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1 Motivation

inequality-constrained optimization often appear in Machine Learning Literature:

1.1 reinforcement Learning

max
π

[
Eτ∼β

[ ∞∑
t=0

γt
π(at|st)
β(at|st)

Aβ(st, at)

]]
s.t. KL(π‖β) ≤ δ

(1)

1.2 sensitive GAN
let LDθD (x) = min

θG

(
LθD,θG(x)

)
= min

θG

(
Ex∼px(x)[logDθD (x)] + Ez∼pz(z)[log(1−DθD (GθG(z)))]

)
(2)

then sensitive GAN is designed to:

max
θD

(
LDθD (x)

)
s.t. LDθD (x) ≤ LDθD (GθG(z))−4(x, GθG(z))

(3)

1.3 Support vector machine

min

(
1

2
‖w‖2

)
subject to: 1− yi(wTxi + w0) ≤ 0 ∀i

(4)

2 Optimization with inequality constraints

A constrained optimization is of the following form (ignore the equality constraints for now):

min f(x)

s.t. gi(x) ≤ 0 ∀i ∈ 1, . . . ,m
(5)
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After defining I(u) =

{
0, if u ≤ 0

∞, otherwise
, i.e., a “huge step function”, we can turn a

constrained equation into unconstrained equation:

J(x) = f(x) +
∑
i

I[gi(x)] (6)

it words, it makes infeasible region to have prohibitively large value, i.e.,∞ making it
impossible to find a minimization solution in infeasible region

Similarly, in maximization, infeasible region are assigned value of −∞ making it im-
possible to find a maximum solution in infeasible region

J(x) = f(x)−
∑
i

I[gi(x)] (7)

3 An alternative objective function

Replace I[gi(x)] by its lower bound λigi(x), with λi ≥ 0. Therefore J(x)→ L(x, λ):

L(x, λ) = f(x) +
∑
i

λigi(x) (8)

3.1 re-write the objective

since λigi(x) is lower bound of I[gi(x)]:

L(x, λ) ≤ J(x) (9)

we can just write:

J(x) ≡ max
λ
L(x, λ) (10)

3.1.1 verify above was the case

Think about what values does λ take when we perform maxλ L(x, λ)?

1. for x : g(x) < 0:

argmax
λ

(
f(x) +

∑
i

λigi(x)
)
= 0 (11)

2. for x : g(x) > 0:

argmax
λ

(
f(x) +

∑
i

λigi(x)
)
=∞ (12)

which gives result of I[gi(x)]
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3.1.2 pointless, but doable

min
x

max
λ
L(x, λ) = min

x
J(x)

= p∗
(13)

In words, it means for L(x, λ) we maximize λ first, then minimize x and we obtain
J(x∗).

However, it is point-less to do so in that optimization order.

3.2 Swap optimization order: minx first, then maxλ

from Eq(13)

min
x

max
λ
L(x, λ) = min

x
J(x)

=⇒ max
λ

min
x
L(x, λ) ≤ min

x
max
λ
L(x, λ) = min

x
J(x)

=⇒
(
d∗ ≡ max

λ
min
x
L(x, λ)

)
≤
(
p∗ ≡ min

x
max
λ
L(x, λ) = min

x
J(x)

)
=⇒

(
d∗ ≡ max

λ
f
(?)
λ (λ)

)
≤ p∗

(14)

f
(?)
λ (λ) is called dual function

3.2.1 max-min inequality

this relationship can be understood by max-min inequality

sup
λ

inf
x
f(λ, x) ≤ inf

x
sup
λ
f(λ, x) (15)

“the greatest of all minima” is less or equal to “the least of all maxima”, proof:

inf
x
f(λ, x) ≤ f(λ, x),∀x λ is a constant

=⇒ sup
λ

inf
x
f(λ, x) ≤ sup

λ
f(λ, x),∀x sup

λ
both sides

=⇒ sup
λ

inf
x
f(λ, x) ≤ inf

x
sup
λ
f(λ, x) on RHS: ∵ inf

x
∈ ∀x

(16)

3.3 if strong duality holds

d∗ = p∗ (17)

4 advantage of dual function

in summary, the duality procedure is to find λ∗

λ∗ = argmax
λ

(
min
x
L(x, λ)

)
= argmax

λ
f
(?)
λ (λ)

