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Motivation - Mixture Densitiy models

When you have data that looks like: Can you fit them using a single-mode
Gaussian distribution, i.e.,:

: 1 pX) = N(X|u, X)

— (27r)_k/2\2|*§ GXPJQ(X*M)TX’1 (x—p)

Clearly NOT! This is typically modelling
using Mixture Densities, in the case of
Gaussian Mixture Model (k-mixture)
(GMM):

K K
pX) = aNXlp,E) > =1
1=

1=1
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Gaussian Mixture model result

Let © = {o, ... ak, pr1, - pi, Ty - - - T}

pdflpdf [uv])

canceige!

OmLE = argmax L(O|X)
(S]

n k
= argmax > log > N (X|w, X))

i=1 =1

» Unlike single mode Gaussian, we
can't just take derivatives and let it
equal zero easily.

»> We need to use
Expectation-Maximization to help us
solving this

Figure: gmm fitting result
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Convex function

Linear interpolation of f (x)

(-0 (x)+1 (x)

f((] _ ,)'\_‘ +1y, ) f(x| ) [r—

% (I-t)x, +1x, X,

Linear interpolation of x

F((1— x1 + o) < (1 — DF(q) + txo) € (0...1)
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Jensens inequality

Using notation ¢ instead of f:

O((1=tx +be) < (1 -HP0a) +18(xe) tc(0...1)
Can be generalised further, let -7, p; = 1:

n
D (p1X1 + PaXa + - Poxn) < P1O(X1) + P2®(X2) .. Pn®(xn) > pi=1
=
n n
= ¢ (ZP:‘X/) <> pid(x)
i—1 i1
n n
= ¢ <Z p,f(x,-)) <> pid(f(x;)) by replacing x; with f(x;)
i=1

i=1

Can also generalised to the continous case, by letting fxes p(x)=1:

® ( /X - f(X)p(X)) < /X €S¢(f(Xz))p(x) = OE[f(X)] < E[®(f(x)))]
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Jensens inequality: — log(x)

®(x) = — log(x) is a convex function:

Figure: plot of ®(x) = — log(x)

when ¢(.) is convex

SE[f(x)] < E[®(f(x;))]
= —logE[f(x)] < E[— log(f(x}))]
when ¢(.) is concave

DE[f(x)] > E[®(f(x;))]
= —log E[f(x)] > E[- log(f(x/))]
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The Expectation-Maximization Algorithm

Instead of perform:
OMLE — arg max(L£(8)) = arg max (log[p(X|6)])
0 0
» The trick is to assume some “latent” variable Z to the model.

> such that we generate a series of © = {#(1) (@ .. (0}

For each iteration of the E-M algorithm, we perform:

00+ = arg max ( / log (P(X, Z|6))p(Z| X, e(9>)) dz
2 z

However, we must ensure convergence:

log[p(X|©W )] = £(©91) > £(09) Vi
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First proof of convergence: using M-M

L(01X) = In (p(X10))

:In(p(x,zm)_ln 7
pzix.0)) ~ "\ pZEn
L (px.2l) Q@)
= ( a2) Xp(zwx,e))

(%o )+ (szins)
— In(p(X|9)):/ZI (p(X . Z16) ) +/ ( %(5 9)> Q(2)
-/,

o (#229) e wioipn
>0

o 0 (;30y) a0
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Proof of convergence: using M-M (2)

Another way of knowing:

£(01X) = n (p(X10)) > [ (%) a2)

In
z

is to use Jensen’s inequality:

L£(0]X) = In p(X]0) = In /Zp(x,zw)

—n ( /z Lgi j)‘e) Q(Z))

InEqz)[f(2)]

Eg(z) In[f(2)]
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Proof of convergence: using M-M (3)

E-M becomes a M-M algorithm

_ p(X, Z|9) 2)
z:(e|X)_/z|n (W> Q(Z)+/In (m) a2)
= F(©,Q) + KL(Q(2)|Ip(Z| X, ©))

STEP 1 Fix © = ©(9), maximize Q(Z)

> L(©]X) is fixed, i.e., indepedant of Q(Z). Therefore, L(©]|X) is the upper bound
of F(©, Q).

