂z
=
∂y(z + c)−1

∂z
= −

y

(z + c)2
(70)

∂pk

∂zi
=

(
∂ expzk

expzi +
∑
l6=i exp

zl

)
∂ exp(zi)

×
∂ expzi

∂zi

= −
expzk(∑K
l=1 exp

zl

)2 × expzi

= −
expzi(∑K
l=1 exp

zl

) × expzk(∑K
l=1 exp

zl

) = −pipk

(71)

3. combine the two

∂pk

∂zi
=

{
pi(1− pi), i = k
−pipk, i 6= k

(72)
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∂C
∂zi

= −
∑
k

yk
∂ log pk

∂zi

= −
∑
k

yk
1

pk

∂pk

∂zi

= −yi(1− pi)−
∑
k 6=i

yk
1

pk
(−pkpi)

= −yi(1− pi) +
∑
k 6=i

yk(pi)

= −yi + yipi +
∑
k 6=i

yk(pi)

= pi

(∑
k

yk

)
− yi

= pi − yi

(73)

3 summary of models
Now is a good time summarize what we have studied so far. The objective is to minimize the overall (average
across all data ) cost:

L(θ) =
1

n

n∑
i=1

`(yi, f(xi,θ)) (74)

looking at above, there are three elements in the above equation: yi, f(xi,θ) and `
(
yi, f(xi,θ)

)
.

Defining them gives us a unique model to solve. For example:

1. logistic regression:

yi ∈ {0, 1}

f(xi,θ) ≡ σ(x>i θ)
`
(
yi, f(xi,θ)

)
≡ Cross Entropy

(
yi, f(xi,θ)

) (75)

2. multinomial regression:

yi ∈ one-hot vector

f(xi,θ) ≡ softmax(xi,θ)

`
(
yi, f(xi,θ)

)
≡ Cross Entropy

(
yi, f(xi,θ)

) (76)

3. linear regression:

yi ∈ R

f(xi,θ) ≡ x>i θ

`
(
yi, f(xi,θ)

)
≡
(
yi − f(xi,θ)

)2 (77)

You may notice that the function `(y, ŷ) usually contains no parameter
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4 Neural Networks
Neural networks, despite the hype, are expressed in an extremely simple way:

a = σ(Wx) (78)

where a is called neuron, and σ is a nonlinear activation function. Yes, σ has been widely used for a
long time as σ! W is a matrix. x is the input. Yes, that is it! So from now on, I am just going to change σ
to σ function. However, please keep in mind that other non-linear activation function can also be used.

So it looks like the neural network is nothing more than a linear transformation W, followed by a non-
linear transformation σ, but what’s so magical about it? Let’s look at an inspiring example: suppose you
decide to fit a linear regression model to the following data: f(θ,x) ≡ U>x. Obviously, the fitting is very
inaccurate, since x and y do not form a linear relationship.

−4 −2 0 2
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15

20

x

y

Figure 14: example of x vs y, note they do not form a linear relationship

Then instead of regressing x directly on y, we now transform x→ σ(Wx) where σ(Wx) is a neural
network with activation function σ. By doing this, it has better model flexibility, which allows us to match
ŷ ≡ U>σ(Wx) with y, so we end up with the following:
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30
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Figure 15: with the help of neural network transformation σ(Wx), ŷ is fitted much
closer to y

This can be viewed equivalently to the situation after we transform x →
(
a = σ(Wx)

)
, y is now

forming a linear relationship with a = σ(W x), We can illustrate this in the diagram below:
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a = σ(Wx)
y

Figure 16: now the neurons a = σ(Wx) forms a linear relationship with y

Therefore, the neural network (here, it is σ(Wx)) has a good data representation/projection ability, and
can transform x into a, so that a will form an input/output relationship with the label y indicated by the
output layer (U>a in this case).