(18)
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dual function f (?)
λ (λ) ≡ minx L(x, λ) is concave, even when the initial problem is not

convex. Because it is a point-wise (in λ) infimum of affine functions:

f
(?)
λ (λ) ≡ min

x
L(x, λ) , min

x

(
f(x) +

∑
i

λigi(x)
)

= f(x′) +
∑
i

λi︸︷︷︸
x

gi(x
′)︸ ︷︷ ︸

m

(19)

where gi(x) are fixed co-efficient (m), and λi is the variable (x) of the line, they form
“envelops” of lines, to be concave.

note also that, dual function f (?)
λ (λ) can be thought as a function defined over “gradient

space”. It can be best visualized by plotting f (?)
λ (λ) using lines defined by a finite {x}, and

x are treated like “constant line parameters”

4.1 convex-concave theorem

Let X ⊂ Rn and Y ⊂ Rm be compact convex sets. If f : X × Y → R is a continuous
function that is convex-concave:

f(·, y) : X → R is convex for fixed y

f(x, ·) : Y → R is concave for fixed x
(20)

then:

min
x∈X

max
y∈Y

f(x, y) = max
y∈Y

min
x∈X

f(x, y) (21)

this is the reason d∗ = p∗

5 A quick note on equality constraint: Lagrange

maximize f(x)

subject to: g(x) = 0
(22)

The problem can be transformed into finding x satisfying these two conditions:

{
∇xf(x)− µ∇xg(x) = 0 as contour line f(x) = k and g(x) share same tangent
g(x) = 0 original constraint

(23)

conveniently, one can re-frame these two constraints as to let both partial derivatives µ
and x of lagrange function L(x, µ) equal zero, where:

L(x, µ) = f(x)− µg(x)
=⇒ ∇xL(x, µ) = ∇xf(x)− µ∇xg(x) = 0︸ ︷︷ ︸

∇µL(x, µ) = g(x) = 0︸ ︷︷ ︸
(24)
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6 KKT condition: complementary slackness

we let

{
x(f) = argminx

(
f(x)

)
x(g) = argmaxx

(
λg(x)

)
for some λ > 0

(25)

Note that it is the same x(g) ∀λ. x(g) must occur in the feasible region, i.e., g(x(g)) ≤ 0

6.1 simple explanation from the view of f(x) only

since f(x) is convex. Then if g(x(f)) < 0, minimum of primal must be x∗ = x(f) since
g(x) do not play a part. If g(x(f)) > 0, then f(x∗) must occur at the boundary where
g(x∗) = 0 as it will increase inside the feasible region.

6.2 explanation from the view of L(x, λ)
Lemma 1 given two functions f1(x) and f2(x), and some domain dom∗(x) where f2(x) ≥
f1(x) for x ∈ dom∗(x). Additionally, min f1(x),min f2(x) ∈ dom∗(x), then:

min(f1(x)) ≤ min(f2(x)) (26)

conversely, if f2(x) ≤ f1(x) for x ∈ dom∗(x), and min f1(x),min f2(x) ∈ dom∗(x)
then:

min(f1(x)) ≥ min(f2(x)) (27)

6.2.1 what if we increase λ

Note that as we increase λ, we are adding more weights towards λg(x) part of f(x)+λg(x).
Also, notice that as we increase λ, λg(x) becomes “sharper” about the point (x∗, 0)

where g(x∗) = 0:

λ1 ≤ λ2 =⇒
{
λ1g(x) ≤ λ2g(x) when g(x) > 0

λ1g(x) ≥ λ2g(x) when g(x) ≤ 0
(28)

6.2.2 when x(f) occurs inside of feasible region: g(x(f)) ≤ 0

since x(f) is aready inside the feasible region, and we know that including when λ1 = 0: if
we allow λ < 0, then it will not be the case

λ1 ≤ λ2 =⇒ f(x) + λ1g(x) ≥ f(x) + λ2g(x) (29)

apply Lemma 1, we have:

λ1 ≤ λ2 =⇒ min
(
f(x) + λ1g(x)

)
≥ min

(
f(x) + λ2g(x)

)
(30)

which means that f (?)
λ (λ) is maximum at λ = 0 with value = f(x(f)) and it’s mono-

tonically decreasing.
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6.2.3 When x(f) occurs outside of feasible region: g(x(f)) > 0

It is still an interpolation between x(f) and x(g). As λ increases, the interpolated minimum
min

(
f(x) + λg(x)

)
is lean towards x(g). There will be a λ∗ such that:

x∗ = argmin
x

(
f(x) + λ∗g(x)