> To make £(©]X) = F(©, Q), i.e, KL(.) = 0, we choose Q(Z) = p(Z|X, ©(9)).
Therefore:

£(O]X) = / <7(éfngeg{))p(z|x,@<g>)

STEP 2 Fix Q(Z), maximize ©

00+ = arg max ( / log (P(X, Z|©))p(Z| X, e(9>)) dz
(€] z
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Proof of convergence: “Tagare” approach (1)

£(61X) = In[p(X|0)] = In[p(Z, X, 0)] ~ In[p(Z|X, 0)]

— / In[p(X|6)]p(2]X, ©(9))dz
zes

- / In[p(Z, X, 0)]p(2|X, ©@)dz — / In[p(Z|X, 0)]p(z|X, ©9))dz
zeS zes

— In[p(X|6)] = / _p(Z, X 0)lp(z1X, 0))dz - / _, Inlp(ZIX 0)lp(z|X, oz

Q(0,009) H(0,0(9)

In E-M, we only maximise, i.e., ©(9+1) = arg max, Q(9, ©9). Why? a trick If we can
prove:

arg max [ / In[o(Z|X, 0)]p(z|X,09)dz| = 0@ — H(©OW o) < H©e¥, W)
0 zesS

Then
£(0@) = (et @) — HeWW+) ) > @9, el9)) — HBW @) = (el

>Q(09),0(9) <H(©9),0(9)
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The “Tagare” approach (2)

To prove arg max[H(0, @(g))] = arg max [/ In[p(Z| X, 0)lp(z| X, @(g))dz] =0
6 0 zes

— Toprove H(©9,09) - H(6,09) >0 vo

HE®,69) ~ H(6.69) = [ 1n[p(ZIX,0)lp(z1X,0)dz ~ [ in[p(Z|X, 0)lp(zIX, 0)dz
zEeS zesS

p(Z|X,09) p(Z|X, 6)
,/ { 2 0) } p(z|X, 09 )dzf/zesfm |:p(Z|X,®(9))} p(z|X,09)dz

p(Z|X, 0) @ }
> —In / = p(z|X,0'9Ydz| =0
... steix omyPeix o)

Since ®(.) = — In is a convex unction:
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The E-M Examples

> Gaussian Mixture Model
> Probabilistic Latent Semantic Analysis (PLSA)
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E-M Example: Gaussian Mixture Model

Gaussian Mixture Model (k-mixture) (GMM):

K K
pXI©) = N (Xl T)) > =1
1=

=1
and@:{a1,...ak,m,..‘uk,zh..‘zk}

For data X = {x1, ... xn} we introduce “latent” variable Z = {z;, ... zn}, each z;
indicates which mixture component x; belong to.
Looking at the E-M algorithm:

09+ = arg max [Q(@, @(g))] = arg max (/ log (p(X, Z]1©))p(Z| X, @(g))dz>
© © z

We need to define both p(X, Z|©) and p(Z|X, ©)
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Gaussian Mixture Model in action

n

K
p(X|©) = Za,./\/’ XlpnT) =D N (X, %)

1=1 i=1 =1

How to define p(X, Z|©)

n
,D(X,Z|@) = Hp(Xi»zl'le) HP(X/|Z/7 zl|e H Oéz,N(/,Lz’,Zz,)
i=1 i=1 R’—’ i=1
Npz;,2z) oz

Notice that p(X, Z|©) is actually simple than p(X|®©).

How to define p(Z| X, ©)

. D az N (pz, Tz
p(21X,0) = [ plain, ©) = [ ] e za)
i= i1 2oie1 N (i, )
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The E-Step: (1)

Q(e,09) = / (p(X,Z1©))p(Z|X,©'9))dz

:/ / <Zlnp(z,-,x,-|@)Hp(zix,,e(g))> dzy,...dz,
“ Zn \i=1 i=1
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Some derivation to help

> Let P(Y) be the joint pdf: P(y1,...yn)

> also let F(Y) be a linear function, where each term involves only one variable y;,
e, F(Y) = (%) + ... f(xn) = 7 (1)
Theorem:

n N
// <Z f,(y,-)> P(Y)dY =>" </ f,-(}/,-)Pf(yf)dy,-)
no e N5 i\
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N
F(Y))P(Y)dY = £(i)) | P(Y)dys, ... dya
/Y(())() /y/y /yN<§((y”>(”‘ y

Expand it out, this equation has N sum terms. The first term is:

// /f1(y1)P(y1,. 5 YN) H(dy,)—/f1(y1) / /Py1,. ,yN)H dy;) | dys

oy YN J2 YN

What'’s inside the big bracket becomes the marginal probability density of P(y;),
therefore, the first term becomes:

- / i (y1)p(y1)dys
)2

Apply this to each of the N terms, therefore:

/ (F(Y)P(V)dY = / f(yn) Py )dys + -+ / fol(Y) Pa(ym)dlyn
Y )2 Yn
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The E-Step: (2)