4.1 Feed-forward Neural Network in a nutshell
In a nutshell, a neural network operation consists of the following modules:

1. Feed-forward
this is essentially defining the neural network based model:

f(θ) = fL(. . . f2(f1(x; θ1); θ2) . . . ), θL) (79)

Remember we discussed the idea of having layers to represent composite functions in Eq.(39). There-
fore, each function fi with associated parameter θi is the ith layer (neural network + output layer).
and:

θ = {θ1, θ2, . . . θL} (80)

2. Back-propagation
Once we have defined our feed-forward model, we need to put it in a gradient descent framework,
i.e.,

θt+1 = θt − ηt∇θfL(θt) (81)

so we must know how to compute∇θf(θt), through a process called Back-propagation

4.1.1 Something to remember about derivatives
We know all about it already from high school mathematics:

1. Product rule:

∂f

∂θ
(f (θ) g (θ)) = f (θ)

∂

∂θ
g (θ) +

∂

∂θ
f (θ) g (θ)
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2. Derivative of sums:

∂f

∂θ
(f (θ) + g (θ)) =

∂

∂θ
f (θ) +

∂

∂θ
g (θ)

3. Chain rule

∂f

∂θl
=

∂

∂θl
fL(. . . f2(f1(x;θ1);θ2) . . . ),θL)

=
∂fL

∂fL−1

∂fL−1

∂fL−2
. . .

∂fl+2

∂fl

∂fl

∂θl

(82)

4.2 Look at Neural network systematically
Let’s try something new! For this illustrative example, let’s use Linear Regression for the last layer. So
instead of having the last layer output ŷ to be σ function, or softmax function, let’s make ŷ ∈ R instead
(easy!):

Furthermore, in order to distinguish the parameters related to the last layer from those related to the rest
of the neural network, i.e., instead of using the generic θ for all the parameters, we now refer the last layer
(linear regression) parameters as U and the neural network parameters W and b.

ŷ = U>σ(Wx+ b)

= U> σ(Wx+ b︸ ︷︷ ︸
z

)

︸ ︷︷ ︸
a

= U>a (83)

let ŷ be a scalar as we are dealing with a regression output layer. However, if you are given a classifi-
cation problem, then softmax needs to be used.

X1

X2

X3

1

a1

a2

a3

ŷ `(y, ŷ)

HiddenInput Output

ŷ = U>σ

([
w11 w12 w13
w21 w22 w23
w31 w32 w33

][
x1
x2
x3

]
+

[
b1
b2
b3

])
(84)

then we should have, let ŷ = U>σ(·):

`(y, ŷ) ≡
1

2
(y − ŷ)2

∂`

∂ŷ
= y − ŷ

(85)
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4.2.1 the accompanying example
Instead of just throwing symbols at you, I think it would be helpful to attach some numerical examples:

X = [2 1 2] y = 1

W =

[
1 0 1
1 −1 0
0 0 2

]
b = [1 1 1]

U = [−1 1 1]

(86)

we will use this example to illustrate every stage of the feedforward pipeline:

4.3 Feed Forward layers
the feed forward layer operates in a pipleline moving forward, so let’s have a look at it in each forward
operations:

4.3.1 computing z

Let z be an auxiliary variable, the value of the linear layer:

z1 = W1,:X + b1 =
∑
i

W1,ixi + b1

=W1,1x1 +W1,2x2 +W1,3x3 + b1

z2 = W2,:X + b2 =
∑
i

W2,ixi + b2

=W2,1x1 +W2,2x2 +W2,3x3 + b2

z3 = W3,:X + b3 =
∑
i

W3,ixi + b3

=W3,1x1 +W3,2x2 +W3,3x3 + b3

(87)

where Wi,: meaning the ith row of the matrix W. For example, using our example:

W1,: = [1 0 1]

W2,: = [1 −1 0]

W3,: = [0 0 2]

(88)

by substituting our examples and compute z:

z1 = 1× 2 + 0× 1 + 1× 2 + 1 = 5

z2 = 1× 2 + (−1)× 1 + 0× 2 + 1 = 2

z3 = 0× 2 + 0× 1 + 2× 2 + 1 = 5

(89)

Looking at Wi,j , we can realize a few properties:

1. altering the value of Wi,j , only zi will be affected.