)
where g(x∗) = 0 (31)

so we split the domain of x into two regions: [x(f), . . . ,x∗) and [x∗, . . . ,x(g))

1. in the region of [x(f), . . . ,x∗):

apply Lemma 1, we have:

λ1 ≤ λ2 =⇒ f(x) + λ1g(x) ≤ f(x) + λ2g(x)

=⇒ min
(
f(x) + λ1g(x)

)
≤ min

(
f(x) + λ2g(x)

) (32)

2. in the region of [x∗, . . . ,x(g)):

apply Lemma 1, we have:

λ1 ≤ λ2 =⇒ f(x) + λ1g(x) ≥ f(x) + λ2g(x)

=⇒ min
(
f(x) + λ1g(x)

)
≥ min

(
f(x) + λ2g(x)

) (33)

which means f (?)
λ (λ) monotonically increase from λ = 0 to λ∗, and it becomes mono-

tonically decreasing.

6.2.4 combine the two

Combine the above two cases, we found either:

{
λ∗i = 0 when x(f) is in feasible region
gi(x

∗) = 0 when x(f) is outside of feasible region
(34)

We can specify it in a single equation:

λ∗i gi(x
∗) = 0 (35)

This is called complimentary slackness. Diagrammatically, this is illustrated from a
diagram from Wikipedia:
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6.2.5 name of slack variable

when constraint

{
gi(x

∗) = 0 is tight =⇒ λi > 0

gi(x
∗) ≤ 0 is slack =⇒ λi = 0

(36)

slack variable doesn’t need to be multiplication it can be addition too:

g(x) ≤ 0

can be replaced by g(x) + λ︸︷︷︸
slack variable

= 0 λ ≥ 0 (37)

7 summary of KKT condition

now we understood complementary slackness:
optimization problem with both equality and inequality constraints:

x∗ = argmin
x

f(x)

subject to hi(x) = 0 added for completeness

subject to gi(x) ≤ 0

(38)

So how do we produce duality function λ∗ = argmaxλminx L(x, λ) being carried
out in practice, also since we have additional equality constraint, we now have L(x, µ, λ)
instead:

L(x, µ, λ) = f(x) +

m∑
i=1

µihi(x) +

n∑
i=1

λigi(x) (39)

1. obtain f (?)
λ (λ) = minx L(x, µ, λ) by:
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(a) solve x∗, such that:

∇xL(x∗, µ, λ) = 0

=⇒ ∇x

(
f(x∗) +

m∑
i=1

µihi(x
∗) +

n∑
i=1

λigi(x
∗)
)
= 0

=⇒ ∇xf(x
∗) +

m∑
i=1

µi∇x∗hi(x
∗) +

n∑
i=1

λi∇xgi(x
∗) = 0

(40)

(b) write x∗ in terms of λ and substitute back into L(x∗, µ, λ) and obtain:

f
(?)
λ (λ) = min

x
L(x, µ, λ) (41)

note f (?)
λ (λ) should contain no x

now we can maxλ f
(?)
λ (λ) together with the complementary slackness conditions

2. to ensure equality constraints, we need to solve:

∇µL(x∗, µ, λ) = 0

=⇒ ∇µf(x∗) +
m∑
i=1

∇µiµihi(x
∗) +

n∑
i=1

λi∇µgi(x∗) = 0

=⇒
m∑
i=1

∇µiµihi(x
∗) = 0 both f(x) and gi(x) disappeared

=⇒
m∑
i=1

hi(x
∗) = 0 just the original equality condition

(42)

3. to ensure Inequality constraints a.k.a. complementary slackness condition

λ∗i gi(x
∗) = 0, ∀i
λi ≥ 0, ∀i

gi(x
∗) ≤ 0, ∀i

(43)

the final solution for dual λ∗ needs to be take account of all above equations, and let’s
see the classical example of solution for Support Vector Machine

Theorem 1 For a problem with strong duality, x∗, λ∗, µ∗ satisfy KKT conditions if and only
if x∗, λ∗ and µ∗ are primal and dual solutions.

https://www.stat.cmu.edu/˜ryantibs/convexopt-S15/scribes/12-kkt-scribed.
pdf

7.1 zero duality gap if and only if KKT condition exist

let x and (λ, µ) be primal and dual solutions with zero duality gap (i.e. strong duality
holds), then let’s show if and only if KKT condition exists.
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7.1.1 prove necessity