Knowing,

Z fi(yi) | P(Y)d fi(yi) Pi(yi)dy;
i Iy ,- Vi

Qee, @g))_/ / <Z|np i, Xi|©) Hp zj|x;, © >d21,...dzn

= </ In p(z;, xi|©)p(zi]x;, ©9 )dzl> zie{l,...,k}

I:

k n
=" "Inp(z, xi©)p(zilxi, ©9)  swap the summation terms
zi=1 i=1

n

K
=> Z In[ouN (X1, £)]p(/]x;, ©9))  substitute Gaussan and replace z; — /
1=1 i=1
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The M-Step objective function

k n
Q(©,09) =3 " In[ayN (xil s, T1)]p(/]x;, ©9))
=1 i=1
k n k n
=2 In(an)p(llx;, ©19) + 3 7> I[N (xilpus, =1)]p(] i, ©(9))
=1 i=1 =1 i=1

The first term contains only « and the second term contains only u, ~. So we can
maximize both terms independantly.
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The M-Step: maximizing «

Maximizing o means that:

K
=[0...0] subjectto Y a; =1
1=

O o0 In(ay)p(l]x;, ©49))
daq, ..., 0k

This is to be solved using Lagrange Multiplier

k n k
LM(a, ... ax, A) = > In(ay) <Z p(lx,»,@(g))> - (Z 1)
1=1 i=1

1=1

contains no «

LM 1 [
- = Ilx;, @)} —x=0
Doy a <;p( |xi )>

1 n
— a= 1 > plllx,09)
i=1
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The M-Step: maximizing pu,

Maximizing p, ¥ means that:

O fa Xy Inep(1%, ) _ o oy
8#1)'“78/"'/(7821""782/(

> You will need some linear algebra identities to solve this. It's quite involved. For
details, please refer:

> J. Bilmes. “A Gentle Tutorial on the EM Algorithm and its Application to Parameter
Estimation for Gaussian Mixture and Hidden Markov Models”
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Some formulas to remember

» derivatives of log of determinant (with determinant)

X _ x T
oX
» Derivatives of Traces
otr(F(X)) T
— 2 = (f(X
ox = (f00)

where f(-) is the scalar derivative of F(-)
» Derivatives of Traces of inverse, fact 1

tr(AXB)
X

=A"B"
» Derivatives of Traces of inverse, fact 2

or(X+A)"") —1 —\T
= (AT AT

» Derivatives of Traces of inverse, fact 3

atr(AX~'B)

=—(x"'BAX™ )T
X
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Maximization

k n
second part of Q(©,09) = S° " In[NV (xi| s, £))lp(/|x;, ©9))
=1 =1
n k

Let Y be zero-meaned data matrix, where each column of Y is y; —

ow (— 3001 0 - u))) Pl ©9)

£ = L(p(Y|K)) = 7% In(27) — g In|K| — %tr(K‘1YYT)

second part of Q(©, 09) = zk: zn: I[N (i |2, Z)]0(1 x:, ©19)
=1 i=1
s ! Tyt )
= ;;'” (ﬁ Xp (* E(Xi —p) T (X *H))) o(l|x;, ©9)
= S(u,E) = 212 —% In(|Z1)p(/1x, ©©) — 213 %(x,- )= (x = p)p(llx, ©9)
= i=

—1 n

= S(u, % ) =- (Z’— Z(Xj — ) (x = ) pU)X;, e(g))> + Constant

i=1

aS(u, ")y !
L —E S 20— (i, ©9) —0
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k n
second part of Q(©, 09) = >~ N In[N (x| s, Z))lp(/]x;, ©9)
=1 i=1

n k
=33 (7ﬁ o (= 00— ) E m))) p(llx;, ©9)
i=1 I=1

> let Y be zero-meaned data matrix, where each column of Y is x; — p;
> let P be diagonal matrix in which P; correspond to p(/|x;, ©@)
d x tr(P tr(P 1
L= LY\, E)) = 7%() In(2r) — % In[X/| — Str(E,'YPYT)
oL
ox,
= 5,7 'YPY g = tr(P)x;

— YPY'E, ' =w(P) = X" =tr(P)(YPY' )™

=5, 'YPY'E ' —w(P)E T =0

oty Ty (YPYT)
= X, =tr(P) " (YPY") = "P)
_ X = ) (x — )" P(/\Xn )
> p(lxi, ©9@)
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S, Z (,, (/) — 1 500 =) E 7 (x — ul)) p(l|x;, ©9)