2. altering the value of xi, all {zi} will be affected.
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4.3.2 computing a

f(·) is the non-linear layer, which applies to each of the zi individually:

a = σ(z) =

σ(z1)σ(z2)
σ(z3)

(90)

meaning that if we alter the value of z1, a2 = σ(z2) and a3 = σ(z3) will not be affected!
The remaining question is which function f can be suitable? Yes, you guessed right! It’s our famous

sigmoid function from Eq.(3), (or less commonly, tanh function):

σ(t) =
1

1 + exp(−t) (91)

by substituting our examples and compute a:

σ(z) =

σ(z1)σ(z2)
σ(z3)

=

σ(5)σ(2)
σ(5)

=


1

1+exp(−5)
1

1+exp(−2)
1

1+exp(−5)

=

0.993
0.880
0.993

(92)

4.3.3 computing ŷ
ŷ = U>a

=
∑
i

Ui × ai (93)

by substituting our examples and compute ŷ:

ŷ = (−1)× 0.993 + 1× 0.880 + (−1)× 0.993 = 0.880 (94)

4.3.4 computing `(ŷ, y)
for linear regression layer, we use the square difference loss:

`(ŷ, y) =
(
ŷ − y)2 (95)

by substituting our examples and compute `:

` =
(
0.880− 1)2 = 0.0144 (96)

this means that using neural network with parameters W =

[
1 0 1
1 −1 0
0 0 2

]
b = [1 1 1] U =

[−1 1 1] will give and error of 0.0144 when it is tested with input X = [2 1 2] and output y = 1.
Obviously the goal is to minimize the average loss across all your data points, i.e.,:

L =
N∑
i=1

`(yi, ŷi) (97)

Therefore, this will become the job of the gradient descend.
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4.3.5 two layer neural network
In many data problems, one layer of neural networks may not provide all the flexibility, so we need to add
another. Now we have two layers, so the feed-forward process can be written as:

a(0) = x (input)

z(1) = W(1)a(0) + b(1) (linear)

a(1) = σ
(
z(1)

)
(non-linear)

z(2) = W(2)a(1) + b(2) (linear)

a(2) = σ
(
z(2)

)
(non-linear)

ŷ = U>a(2) (output)

` =
1

2
(y − ŷ)2 (loss)

(98)

4.4 Neural network: Backpropagation of single layer
Note that the mathematical derivations in this section will not be assessed. However, students still need to
understand the general mechanics of Backpropagation, as it can be assessed on the exam.

ŷ = U>σ(Wx+ b)

= U> σ(Wx+ b︸ ︷︷ ︸
z

)

︸ ︷︷ ︸
a

= U>a

`(y, ŷ) =
1

2
(y − ŷ)2

(99)

Careful of their dimensions:

∂`

∂W︸ ︷︷ ︸
matrix

=
∂`

∂ŷ︸︷︷︸
scalar

×
∂ŷ

∂a

∂a

∂z︸ ︷︷ ︸
column vector

×
∂z

∂W︸ ︷︷ ︸
row vector

= (y − ŷ)︸ ︷︷ ︸
scalar

(
U � f ′(z)

)︸ ︷︷ ︸
column vector

× x︸︷︷︸
row vector

(100)

4.4.1 Backpropagation for Wi,j

ŷ = U> σ(Wx+ b︸ ︷︷ ︸
z

)

︸ ︷︷ ︸
a

= U>a

(101)

If the dimension of the derivative with respect of W is too difficult to see, then we take the derivative
with respect to Wi,j for an element at that time. By noticing which a (and hence z), and x element that
concern Wi,j , we can tell that only ai, zi and xj were involved in Wi,j . In summary, by looking at the
two indices of W :

W(index of a,index of x) (102)
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If we were to compute ∂ŷ
Wi,j

(much easier, as everything is scalar):

∂`

∂W
=
∂`

∂ŷ

∂ŷ

∂a

∂a

∂z

∂z

∂W

=⇒
∂`

∂Wi,j
=
∂`

∂ŷ

∂ŷ

∂ai

∂ai

∂zi

∂zi

∂Wi,j

(103)

so what are the derivative of each of the terms?

∂`

∂ŷ
= y − ŷ

∂ŷ

∂ai
=
∂U>a

∂ai

=
∂
∑
j ujaj

∂ai
= Ui

∂ai

∂zi
= σ′(zi)

∂zi

∂Wi,j
=
∂Wi,:x+ bi

∂Wi,j

=
∂
(∑

jWi,jxj + bi
)

∂Wi,j

= xj

(104)

4.4.2 putting them together
∂`

∂Wi,j
=
∂`

∂ŷ

∂ŷ

∂ai

∂ai

∂zi

∂zi

∂Wi,j

= (y − ŷ)Uiσ′(zi)︸ ︷︷ ︸
δi

xj

= (y − ŷ)Uiσ′(Wi,:x+ bi)︸ ︷︷ ︸
δi

xj

(105)