We start by showing zero duality gap implies KKT condition exist

f(x∗) = f
(?)
λ (µ∗, λ∗) assume zero duality gap

= min
x

(
f(x) +

m∑
j=1

µ∗jhj(x) +

r∑
i=1

λ∗i gi(x)
)

definition of f (?)
λ (µ∗, λ∗)

≤
(
f(x∗) +

m∑
j=1

µ∗jhj(x
∗) +

r∑
i=1

λ∗i gi(x
∗)
)

must less than any x, including x = x∗

≤ f(x∗) hj(x
∗) = 0, gi(x

∗) ≤ 0

(44)

Therefore, all inequalities above become equal, it means we can also:

1. first equality: x∗ is the minimizer of L(x, µ∗, λ∗):

min
x

(
f(x) +

m∑
j=1

µ∗jhj(x) +

r∑
i=1

λ∗i gi(x)
)
=f(x∗) +

m∑
j=1

µ∗jhj(x
∗) +

r∑
i=1

λ∗i gi(x
∗)

=⇒ 0 ∈ ∂xL(x∗, µ∗, λ∗) 0 ∈ ∂x sub-gradient

=⇒ 0 ∈ ∂x
(
f(x∗) +

m∑
j=1

µ∗jhj(x
∗) +

r∑
i=1

λ∗i gi(x
∗)
)

(45)

this shows stationary condition occur at x∗. A side note, this precisely what we need
to compute in Eq.(40)

2. second equality:

f(x∗) +

m∑
j=1

µ∗jhj(x
∗) +

r∑
i=1

λ∗i gi(x
∗) = f(x∗)

=⇒
r∑
i=1

λ∗i gi(x
∗) = 0

(46)

this means all complimentary slackness satisfy

therefore, we have shown that if there is zero duality gap, then KKT condition satisfies

7.1.2 prove sufficiency

we then show if KKT condition exist, it implies zero duality gap:
now, if there exists x∗, µ∗, λ∗ that satisfy the KKT conditions:

f
(?)
λ (µ, λ) = f(x∗) +

m∑
j=1

µ∗jhj(x
∗) +

r∑
i=1

λ∗i gi(x
∗)︸ ︷︷ ︸

=0: KKT

= f(x∗)

(47)
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8 Example through Support Vector Machine

8.1 Linear Discriminant Function (geometry)

8.1.1 motivation

this is maximum margin hyperplane, i.e., it doesn’t just simply find the decision boundary
for the two-class data:

x>w + w0 = 0 (48)

8.1.2 geometry of f(x) = w>x + w0 in 1D

think about the normal line f(x) = wx+ w0 and without w0:

f(x) = wx

=⇒
[
w −1

] [ x
f(x)

]
= 0

(49)

x

f(x)

(1, w)

Figure 1: f(x) = wx

the point (0, 0) satisfies the line with has normal
[
w −1

]
adding w0, which we have f(x) = wx+ w0:

x

f(x)

(0, w0)

(−w0
w
, 0)

Figure 2: f(x) = wx+ w0
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8.1.3 geometry of f(x) = w>x + w0 in 2D

in a similar fashion, we think about the 3-D hyper-plane without the w0:

f(x) = w>x

=⇒
[
w1 w2 −1

]  x1
x2

f(x1, x2)

 = 0
(50)

The gradient vectors are (w1, w2)
>. In the plane where f(x1, x2) = 0, all (x1, x2) ⊥

(w1, w2) satisifies the line, it must include (0, 0).
Ignorew0 in both cases, in 1-D case, the line with normal [w,−1]> cuts the line f(x) =

0 at the origin (just a single point). In 2-D case, the plane with normal
[
w1 w2 −1

]
cuts

the plane f(x1, x2) = 0. However, now the two 3-D planes meets in a line. (w1, w2)
>

controls the orientation of the line in (x1, x2) plane (which go through the origin) where
two plane meets. The point

(
x1, x2, f(x)

)
= (0, 0, 0) are on this line without changing the

normal.
Now by adding w0, it is shift along the f(x) axis. two elements w1, w2 has two DoF,

therefore it can control “steepness of the cut” and “orientation” of the line

8.1.4 arbitary dimensions

More generically, w controls the direction of “cutting plane” and w0 moves this plane in the
f(x) direction. Note that w0 does not change the direction of cutting plane in the x plane.
Its only cause the cutting line to move in parallel in the f(x) = 0 plane.

