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at is time series?

> A collection of observations of well-defined data items obtained through repeated
measurements over time.

» Examples of time series?
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Continous Dynamic System: Kalman Filter

a primary school approach: We have a dynamic model: a robot that is travelling 0.2
meters every minute in both x and y directions:

> At previous time t — 1, its position (state) is: x;_1

> At current time ¢, its position (state) is: x; = x;_1 + {82]

Let’s simulate a path:

ot i)
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State Transition

However, nothing is perfect! The dynamic model always contains a random noise:
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State Transitions

Very commonly, we have Gaussian noise in the transition:

xt = F(xi—1) +wy w ~ N(0, Qr)

In the case of previous example,

Xt = Xp_1 + W wr ~ N(0, Q) where F(x;_1) = X¢_1 + Wy
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Making the matter slightly complicated:

We can not measure the states directly, we have to estimate the states via some
external measurements:

Yt =H(xt) + vt vi ~ N(0, Ry)

Note that x; is now a latent variable.
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A dynamic System

In a general Dynamic System (DS), we have the following equation:

Xt = F(xi_1)
ye = H(xt)
For Kalman Filter, we are interested in Linear Dynamic System (LDS), and Gaussian

noises. We have the following equations:

xt=Ax_1+B+w wi ~ N(0, Qr)
Vi=Hx+C+wv vi ~ N(0, Ry)
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Motivating examples

> A truck on perfectly frictionless, infinitely long straight rails.

> Initially the truck is stationary at position 0, but it is buffeted this way and that by
random acceleration, i.e., we assume a; ~ N'(0, 2). Of course, this does NOT
imply wy ~ N(0, 02)

»> We measure position of the truck every At seconds, but these measurements are
imprecise.

> We want to maintain a model of where the truck is and what its velocity.

Xt = AXi_1 + w wt ~ N(0, Q)
x| _ [1 At] [xi—1 n Ta(Aty?
Xt 0 1 Xt—1 ai\t
—_—— e — ——
At Xt—1 Wi

This is using simple high school physics:

. 1
Xt = Xp—1 + Xp_1 DN+ Ea[(Af)z

Xt = Xe—1 + arAt
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How to compute Q

=i =6 S0 e

——
> Assume ar ~ N(0,02) Vtand w; ~ N(0, Qr)
> What's Q;?
Qr = COV(x;) = COV ([8 Af] [j:j] + [%a;t(ﬁtf)j)
= COV ([%ar(ﬁf)zb
:]E[(at)z[ } AtZAt}
Laty 1( Aty
-7 { LA (A }
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Measurement Equation

» Suppose At each time step, a noisy measurement of the true position of the truck
is made.

> Let us suppose the noise, v; is also normally distributed, with mean 0 and
standard deviation o

¥t =Hx¢+ C+ v vt ~ N(0, Ry)
=[10]+wv ve ~ N(0,0z)
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State Space Models

Markov Property:

p(Xt|X1 sy Xt—1, Y1, - - - :}/t71) = p(Xf|X[71)
PWIXT, - Xt 15 X, V1, -+ 5 Yi—1) = P(YilXt)
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Linear Gaussian Dynamic Model

Xt=Axt_1+B+w  w~N(O,Q)
— Transition probability: p(Xt|X¢—1) ~ N(AX;—1 + B, Q¢)

yr=Hxt+ve vt ~N(0,R)
— Measurement probability: p(yi|x¢) ~ N (Hx¢, Rt)

» Kalman Filter can be used to in this Gaussian, Linear case.

> In general, there are many other Dyanmic models which are non-Gaussian,
non-Linear. They can NOT be solved using Kalman Filter.
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What do we want to compute?

Prediction :  p(x|y1.t—1) = P(xtlxe—1)p(Xt—11¥1:t—1)
Xt—1
(1)
Pyl Xt )p(XtY1:t—1)
Update : p(xtly1.¢) =
Galyr) Js, POlst)p(dst]y1:t-1)
This is because:
P(xtlY1:t) o< p(Xt, Y1:t)
o< p(yilxe)p(xXeY1:¢—1)
(2

_ _PWilx)p(xtlY1:t—1)
Js, (el st )p(dstlya:i—1)
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Kalman Filter - Prediction

Following marginal distribution of linear Gaussian ( Bishop p.93), given:
> p(x) ~ N (x|, ¥)
> p(y|x) ~ N(y|Ax + b, L)