Change ¥ to =~ ', this is so that after taking derivative of In(X), the result is in terms of X~

n B 1 B n
= [ 22 (=" Dei1x, ©) — St | =7 3206 — wi)(x — w) p(l1x;, ©9)
i=1 i=1

M,

oS(ui £7") 230, Tup(l|xi, ©9) — o7, diag(Z)p(/|x;, ©9))  2M, — diag(M;)
ox—' 2 2

=0

n n
203" =p(l1%,0'9) — M) — > diag(p(/|x;, ©9) — M) =0
i=1

i=1

n
= > wp(l|x,09) - M =0
i=1
M _ i (6 — ) (x — )" p(l1x, ©9)
>y p(lxi, ©) >y p(llxi, ©@)

— Y =
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Summary of Gaussian Mixture Model

Maximizing 1, ¥ means that to update ©(9) — @(9+1):
9+1 Zp Ix;, (g))

L0+ SN xip(l]x;, ©(9))
: SR p(l|x, ©(@)

sloe) _ Ziabo =l — Vo, ©49)
S Pl ©09)

To program it to MATLAB, note that we need to compute the responsibility probability

0@y — _ N&ilp,x)
p(/|X,,9 ) Zk:1 N(xj|ps,Zs)
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=

iagram agai

To show the d

P

pef(pd

This shows ©(Converge).

]

po [ pt

This shows ©(1):

s
3
<
©
a
=
B
]
=
2
[
k]
2
3
<
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Other clustering methods: K-means

This shows the data and the initial “means”: > Imagine we know that there are K

types of data, and we have N data.

N ‘ ‘ ‘ . . . . » How do we cluster these N data into K
types automatically?

ey . > Like GMM, this is unsupervised,

Al 3 jREL W | clustering algorithm
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K-means Algorithm

> STEP 1: Place K points into the space represented by the objects that are being
clustered. These points represent initial group centroids.

» STEP 2: Assign each object to the group that has the closest centroid.

» STEP 3: When all objects have been assigned, recalculate the positions of the K
centroids. Repeat Steps 2 and 3 until the centroids no longer move.

A/Prof Richard Yi Da XuYida.Xu@uts.edu.auWechat: aubedata https:// Expectation Maximization


https://github.com/roboticcam/machine-learning-notes

K-means

The data and the initial K “means”: The final K “means”:

10
- typel +
+ lypel . +
sl i al| + twpes PR ot i
X Certraids . st o
. .. K R
g +tat +
3 6 . ¢ @ Rees =
[ 1 i oL N AP ]
s e s Ry F
R opefesl o ~:».§,...,’..,.
. s A I . T
4L i P I .“:f:, e y;',:&x i
20T e, &
g R SR i YA 4N
; 3 I\ SR STy S ]
L B H SR RPN 4
TRIex A oy S #
c LT Mgl Lt
s 4 o o o, S B
P L o T SR 30, .
HRERTER A 7 2y i
2 AR SN
P PRRL L o 0
2 2 2 5 4
4 | | | , ) A , , | . | \ , ,
A £ o # 0 2 4 3 4 B g % [ 2 + 3

See the MATLAB Demos
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Gaussian Process

Let Y be zero-meaned data matrix, where each column of Y is y;:

1 1
YK = ——— exp| — =tr(K~'YYT
PV (2r) 7 K2 p( 2" ))

DN N

L= L(pYK)) =——In2r) — = 5 In K| — 7tr(K YY"
oL _ K-1T yYTK—1T
— = —(—(K'vy
K = (( ) -5 )")

when K is symmetric:

oL

— x —NK~' + K'YYTK!

K > +

=K-'YYTK™! — NK™!
=(KY)YKTY)T — NK!
= (KT'Y)(K™'Y)T — NK~'  because K is symmetic
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Gaussian Process

oL (K'Y (K~Y)T — NK!

oK

since K is symmetric, we can equivalently write the above into:

oK
9L _y (KT'YYK'Y)T —NK | =
a0; a0;
A ~~
OA
o6
da da
% _ {31,1 31,2] % _ [8219’1 82102]
1,2 2 2
OA a2 ap 00 i -
oL OA oay 1 oaq o oaq » dao »
=t —=x— )= : a .
(aAX ae) 11 gp TAH2 Gy Ta2T T2,

Expectation Maximization
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Gaussian Process

If we let:

coV(¥p, ¥q) = K(Xp, Xq) + 05dpg

1
=ofexp (—ﬁ(xp - Xq)z) + 050pq

Parameter of the model include © = {02, 2,03}

oK 1

@ = exp (—ﬁ(xp - Xq)2>

oK 1 (Xo — Xq)?
W — 0’? exp (*ﬁ(xp _ Xq)2) plisq
oK

Pk

80'% Pq
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