8.1.5 the margin idea

it also put data of each class behind their margins:

{
all data x having label y = +1 is above the boundary w>x + w0 = 1

all data x having label y = −1 is below the boundary w>x + w0 = −1 (51)

to solve this problem, we design a linear plane that “cuts” through the middle of the
decision boundry x>w + w0 = 0, which will produce y(x) having the desired effect

y(x) =

{
x>w + w0 ≥ 1 ∀ +ve data x

x>w + w0 ≤ 1 ∀ -ve data x
(52)

therefore, the goal is to find w, w0 to make the have the maximum margin

8.1.6 expression for margin

let r be the margin, i.e., perpendicular distance between arbitrary point x from the middle
of the decision surface

Let’s see how it is relate to the parameters w and/or w0:
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x = x⊥ + r
w

‖w‖ sum of these two vectors

=⇒ w>x + w0︸ ︷︷ ︸
y(x)

= w>
(

x⊥ + r
w

‖w‖

)
+ w0 apply (w> × +w0) to both sides

=⇒ y(x) = w>x⊥ + w0︸ ︷︷ ︸
=0

+w>r
w

‖w‖

=⇒ y(x) = r
w>w

‖w‖ = r
‖w‖2
‖w‖

=⇒ r =
y(x)

‖w‖
(53)

since we want to maximize margins between y(x) = +1 and y(x) = −1, the margin to
be maximized must be 2

‖w‖ :
182 4. LINEAR MODELS FOR CLASSIFICATION

Figure 4.1 Illustration of the geometry of a
linear discriminant function in two dimensions.
The decision surface, shown in red, is perpen-
dicular to w, and its displacement from the
origin is controlled by the bias parameter w0.
Also, the signed orthogonal distance of a gen-
eral point x from the decision surface is given
by y(x)/∥w∥.

x2

x1

w

x

y(x)
∥w∥

x⊥

−w0

∥w∥

y = 0

y < 0

y > 0

R2

R1

an arbitrary point x and let x⊥ be its orthogonal projection onto the decision surface,
so that

x = x⊥ + r
w

∥w∥ . (4.6)

Multiplying both sides of this result by wT and adding w0, and making use of y(x) =
wTx + w0 and y(x⊥) = wTx⊥ + w0 = 0, we have

r =
y(x)

∥w∥ . (4.7)

This result is illustrated in Figure 4.1.
As with the linear regression models in Chapter 3, it is sometimes convenient

to use a more compact notation in which we introduce an additional dummy ‘input’
value x0 = 1 and then define w̃ = (w0,w) and x̃ = (x0,x) so that

y(x) = w̃Tx̃. (4.8)

In this case, the decision surfaces are D-dimensional hyperplanes passing through
the origin of the D + 1-dimensional expanded input space.

4.1.2 Multiple classes
Now consider the extension of linear discriminants to K > 2 classes. We might

be tempted be to build a K-class discriminant by combining a number of two-class
discriminant functions. However, this leads to some serious difficulties (Duda and
Hart, 1973) as we now show.

Consider the use of K−1 classifiers each of which solves a two-class problem of
separating points in a particular class Ck from points not in that class. This is known
as a one-versus-the-rest classifier. The left-hand example in Figure 4.2 shows an

max(margin)w,w0 =⇒ max

(
2

‖w‖

)
subject to:

{
min(wTxi + w0) = 1 i : yi = +1
max(wTxi + w0) = −1 i : yi = −1

the two inequality constraints can be written as one:

=⇒ subject to: yi(w
Txi + w0)︸ ︷︷ ︸

both need to be SAME sign

≥ 1 ∀i

=⇒ subject to: 1− yi(wTxi + w0) ≤ 0 ≥ 1 ∀i
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8.1.7 primal optimization

min

(
1

2
‖w‖2

)
subject to: 1− yi(wTxi + w0) ≤ 0 ∀i

(54)

8.2 Lagrangian Dual for SVM

in primal form, there is no kernel trick to exploit. So people are motivated to solve this in its
Lagrange dual. there is no equality constraint in this case:

L(w, w0︸ ︷︷ ︸
x

, λ︸︷︷︸
there is no µ

) =
1

2
‖w‖2︸ ︷︷ ︸
f(x)

+

p∑
i=1

µihi(x)︸ ︷︷ ︸
=0

+

N∑
i=1

λi[1− yi(w>xi + w0)]︸ ︷︷ ︸
gi(x)