Marginal :p(y) = /p(y|x)p(x) ~N (y|Au +b,L+ AzAT)

Prediction s p(xlyr.—1) ~ A0 = [ p(ulxi—1)p(d-1lyri1)
Xt—1
:/ N (xt|Axi—1 + B, Q)N (Xe—1fu—1, E¢—1)
Xt—1

=N (Xt\Aﬂt—1 +B,A% AT + Qr)

Question How abour update? Let’s see an alternative method using Moment
representation.
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Moment Representation (1)

In order to compute moments, we introduce a zero-mean variable: Ax;_4, i.e.,:
> Axi_1 = X1 — E[X1] ~ N(0,5;1) = X1 = AX—1 + E[x;_1]

We attempt to write both Ax; and Ay; interms of Ax;_1:

Xt =AX_1+w  w~N(0,Q) = Xt = A(LXt—1 + E[xt+]) + W
= AEX;_1 + AAXi_1 + w;

N———
AXp

v=Hxi+vi wv~N(R) = Y =Hxt + vt
= H(AEX{_1 + AAX;_1 + Wt) + Vi
= HAEX;_1 + HAAX;_1 + Hw; + v

Ayt

The Independence assumptions:
> C@V(Xt,1 s W{) =0 C@V(Xt,h Vz) =0 C@V(W{, V[) =0
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Moment Representation (2)

E[AX(AX) T |y1:—1] = E[(ADX—1 + W) (ADX—1 + wp)T]
= AL AT+ Q=54

]E[Ay[(AXt)T|y1:t,1] =FE [(HAAX1‘71 + HWI + VI)(AAXI,1 —+ WI)T]
—H (AiHAT T Qt) — HE,
— E[Ax(Ay) yr-1] = £eHT

E[AY(AY) Y111 = B [(HADx 1 + Hiwg + vi) (HAD X1 + Hiwg + i) |

=H (Ai,_1AT + o,) HT + R = HEDHT + Ry

Elyt|y1:t—1] = HAE[x;_1] = HAR

E[Xt|y1:4-1] = AE[Xt—1] = Al
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Kalman Filter Prediction (alternative): p(x¢|y1, ... Yi—1) = N (fit, Xt)

mean: [ = E[x¢|y1.._1]:

E[AXt—1 + Wly1:t—1]
= AE[Xt_1|y1.t—1] + E[wy]
= Al

covariance:

T =E[(Ax)(Ax)T]
= E[(AAX + Awp)(ALX + Awg)T]
= AE[AXAX]AT + AR[Ax(Awy)T] + E[(Ax) T AWAT + E[Aw(Awy)T]
Since the noises x and w are assumed independent E[Ax;(Aw;)T] =0
=A% AT+ Q
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Kalman Filter Update: p(x:|y1, ... y:) = N(as, ) (1)

Update  p(xilys, ... yt) ~ N(fir, 1)
o< p(ye|x)p(Xe|Y1:t—1)
= N(yt|Hxt, RN (xelfat, +t)

> Say p(u) = N(pu, Tuu) p(v) = N(pv, Zw)
> p(ulv) ~ N (o + TwER (v = ), T — T T Tw)

> Think p(u) = p(Xely1, -, Yie1) ~ N (Xelfie, £+) p(v) = p(yily,- - ¥i—1)
> We are after p(u|v) = p(xlyt, y1, .- -, Yi—1)
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Kalman Filter Update: p(x¢|y1, ... y:) = N (fit, %1) (2)

mean: ¢ = E[x|y1.(]:

pu + Zuvz;v1 (Vv —1v)
= E[x] + E[Ax(Ay) TTE[AY ()17 (vt — Elyi])
= Afu_1 + Z{HHZHT + R) ™ (vt — HAfi—1)

covariance: 3; = COV[x|yy.]:

Yo — ZuvEpy Tvy
= E[Ax(Ax)T] — E[AX(Ay) TTE[AY (Aye) T E[A Y (Ax)T]
=5 — SHT(HEDHT + R) ™' HE,

K

= (I - KH)Z;
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Kalman Filter Demo:

Notice of the smoothing effect:

paigm, 0]
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Kalman Filter Update:(3) 1-d case

mean: ji; = E[x|y1.4]:

kd: i = Afi—1 +X{ HHZHT + R) ™" (vt — HAfir—1)
52h(y: — hajit_1) _ a1 (R52 + Ry) + 52h(y: — hajii_1)
h25't2 —+ H[ h25't2 —+ th
_ a1 R+ 52hy
h25't2 + Ry