4.4.3 now we try ∂ŷ
∂W

δ =

[
U1σ′(W1,:x+ b1)
U2σ′(W2,:x+ b2)
U3σ′(W3,:x+ b3)

]
= U� σ′(Wx+ b)

(106)

where U� x is called element-wise times

U� x =

[
U1
U2
U3

]
�
[
x1
x2
x3

]
=

[
U1x1
U2x2
U3x3

]
(107)

∂ŷ

∂W
=

[
δ1x1 δ1x2 δ1x3
δ2x1 δ2x2 δ2x3
δ3x1 δ3x2 δ3x3

]
= δx>

∂`

∂W
= (y − ŷ)δx>

(108)
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4.4.4 Something about δ

δ =

U1σ′(W>1,:x+ b1)

U2σ′(W>2,:x+ b2)

U3σ′(W>3,:x+ b3)


= U� σ′(Wx+ b)

(109)

δ is the error signal, i.e., ∂ŷ
∂z

4.4.5 Backpropagation for b
∂ŷ

∂bi
= Uiσ

′(W>i,:X + bi)︸ ︷︷ ︸
δi

= δi

∂`

∂bi
= (y − ŷ)δi

(110)

4.4.6 Gradient Descend algorithm
remember, the reason why we are doing this is so that we can put them into our gradient descend algorithm:

θt+1 = θt − ηt∇θL(θt) (111)

In the case of one-layer neural networks configuration, we have:

θ = [W1,1 . . . W3,3 b1 . . . b3 U1 . . . U3]
>

∇θL(θ) =
[
∂L(θ)
∂W1,1

. . .
∂L(θ)
∂W3,3

∂L(θ)
∂b1

. . .
∂L(θ)
∂b3

∂L(θ)
∂U1

. . .
∂L(θ)
∂U3

]> (112)

where

L(θ) =
1

2

∑
i

`
(
yi, ŷi(xi,θ)

)
=

1

2

∑
i

(
yi − ŷi(xi,θ)

)2 (113)

4.4.7 Backpropagation for xj

Note that each xj is contributed by all {ai}. It might be weird to actually perform ∂L(θ)
∂x

because x is the
data, there’s no need to do that because it’s not used for gradient descent. However, this can be useful in
many cases, as we might want to find out which part of the data is causing the most errors.
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∂ŷ

∂xj
=

3∑
i=1

∂ŷ

∂ai

∂ai

∂xj

=
3∑
i=1

∂U>a

∂ai

∂ai

∂xj

=
3∑
i=1

Ui
∂σ(Wi,:x+ b)

∂xj

=

3∑
i=1

Uiσ
′(Wi,:x+ b)︸ ︷︷ ︸

δi

∂Wi,:x

∂xj

=

3∑
i=1

δiWi,j = δ>W:,j

(114)

4.5 Backpropagation for two layers
Similar to the single layer section, the mathematical derivations in this section will not be assessed. However,
students still need to understand the general mechanics of Backpropagation, as it can be assessed on the exam.

Let’s set aside ` = 1
2
(y − ŷ)2 for now:

ŷ = U>f
(
W(2)σ

(
W(1)x+ b(1)

)
+ b(2)

)
(115)

4.5.1 Backpropagation with respect to W(2)

this is actually identical to the backpropgation of W in one-layer neural network:

∂ŷ

∂Wi,j
= Uiσ

′(zi)︸ ︷︷ ︸
δi

xj (one layer case)

=⇒
∂ŷ

∂W
(2)
i,j

= Uiσ
′(z

(2)
i )︸ ︷︷ ︸

δ
(2)
i

a
(1)
j

=⇒
∂ŷ

∂W(2)
= δ(2)a(1)> where δ(2) = U� σ′(z(2))

(116)

4.5.2 Backpropagation with respect to W(1)

ŷ = U>σ
(
W(2)σ

(
W(1)x+ b(1)

)
+ b(2)

)
= U>σ

(
W(2)σ

(
W(1)x+ b(1)︸ ︷︷ ︸

z(1)

)
+ b(2)

︸ ︷︷ ︸
z(2)

)
(117)

There is some abuse of notation and I am treating everything as scalars (without thinking of their di-
mensions):
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∂ŷ