(55)

to solve x′ for minx L(x, µ, λ), i.e.,∇xL(x′, µ, λ) = 0

∂L(w, w0, λ)

∂w
= w −

N∑
i=1

λiyixi = 0 =⇒ w′ =

N∑
i=1

λiyixi

∂L(w, w0, λ)

∂w0
=

N∑
i=1

λiyi︸ ︷︷ ︸
not a function ofw0

= 0
(56)

8.3 write expression for f (?)λ (λ)

substitute x′ (in terms of λ), i.e.,:

{
w′ =

∑n
i=1 λiyixi∑n

i=1 λiyi = 0

to L(w, w0, λ) =
1
2
‖w‖2 +∑n

i=1 λi[1− yi(w>xi + w0)]

=⇒ f
(?)
λ (λ) = infxL(w, w0, λ)

=
1

2

( n∑
i=1

λiyixi
)>( n∑

i=1

λiyixi
)
+

n∑
i=1

λi
[
1− yi

(( n∑
i=1

λiyixi
)>

xi + w0

)]
=

1

2

n∑
i=1

N∑
j=1

λiλjyiyjx
>
i xj −

n∑
i=1

λiyi
( n∑
j=1

λjyjx
>
j

)
xi − w0

n∑
i=1

λiyi︸ ︷︷ ︸
=0

+
n∑
i=1

λi

=

n∑
i=1

λi − 1

2

n∑
i=1

n∑
j=1

λiλjyiyjx
>
i xj

subject to:
N∑
i=1

λiyi = 0 and λi ≥ 0

(57)
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8.4 The dual problem

argmax
λ1,...λn

Lλ(λ) = argmax
λ1,...λn

(
n∑
i=1

λi − 1

2

n∑
i=1

n∑
j=1

λiλjyiyjx
>
i xj

)

subject to:
n∑
i=1

λiyi = 0 and λi ≥ 0

(58)

since x>i xj can be replaced by kernel K(xi,xj)

Use complementary slackness:

λ∗i > 0 =⇒ gi(w
∗, w0

∗) = 0

=⇒ 1− yi(w∗>xi + w0
∗) = 0

=⇒ yi(w
∗>xi + w0

∗) = 1

i.e., xi is support vector points

λ∗i = 0 =⇒ gi(w
∗, w0

∗) < 0

=⇒ 1− yi(w∗>xi + w0
∗) < 0

=⇒ yi(w
∗>xi + w0

∗) > 1

i.e., xi is non support vector points

(59)

8.4.1 inference

substitute a new x into the dual inference algorithm and knowing that w′ =
∑N
i=1 λiyixi

from Eq.(56):

y = w>x+ w0 =

(
N∑
i=1

αiyixi

)>
x+ w0 =

n∑
i=1

αiyi〈xi,x〉+ w0 (60)

Since there is only a few λi > 0, dual inference is efficient!

9 Farkas Lemma

9.1 application: prove Strong duality in Linear Programming

from http://www.onmyphd.com/?p=duality.theory
before discussion Farkas Lemma, let’s first look duality in Linear Programming

min
x

[
C>x

∣∣ Ax = b,x ≥ 0
]

(61)

q(λ) = inf
x≥0

[
L(x, λ)

]
= inf

x≥0

[
C>x + λ> (Ax− b)

]
only equality constraint

= inf
x≥0

[(
C> + λ>A

)
x− λ>b

]
= inf

x≥0

[(
C> + λ>A

)
x
]
− λ>b

(62)
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firstly to note that it does not appear that inf
x≥0

[(
C> + λ>A

)
x
]

can be solved using dual

norm nor convex conjugate. But it can be solved using heuristic methods:


(C> + λ>A) < 0 =⇒ inf

x≥0

[(
C> + λ>A

)
x
]
= −∞ (sub x =∞)

(C> + λ>A) ≥ 0 =⇒ inf
x≥0

[(
C> + λ>A

)
x
]
= 0 (sub x = 0)

(63)

so adding the −λ>b part, we have:

q(λ, λ) = [−λ>b
∣∣ (C> + λ>A) ≥ 0] (64)

in the above example, primal constraint x ≥ 0 is brought to the q(λ) to help to partition
regions and obtain the dual feasibility.

max
λ

[
− λ>b

∣∣ C> + λ>A ≥ 0
]

or let λ′ = −λ :

max
λ′

[
λ′>b

∣∣ C> ≥ λ′>A
] (65)

in summary:


primal form:

z∗ = min
(
C>x

)
s.t. Ax = b

and x ≥ 0


dual form:

z̃ = max
(
b>λ

)
s.t. A>λ ≤ C
λ is dual variable

(66)