1-dr Q= afi +

covariance: 3; = COV[x|y1.]:

kd: Sy =5— S HT(HEEDHT + Ry)~'HE,
4 = 52(MP52 + Ry) — (52)%h2 _ G2(MP52 + Ry) — (52)°h? 2R

1-d: =
h25',2 + R h25',2 + R; h25't2 + Ry
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Extended Kalman Filter: Non-Linear Dynamic System and Gaussian

model

Kalman Filter: Linear Guassian Model:

Xt:AXt_1 + B+ Wt WtNN(O, Ot)
ye=Hxi+v v ~N(0,Ry)
Extended Kalman Filter: Non-Linear Guassian Model:

Xt =F(x—1)+w  w ~N(0,Q)
yr=HX)+wv vi~N(0,R)
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Extended Kalman Filter: State Equation

Xt=F(X—1) +wr  w~N(0,Q)
Yt = H(X[) —+ Vi Vi ~ N(O, Rt)

Taylor Expansion:

f'(a)
11

f”(a) 2 .
f(x) = f(a) + (x — &)+ —= (x — a)* + High order terms

Expand F(x;_1) around a particular point qu:

xi=F(xP )+ F'(x ) (x[_1 — xf’_1> + High order terms + w;

LetJp = F/(xf ,):

Xt = F(x,p_1 )+ Jo (x,_1 — xtp_1) + High order terms + w;

~ Jp X1+ (F(xtpq) - Jprq) +w
—~

—_——

A B
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Extended Kalman Filter: Prediction p(x¢|y1, ... ¥t—1) = N (fit, £t)

Kalman Filter: x; = Ax;_1 + w; w ~ N (B, Q)

> mean: i = E[xi|y1.1—1] = Afie—1 + B
> covariance: ¥; = E[(Ax)(Ax)T] = AL, _1AT + &

Extended Kalman Filter: x; ~ Jp x—1+w w ~N (F(x[pq) — JpXtF77 ), Q:
~~

—_—

A B

> mean: jir = Elxi|yre1] = Joiie—1 + (FOE ;) = dpxf )

> covariance: jir = E[(Ax)(Ax)T] = 1] + Q
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Extended Kalman Filter: Removing xp

> mean: fit = Elxlyt.1] = Joie—1 + (FOE4) = Jox )
> covariance: ¥ = E[(Ax)(Ax)T] = 1] + Q

Too complicated, lets simplify it using a trick: xp is just an arbitary point. So we can
choose it to be anything we like. Why not let x, = ji;_1:
> mean:
Bt = EXe|y1.e—1] = F'(Bt—1)fie—1 + (F(t—1) — F'(Ar—1)ft—1) = F(fir—1)
> covariance: ¥ = E[(Ax)(Ax)T] = F/(fi—1)Si—1F' (fi—1)T + Q;
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Extended Kalman Filter: Update p(x|y1, ... yt) = N (fit, %t)

Taylor Expansion:

f(x) = f(a) + @(x —a)+ %(x — a)? + High order terms

Measurement Equation: y; = H(x;) + v; vi ~ N (0, Ry)

ye = HXP) + H' (xP) (x — xP) + High order terms + v v; ~ N(0, Ry)

Let Jp = H'(xP):

¥e = H(XP) + Jp (% — xP) + High order terms + v;
~HX) +hpxe—x)+ve letx) =X
=yt — H(Xt) + JpXt = JpXt +v
_— =~

Yy H

The rest are just following the standard Kalman Filter
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Discrete States Dynamic Model: Hidden Markov Model

Simple Stock Market: Speech Recognition:
@

Bear
0.5

uncnanged
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Hidden Markov Model

O
© 0 ©

Discrete Transition Probability:

P(GtlG1, - Gt—1, Y1, - -+, Yi—1) = P(Qt]G1—1)

Continous/Discrete Measurement probability:

PG, -5 Gt—1,Gt: Y155 Yi—1) = p(Yelar)
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HMM’s Transition Probability

HMM'’s Transition Probability must be discrete
Transition Probability:

> Let Bull =1, Bear = 2, Even = 3:

i % % W e g =1lgr =1) =06
uncnanqed 0.4 > p(qt = 2|qt71 = 1) =02

02 01
> p(qr =3|q—1=1)=02

,0.3
.03

..'0,4 > P(qt:1|qt_1 :2):05
p(gr =2|gi—1 =2) = 0.3
> p(gr =3|gt—1 =2) =02

[0.6 0.2 0.2] > p(gr=1|gi_1 =3)=0.4
A

v

v

05 03 0.2
=2|lg;_1 =3)=0.1

04 01 05 PG =2Iqr-1 =3)
> p(qr =3|q—1 =3) =05
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HMM'’s Measurement Probability

HMM’s Measurement Probability can be both discrete or continous

> Let Bull =1, Bear = 2, Even = 3:

o7, W, » Let Up =1, Down =2, Uneven = 3:
_< :
> p(yr =1lgr=1) =07
uncanq

02 04 od 01 > p(yt =2|gr=1) =01
> Pl =38la=1)=02
04 > p(}’t:1|<7t:2):0-1
> p(y:r=2|qs=2)=0.6
> p(yr=3lgr=2)=03
07 01 02 > (v = 1lg; — 3) — 0.3
— |01 06 03 plye =1la: =3)
0.3 03 04 > Pyt =2|gi =3) =03

> p(y: =3|g:=3) =04

A/Prof Richard Yi Da XuYida.Xu@uts.edu.auWechat: aubedata https://¢ State Space Model (Dynamic model)


https://github.com/roboticcam/machine-learning-notes

Hidden Markov Model

The HMM Parameter \ (discrete measurement case) contains:

A={AB, 7}

« is the probability of the initial state , i.e., p(g1). We use 7; = p(qq = i).
LetQ=¢qi,...qrand Y = y1,...y7!

Three major operations of HMM:

Evaluate p(Y|\)
AmLe = arg max p(Y|A)
A

argmax p(Y|Q, )
Q

We will discuss Evaluation first.
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Evaluate p(Y|\)(1)

The usual way to compute this:

k

k

=1 ar=1

k
[ Z[p(}/hw-7}’T7q07Q17~-qT‘)‘)]

I
mx )

q1=1 ar=1
k k
=> o> p(@)p(ilane(Gela) - - p(arlar—1)p(yilar)
q1=1 gr=1
k k T
= Z Z (g Haq[ 1,0t bar (V1)
gi=1 gr=1 t=2

> We let transition probability: p(q: = j|g;—1 = i) = &;j and
> We let measurement probability p(y¢|q: = j) = bj(y1)

> There are kT possible values of Q!. We need simpler methods
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Forward and Backward Fomula

Forward Algorithm: Backward Algorithm:

ai(t) = p(y1, Yo, - ¥, Gt = i|A) Bi(t) = PYegts- - y7lqe =i, \)
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Evaluate p(Y|)) (2) Forward and Backward Formula

Therefore, we define forward procedure:

ai(t) =p(y1, ¥z, --- Yo, G = iIA) = p(Y|A) = Za/

This is the propbality of partial sequnce y1, ..., y; and ending up in state i at time ¢.

Looking at the following recursion:

aj(1) = p(yr, 1 = i|X) = p(g1)pP(y11a1) = 7ibj(y1)

K
@j(2) = p(y1, ¥2, @2 = jIN) = D_ p(ar = Dp(yilar = i) p(q2 = ilg1 = i) p(y2la2 =)
——

i=1
aj(1) ajj bj(y2)

k
|:Z aj(t)a; /:| j(Vt41)
i=1

k

aj(T) = |:Z ai(T —1)a; /:| b;(yr)

i=1

We have now, k x T summations!

k

[Z 1)a; /} bj(y2)
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Evaluate p(Y|)) (3) Forward and Backward Formula

We also define a backward procedure:

k
Bi(t) = P(Wts1, - yrlar =i, A) = > Bi(1)mibi(yr) = p(Y|N)
i=1
Propbality of partial sequnce y1.1, Vii2,

.. y7 given started at state j at time t:
Bi(T) =1

K K
Bi(T =1) =plyrlar—1 =1) ZP ar =jlar—1 = Dplyrlar =) =D ai

1
Bi(T —2) =plyr, yr—1lar—2 = 1)
K

=2

j=11

M=

K
plar = llar—1 = Dp(yrlar = N p(ar—1 =jlar—2 = ) p(yr—1lar—1 =) = > a; jb(yr—1)Bi(
;