∂W(1)
= Uσ′

(
W(2)σ

(
W(1)x+ b(1)

)
+ b(2)

)
︸ ︷︷ ︸

∂ŷ

∂a(2)
∂a(2)

∂z(2)

W(2)︸ ︷︷ ︸
∂z(2)

∂a(1)

σ′
(
W(1)x+ b(1)

)
︸ ︷︷ ︸

∂a(1)

∂z(1)

x︸︷︷︸
∂z(1)

∂W(1)

=
∂ŷ

∂a(2)

∂a(2)

∂z(2)︸ ︷︷ ︸
δ(2)

∂z(2)

∂a(1)

∂a(1)

∂z(1)

︸ ︷︷ ︸
δ(1)

∂z(1)

∂W(1)

= δ(2)W(2)σ′(z(1))︸ ︷︷ ︸
δ(1)

x

(118)

the last line tells us the recursion, where δ(l) can be written in terms of δ(l+1).

4.5.3 Gradient vanishing
did you see in Eq.(118), we have two derivative of activation function of both layers multiply together
∂a(2)

∂z(2)
× ∂a(1)

∂z(1)
.

What if we choose the activation function to be the σ-function, and remember that its maximum deriva-
tive is only 0.25 from section (2.3.5)? So if we have a lot of layers, we’ll have a lot of very small numbers
multiply together. So we may end up with the total gradient numerically close to zero!

Remember gradient descend algorithm is xn+1 = xn − ηn∇f(xn), n ≥ 0, therefore, having
gradient∇f(xn), the parameters are not updating. So your algorithm is not “learning”.

4.6 Backpropagation of an arbitrary layered neural networks
From the back-propagation of two-layer neural networks, we now put them into the “correct” form of the
matrix operations and generalize:

=
(
W(2)>δ(2)

)
� σ′(z(1))︸ ︷︷ ︸

δ(1)

x>

=⇒ δ(1) =
(
W(2)>δ(2)

)
� σ′(z(1))

=⇒ δ(l) =
(
W(l)>δ(l+1)

)
� σ′(z(l))

(119)

To apply back-propagation to any-layers neural networks:

δ(l) =
(
W(l)>δ(l+1)

)
� σ′(z(l)) (120)

1. compute δ of the last layer L:

δ(L) = U� σ′(z(L))︸ ︷︷ ︸
from feed-forward

(121)

2. Generate the whole sequence of {δ(l)}L1

δ(l) =
(
W(l)>δ(l+1)

)
� σ′(z(l)) (122)
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3. Compute gradients at each layers
{

∂ŷ

∂W(l)

}(L−1)

1
:

∂ŷ

∂W(l)
= δ(l+1)a(l)> (123)

Note that ∂ŷ

∂W(l) can be obtained as soon as δ(l+1) becomes available.
In the end we need to apply the loss function (depends the task ` and ŷ), so we will have:

∂`

∂W(l)
=
∂`

∂ŷ
δ(l+1)a(l)> (124)

5 Deep Learning: Convolution Neural Network
5.1 drawback of the traditional “fully-connected” neural networks
if we look at a classification problem:

σ σ σ σ σ

σ σ σ σ σ

σ σ σ σ σ

σ σ σ σ σ

x1 x2 x3 x4 x5

π1 π2 π3 π4 π5

Input
layer

Output
layer

Hidden
Layers

Input

1st layer: parameter θ(1)

2nd layer: parameter θ(2)

3rd layer: parameter θ(3)

Softmax Layer

What could be the problem? Well, for complex problems like image or speech recognition, one hidden
layer might not be enough. However, since each layer may have its own parameter θ(l), many parameters are
involved in total. To make matters worse, when the ”width” of the neural network becomes large (i.e. there
are many neurons in a single layer), the weight matrix W needs to have many elements. Letml−1 = |al−1|
and ml = |zl|, where | · | represent the cardinality of a vector or matrix, i.e., the number of elements. Then,
the number of elements of the weight matrix of the lth layer is:

|W(l)| = ml−1 ×ml (125)

For example, when we’re dealing with an image that might have 1 million pixels, assuming each layer of
the neural network has the same number or neurons, you’ll end up with 106 × 106 for each W(l) elements
to learn for just one layer. Therefore, the algorithm has too many parameters to learn!