9.1.1 a “hack” solution

using dual feasibility condition C> ≥ λ>A =⇒ λ>A ≤ C>

λ>A ≤ C> ∀ λ
λ>Ax∗ ≤ C>x∗ ∀ λ x∗is optimal solution and since x∗ ≥ 0, no change sign

=⇒ λ> b︸︷︷︸ ≤ C>x∗ ∀λ using Ax∗ = b

= min
x

[
C>x

∣∣Ax = b, x ≥ 0
]

=⇒ max
λ

[λ>b]︸ ︷︷ ︸
λ∗

≤ min
x

[
C>x

∣∣Ax = b, x ≥ 0
]

=⇒ max
λ

[
λ>b|λ>A ≤ C> ∀ λ

]
≤ min

x

[
C>x

∣∣Ax = b, x ≥ 0
]

write the condition in

(67)
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9.1.2 W-GAN Linear Programming Primal and Dual form
primal form:

z∗ = min
(
C>Γ

)
s.t. AΓ = b

and Γ ≥ 0


dual form:

z̃ = max
(
b>λ

)
s.t. A>λ ≤ C
λ is dual variable

(68)

1. Γ ≡ γ(x, y) acts like a vectorized joint distribution, each element ≥ 0

2. C ≡ vec(D(x, y)) acts like a vectorized cost

3. b =

[
pr(y)

pθg (x)

]
and we optimize W-GAN on the dual form

9.2 Convex and Conic combination

matrix A ∈ Rd×n , (a1,a2, . . . ,an)

Definition 1 Convex combination:

C = {a
∣∣a = α1a1 + ...+ αkak, α1 + ...+ αk = 1, αi ≥ 0} (69)

for example A ∈ R2×3, then it looks like a painted triangle

Definition 2 Conic combination is:

C = {a
∣∣a = α1a1 + ...+ αkak, αi ≥ 0} (70)

for example A ∈ R2×3, it looks painted cone from the origin

Lemma 2 Farkas Lemma say, for a vector b, there are exactly two mutually exclusive
possibilities:

1. b inside the cone:

∃ x ∈ Rn,x ≥ 0 (in every dimension) s.t. Ax = b (71)

2. b outside the cone:

@ x ∈ Rn,x ≥ 0 (in every dimension) s.t. Ax = b

∀ x ≥ 0, (in every dimension) s.t. Ax 6= b
(72)

these are not the most useful definitions, we use instead:

∃λ ∈ Rm, s.t. A>λ ≤ 0 and b>λ > 0 (73)
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if one draws a line λ⊥ which is perpendicular to λ. Then every ai ∈ A is on one side of
λ⊥ (including λ⊥), and b is on the other side. Therefore b must be outside of cone A

note that y ∈ Rm, and x ∈ Rn, they are not the same dimension
if the case we have proven existence of x for case one (i.e., b inside the cone), =⇒

case two is not possible. Therefore, alternative way of saying: @ λ ∈ Rm, s.t. A>λ ≤
0 and b>λ > 0 is:

∀ λ ∈ Rm : A>λ ≤ 0 =⇒ b>λ ≤ 0 (74)

which is something we will use in the rest of the proof

9.3 use Farkas Lemma to prove strong duality

need to prove:

min
x

[
C>x

∣∣Ax = b, x ≥ 0
]

=max
λ

[
λ>b

∣∣ λ>A ≤ C> ∀ λ
] (75)

let

z∗ = min
x

[
C>x

∣∣Ax = b, x ≥ 0
]

be min in primal occur at x∗ (76)

9.3.1 “larger” system extension

first we extend a single dimension by adding one more equation C>x = z∗ − ε or
−C>x = −z∗ + ε (we need to use the latter for Eq.(88)).