— 1)
J=1

3j j bi(T—1)

Bj(T—1)

Zalj (Ve1)B(t + 1)

k
Zalj (y2 /81
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The probability of being at a particular state

The probability of being in state i at time t for a sequence Y:

p(Y,ar=ilA) _  p(Y,q=iN) _  «i®)Bi(t)

— Y, \) = - -
Pa=IV =250 S ma =i S a5,

p(Y, gt =ilA) = p(Ylgr = i)p(qr = /)
=pWs---yilae = Dp(yee1, - - - yrlae = i)p(qe = i) by its graphical model
=P, Y1, Gt = P(Ytr1, ... yrlgr = i) re-arrange
= a;(t)Bi(1)
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Parameter Learning

Looking at the E-M algorithm:

0@+ = arg max [Q(e, e<9>)] = arg max ( / log (p(X, Z|©))p(Z| X, e@))dz)
© © z

In HMM, we write it as:

A = arg max / In (p(Y, gIN)p(q, YIA@)
A qgeQ

oA 29)

Q@M%:memWMMmewh

T T

K K
=y > ('nﬂo +> Inag g+ _In bm()’t)) p(g, YIA9)
qr=1

t=1 t=1
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Parameter Learning: First term

k k K
QUM =" . Y Inmgp(q, YIND) =" Inmip(qo = i, YIA9)

go=1 gqr=1 =1

arg max(Q®™ 1) with ZL m; = 1, using Lagrange Multiplier:

k
LMe™ ! = Zln mip(qo = i, YA g)) +7 (Z T — )

i=1 i=1

oLMterm 1 p(q’ Y‘)\(g)) N 0 8]LMterm 1
= T =

o i

k
=) m—-1=0
i=1

p(qo =i, YIN9) = —7m;
K K
sum both sides: > p(go =/, YIN9) = -7 " m = -7
i=1 i=1
P(qo = i, YIX9) _ P(@=1iY\D)

substitute: 7 = ——————~ — &; =
nd Sk p(go = i, YIA@)
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Parameter Learning: Second term

k
term2 Z Z Zln g q,qP q’ YI/\ Z

qo=1 qr=1 t=1

M»

.
ST nayp(qet = i, g = j, YIA9)

i=1 j:

1

Mﬂ

]LMmrm 2 i i

Jj=1 t

k k
nap(q—1 = i,q =, YIAD) + > 7 (Z aij — 1)

i=1 j=1
oM™ ST p(@r =i q =i YIAY)
8ai,~ - a;j + Z e

a]LMmrmZ
- _Za,,—1 =0

-
, . =iq=jY Al
ZP(QI—1 =i g =] y|>\(9)) _ _al,/ZTI — a = Zr 1 P(Qr—1 q=JjY| )

pa -2
Kk k k K K
sum both sides: ZZPQ: 1 =iaq =], Y|\ Z aI/Z""—_ZT'Za‘/— ZT"
j=1 t=1 j=1 i=1 i=1 = i=
T . .
1= =4 YA @ —1=Lq=jY Al
substitute: a; ; = Sl Py =ha = YIXD) B Pl =i a =1 YIN)

S S Lip(gr =i g =/, YIAND) S p(gro1 =i, Y[A9)
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Parameter Learning: Third term

K P T kK T
QUM =57 ST S b, (v)e(a, YIAD) = ST S inbi(yp(ar =, YIAY)
qo=1 qr=1 t=1

j=1 t=1

j=1 t=1

k T K
Lmtem3 — Z Z In bi(y1)p(a: = j, y|>\(g)) + T (Z bi(yt) — 1)
=1

L™ 3 B EtT:1 p(a: = J, Y|A(g))

= + T=0
obj(yr) by(y1) =

a]LermS k
— =2 blm-1=0

i=1

M~

. T =, Y|A@
o(q =, Yl)\(g)) = —by)r = bn) = 2o PG =4I )

—T

KT
sum both sides: (can't use index /) : > > _p(qr=j, Y = =vA9) =+ Zb Vi =v)
=1 t=1

T VNG| =, YIA@)s
substitute: by(y; — vi) = — 21! f(q' LY =vlXT) E[:1Tp(0r 5 YNy
S PG =4, Y = vi|A@) i p(Gr =4, YIA9)
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