5.2 Convolution Neural Networks
So how may we reduce the number of parameters from the fully connected network?. The keyword of the
day: parameter sharing
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5.2.1 1-d discrete convolution
it is best to illustrate convolution from a discrete convolution perspective. Let’s start with a 1-d convolutions.
Basically you just repetitively shift vector g on place to the right and then perform the inner product between
the corresponding part of f and g:

f = [1 0 −1 2 1 2]

g = [1 0 1]
(126)

therefore, after convolution (f ~ g), you have:

(f ~ g)(1) = [1 0 −1] [1 0 1]>

= 1× 1 + 0× 0 + (−1)× 1 = 0

(f ~ g)(2) = [0 −1 2] [1 0 1]>

= 0× 1 + (−1)× 0 + 2× 1 = 2

(f ~ g)(3) = [−1 2 1] [1 0 1]>

= (−1)× 1 + 2× 0 + 1× 1 = 0

(f ~ g)(4) = [2 1 2] [1 0 1]>

= 2× 1 + 1× 0 + 2× 1 = 5

(127)

final answer is:

f ~ g = [0 2 0 5]> (128)

5.2.2 2-d discrete convolution
let me show you a 2-dimensional discrete convolution:

f =

 1 0 −1 2
2 −1 2 1
−1 2 0 1
1 −1 1 1

 g =

[
1 0
0 1

]
(129)

let’s defining vec(A) as the operation of converting a matrixA into a vector, for example:

vec
([

1 0
0 1

])
= [1 0 0 1]> (130)

therefore, the 2-d convolution becomes:
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(f ~ g)(1, 1) = vec
([

1 0
2 −1

])>
~ vec

([
1 0
0 1

])
= 0

(f ~ g)(1, 2) = vec
([

0 −1
−1 2

])>
~ vec

([
1 0
0 1

])
= 2

(f ~ g)(1, 3) = vec
([−1 2

2 1

])>
~ vec

([
1 0
0 1

])
= 0

(f ~ g)(2, 1) = vec
([

2 −1
−1 2

])>
~ vec

([
1 0
0 1

])
= 4

(f ~ g)(2, 2) = vec
([−1 2

2 0

])>
~ vec

([
1 0
0 1

])
= −1

(f ~ g)(2, 3) = vec
([

2 1
0 1

])>
~ vec

([
1 0
0 1

])
= 3

(f ~ g)(3, 1) = vec
([−1 2

1 −1

])>
~ vec

([
1 0
0 1

])
= −2

(f ~ g)(3, 2) = vec
([

2 0
−1 1

])>
~ vec

([
1 0
0 1

])
= 3

(f ~ g)(3, 3) = vec
([

0 1
1 1

])>
~ vec

([
1 0
0 1

])
= 1

(131)

therefore:

f ~ g =

 1 0 −1 2
2 −1 2 1
−1 2 0 1
1 −1 1 1

 ~

[
1 0
0 1

]
=

[
0 2 0
4 −1 3
−2 3 1

]
(132)

Let me further illustrate discrete convolution through a 2-d example of Convolving a 3× 3 kernel over
a 5× 5 input image with padding 1 (of the first four steps), there are still 12 steps left:

5.2.3 Convolution of Continuous signals
it is a common technique used in signal processing. In continuous functions:

(f ~ g)(t)
def
=

∫ ∞
−∞

f(τ) g(t− τ) dτ =

∫ ∞
−∞

f(t− τ) g(τ) dτ (133)

For a continuous signal, it is impossible to show you the ”shift” operation, because there will be an
infinite number of shift operations. However, the same approach applies: if you were to get (f ~ g)(t′) for
any t′ 6= t, then it would be:

(f ~ g)(t′)
def
=

∫ ∞
−∞

f(τ) g(t′ − τ) dτ =

∫ ∞
−∞

f(t′ − τ) g(τ) dτ (134)
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5.2.4 properties of convolution
1. Exploiting a strong spatially (can be temporal as well if we are dealing with stock data, sound signals)

local correlation present in natural data.

2. Assume in a layer, when you apply kernel of size 5× 5, if we have 128 channels in both layer l− 1
and l, then we have something like 128 × 128 × 5 × 5 = 409600 parameters. This is much less
than using fully connected neural networks. Notice the number parameters are depend only on the
number of channels as well as the size of the kernel. It does not depends on the width of the network,
i.e., number of neurons in an image.