So now the “larger” system contain both equations of the primal:

{
Ax = b

−C>x = −z∗ + ε ⇐⇒ C>x = z∗ − ε (77)

put them in a linear system form:

Â =

[
A

−C>
]
, b̂ε =

[
b

−z∗ + ε

]
(78)

the reason to use −z∗ + ε is to control which Farkas condition the “larger” system
because we can then change ε to decide which Farkas case:


ε = 0 : Ax∗ = b ∧ C>x∗ = z∗ =⇒ Farkas 1

ε > 0 : @x s.t., (Ax = b) ∧ (C>x = z∗ − ε) =⇒ Farkas 2
(79)

C>x = z∗ only has solution x = x∗ when ε = 0. However, when ε > 0, there is no x
satisify. z∗ is already the minimal solution! So even x∗ can’t be feasible, let alone any other
x.
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we also extend the dual variable λ by one dimension too α ∈ R. Note that we should
not place any constraint on it:

λ̂ =

[
λ
α

]
where α ∈ R (80)

note that x does not extend, so it can be applied in both systems

9.3.2 what are we going to prove?

we then prove:

z̃ = max
λ

[
b>λ

∣∣ A>λ ≤ C
]
> z∗ − ε ∀ε > 0 (81)

it is obvious z̃ ∈
(
(z∗ − ε), z∗

)
, where z∗ is the primal minimum. Then by making ε

infinitely small, we get:

z̃ = z∗ (82)

9.3.3 Prove α > 0 using Farkas Lemma

looking at our extension in Section (9.3.1), we have:

1. let ε = 0

since it’s Farkas case (1), then Farkas (2) can not exist, i.e., repeating Eq.(74):

α-condition 1:

∀λ̂ : Â>λ̂ ≤ 0 =⇒ b̂>0 λ̂ ≤ 0 (83)

2. let ε > 0, there exists no non-negative solution, meaning ∀x Âx 6= b̂ε

if Farkas(1) does not exist, then Farkas (2) must exist, i.e.:

∃ λ̂ : Â>λ̂ ≤ 0 =⇒ b>ε λ̂ > 0

0 < b̂>ε λ̂ = b>λ+ α(−z∗ + ε)

= b>λ+ α(−z∗)︸ ︷︷ ︸
b̂>0 λ̂

+ αε

= b̂>0 λ̂+ αε

(84)

α-condition 2: ε > 0:

∃λ̂ Â>λ̂ ≤ 0 =⇒ b̂>0 λ̂+ αε > 0 (85)
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3. combine both to prove α > 0


α-condition 1, ε = 0 : ∀λ̂ : Â>λ̂ ≤ 0 =⇒ b̂>0 λ̂ ≤ 0

α-condition 2, ε > 0 : ∃λ̂ : Â>λ̂ ≤ 0 =⇒ b̂>0 λ̂+ αε > 0

(86)

therefore, to find a λ̂ to satisfy both:

b̂>0 λ̂ ≤ 0 and b̂>0 λ̂+ αε > 0 (87)

we must have α > 0. Othewise, if we let α ≤ 0 =⇒ b̂>0 λ̂ ≥ 0 for α-condition 2,
which contradicts α-condition 1.

note that not every α > 0 works, but it’s a necessary conditions!

9.3.4 Prove z̃ > z∗ − ε using Farkas Lemma

we just proved that α > 0, which implies by it won’t change sign when dividing by α in
Eq.(89).

We saw when ε > 0, there exists no non-negative solution of x, this =⇒ it is Farkas

case (2): meaning when ε > 0 (i.e., Farkas (1) does not exist), then, there exist λ̂ ≡
[
λ
α

]
solution such that:

Â>λ̂ ≤ 0 ∧ b>ε λ̂ > 0

=⇒
[

A

−C>
]> [

λ
α

]
≤ 0︸ ︷︷ ︸

=⇒ A>λ≤αC

∧
[

b
−z∗ + ε

] [
λ
α

]
> 0︸ ︷︷ ︸

=⇒ b>λ>α(z∗−ε)

(88)

further massage the equations:

A>λ ≤ αC =⇒ A>
λ

α
≤ C from L.H.S of Eq.(88)

b>λ > α(z∗ − ε) =⇒ b>
λ

α
> (z∗ − ε) from R.H.S of Eq.(88)

(89)

now we have: A> λ
α
≤ C and b> λ

α
> (z∗ − ε), since any α works, we choose α = 1:

A>λ ≤ C︸ ︷︷ ︸
constraint

and b>λ > (z∗ − ε)︸ ︷︷ ︸
obj

(90)

combine the two above, we have:

z̃ = max
λ

[
b>λ

∣∣A>λ ≤ C] > z∗ − ε (91)
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we can make ε arbitrarily small, to make z̃ = z∗, so we have strong duality!
looking at the whole thing, the most important bits are the inequality:

b>λ > (z∗ − ε) (92)

if we have a
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