5.2.5 Convolution is a linear operator
as matter of fact, in 1-d discrete convolution, one may replace convolution by a matrix multiplication:

zl =Wconv ~ al−1 = [w1 w2 . . . wm] ~ al−1

=



w1 0 . . . 0 0

w2 w1 . . .
...

...
w3 w2 . . . 0 0

... w3 . . . w1 0

wm−1

... . . . w2 w1

wm wm−1

...
... w2

0 wm . . . wm−2

...
0 0 . . . wm−1 wm−2

...
...

... wm wm−1
0 0 0 . . . wm





al−1
1

al−1
2

al−1
3
...

al−1
n


(135)

you can see the rows of the matrix is just shifting one place (to the right) at the time. Compare this with
a fully connected neural network with:

zl = Wal−1 (136)

there is a lot less distinct parameters. Therefore, convolution delivers parameter sharing.

5.3 Look closely at CNN for image classification
firstly, let me show you a real convolution neural network:
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Figure 17: VGG neural network structure

This is the famous Oxford’s VGG Neural network structure. I will go through this with you in class in
detail. Also please note that the word “kernel”, “filter”, “weight (matrix)” are used interchangeably in Deep
Learning literature.

It’s better if I just illustrate the steps in its order:

Convolution→ ReLU→ max-pooling.

1. Convolution
You have seen a single convolution operation. However, I will discuss how to perform the overall
convolution operation from one layer to the next.

(a) between input and layer 1
Let x be the input data, since it’s an image, now this is a Tensor (picture it as 3-dmatrix) with
size 224× 224× 3. The reason to×3 is because it is a color image and it has 3 channels (R,
G, B). Let’s call each of the channels x1,x2,x3, each xi is just a one-channel image of size
224 × 224. Let’s call first pre-activation layer set {z(1)i }, since it has 64 channels, we have

z
(1)
1 , . . . z

(1)
64 . Each of the channel is a 112× 112 image.

Then We have filters set W(1)
1,1,W

(2)
1,2, . . .W

(1)
3,64, such chat:

z
(1)
1 = W

(1)
1,1 ~ x1 +W

(1)
1,2 ~ x2 +W

(1)
1,3 ~ x3

z
(1)
2 = W

(1)
2,1 ~ x1 +W

(1)
2,2 ~ x2 +W

(1)
2,3 ~ x3

...

z
(1)
64 = W

(1)
64,1 ~ x1 +W

(1)
64,2 ~ x2 +W

(1)
64,3 ~ x3

(137)

(b) between layer 1 and 2:
Let me show one more example, between layer 1 and 2, i.e., 112×112×64→ 112×112×
128

Then We have filters set W(2)
1,1,W

(2)
1,2, . . .W

(2)
64,128, such chat:

36



z
(2)
1 = W

(2)
1,1 ~ a

(1)
1 +W

(2)
1,2 ~ a

(1)
2 +W

(2)
1,64 ~ a

(1)
64

z
(2)
2 = W

(2)
2,1 ~ a

(1)
1 +W

(2)
2,2 ~ a

(1)
2 +W

(2)
2,64 ~ a

(1)
64

...

z
(2)
128 = W

(2)
128,1 ~ a

(1)
1 +W

(2)
128,2 ~ a

(1)
2 +W

(2)
128,64 ~ a

(1)
64

(138)

2. Rectified Linear Unit: the winning ingredient
Remember when we discussed the vanishing gradient problem by choosing σ-function as the acti-
vation function because its gradient was too small? So how do we choose a nonlinear activation
function whose gradient is neither too large nor too small? Here is the solution:

ReLU(z) = max(0, z) (139)
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U
(x
)

ReLU

Figure 18: ReLU function

this is just using High school mathematics, important property is that its derivative can only be
{0, 1}. This is useful to prevent gradient vanishing and exploding. This is much better than using
σ-function!
In terms of speed, they do not require any exponential computation (such as those required in sig-
moid). Reported around 6X speed over existing activation functions. Think about, all you need is
some IF statements.
Back to the Figure (5.3), we have:

a
(l)
i,j = ReLU(z

(l)
i,j ) (140)

3. max pooling operation
this is just simply selecting the largest value, for example if we have 2 × 2 max pooling operation,
then:

[
2.5 3.5
1.5 3.2

]
→ 3.5

3.5 9.5 1.7 6.2
1.5 2.5 1.4 3.2
7.5 6.5 1.5 5.2
2.5 10.0 2.4 0.1

→ [
9.5 6.2
10.0 5.2

]
(141)
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So you may wonder why in Figure (5.3), as you go through the layers, the image sizes becomes
smaller, for example:

(224, 224)→ (112, 112)

(112, 112)→ (56, 56)
(142)

this is because of the max-pooling operation.

5.4 CNN equation
5.4.1 Feed forward equation
let’s just examine one layer only: say when we are at layer (l − 1): we have neurons of the previous layer
a(l−1) having size N ×N neurons. Assuming that the filter Wl we applied is size m×m.

When stride 0 is used, z(l) will be of size (N −m+ 1)× (N −m+ 1). For simpler illustration and
without the loss of generality, we shift the center by

(
m
2
, m

2

)
, so when (0, 0) corner of W is coincides with

the (i, j) position of a(l−1), then the inner product result is placed at (i, j) position of z(l). This means that
z(l) indices will only run between {0, . . . (N −m+1)} for both directions. This is illustrated in the figure
below:

a
(l−1)
i

•
a
(l−1)
i+1

•
a
(l−1)
i+2

•

z
(l)
i •

a
(l−1)
i

•
a
(l−1)
i+1

•
a
(l−1)
i+2

•

z
(l)
i •

Figure 19: instead of LHS, we now use RHS

z
(l)
i,j =

m−1∑
u=0

m−1∑
v=0

W
(l)
u,v × a

(l−1)
i+u,j+v

a
(l)
i,j = σ(z

(l)
i,j )

(143)

5.4.2 CNN back-propagation
we need four derivative quantities:

∂a
(l)
i,j

∂z
(l)
i,j

= σ′(z
(l)
i,j )

∂z
(l)
i,j

∂W
(l)
u,v

= a
(l−1)
i+u,j+v

∂z
(l)
i,j

∂a
(l−1)
i+u,j+u

=W
(l)
u,v =⇒

∂z
(l)
i−u,j−v

∂a
(l−1)
i,j

=W
(l)
u,v

(144)

assume we already computed the derivative with respect to neurons at layer l : ∂ŷ

∂a
(l)
i,j

, then how may

we proceed to compute derivative with respect to neurons at layer l − 1?
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1. find ∂ŷ

∂a
(l−1)
i,j

: it involves a “filter-window” of z(l)i,j

∂ŷ

∂a
(l−1)
i,j

=

m−1∑
u=0

m−1∑
v=0

∂ŷ

∂z
(l)
i−u,j−v

∂z
(l)
i−u,j−v

∂a
(l−1)
i,j

=

m−1∑
u=0

m−1∑
v=0

∂ŷ

∂a
(l)
i−u,j−v

σ′
(
z
(l)
i−u,j−v

)
W

(l)
u,v

(145)

notice the above is to sum over a filter window

2. find ∂ŷ

∂W
(l)
u,v

: it involves entire z(l)i,j

∂ŷ

∂W
(l)
u,v

=

N−m+1∑
i=0

N−m+1∑
j=0

∂ŷ

∂z
(l)
i,j

×
∂z

(l)
i,j

∂W
(l)
u,v

=

N−m+1∑
i=0

N−m+1∑
j=0

∂ŷ

∂a
(l)
i,j

× σ′
(
z
(l)
i,j

)
× a(l−1)

i+u,j+v

(146)

not this is sum over an entire image.

It is important to know that although σ′
(
z
(l)
i,j

)
appear in both terms and they can be zero. However, as

long as one term in the summation is non-zero, then it will not be zero.
the rest of the back-propagation is very similar to the fully connected architecture.

5.4.3 automatic differentiation software
The good news is that nowadays, even if you don’t know how to calculate derivatives and the explicit formula
for calculating backpropagation, you can still write deep learning algorithms using automatic differentiation
(auto-diff) software, such as:

1. TensorFlow (Google)

2. PyTorch (Facebook)

3. Mxnet (Amazon)

With these software, all the user needs to do is specify a feed-forward deep learning architecture, then
back propagation and the subsequent gradient descent is handled automatically by the software.
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