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1 Whatis DPP?

Most of this note is based on the original DPP paper [1]. The original paper is very detailed and well
written. However, there may be some points that need further clarification, especially for students lacking
linear algebra skill. Therefore, I hope to explain them in a slightly simpler way (hopefully). Please read the
original paper for more details.

1.1 definition of marginal DPP distribution

Start with a marginal distribution:

Pr(ACY) =det(K4) (1)

An example: given Q = {1,2,3,4,5}, A ={1,2,3} andY € Q

Pr(ACY)="Pr({1,2,3} CY)
=Prg(y1 =Ly2=1y3 =1)
1 1

= Z Z Pr(y1 =192 =1,y3 = 1,ya = ta,y5 = t5)
£4=015=0

= det(K »)

(@)

note that Pr(A € Y) is analogous to Pr(X = x) for marginal DPP.

1.2 Something about marginal distribution

1. Pr(A CY) is marginal, so Pr(4; CY)+Pr(4A2 CY)+... don’tneedtoadd to 1, i.e., it may
be possible that: Pr(A; CY)+Pr(A2 CY)>1

2. Pr(0 CY)=det(Kp) =1 Thisis obvious, as any Y is a superset of §).

4. however, its property is best determined from two elements case:

Pi(i,j €Y) = ' o R
= KiKjj — KijKj; &)

=Pr(i CY)Pr(j CY) - K,



By convention, off-diagonal elements determine negative correlations between pairs.

Large absolute values of K; ; imply that the probability that i and 7™ elements are both selected tend
to have low density.

1.2.1 Example of K
Any K,0 <X K < I defines a DPP.
If A < B, thatis, B — A is positive semi-definite.

1.2.2 where K does not define DPP

example K = {_(1).5 _(1)'5} does not define DPP, we check if K < I?

7_ ( 1 —0.5) _ ( 0 0.5)
-05 1 05 0 @)
= XK)=[-05,0.5]"

Another way to see the above is incorrect, where we let Q = {1, 2}:

Pr({1} CY)=Pr((Y={1})) U(Y ={1,2}))

5
= det(Kl) =1 ©)
Pr({2} CY)=Pr((Y={2hHUu(Y ={1,2})) ©
= det(Kz) =1
note LHS uses C and RHS uses =. However:
Pr({1,2} CY)=Pr (Y ={1,2}) ;
:det(K{LQ}) =0.75 @
1. The first two equation says {1} and {2} must be included
2. The third equation says both may NOT always be included
1.2.3 Example of K define DPP
example K = {_0031 _0041} does define DPP:
(03 —01)_/ 07 01
-0.1 04 )~ \01 0.6 ®)
— A(K) = [0.5382,0.7618] T
Pr({1} CY)=Pr((Y={1})) U(Y ={1,2})) ©
= det(K1) =0.3
Pr({2} CY)=Pr((Y={2hHu(Y ={1,2})) (10)

= det(Kz) =04



Pr({1,2} CY)=Pr (Y ={1,2})

the event:
Pr({1,2} CY)=Pr({1,2} =Y) b
=Pr{1}CY)n ({2} CY) (12
Pr({1l}=Y)Yu({2}=Y))=Pr({1} CY)+Pr({2 CY) - Pr({1,2} CY)
=0.3+04-0.11 (13)
=0.59
what about the probability of selecting exactly the ()?
Pr(Y=0)=1-Pr ({1} =Y)u ({2} =Y)) (14)

=041

2 L-Ensembles

Marginal distributions does not define probabilities in terms of a particular set directly, i.e., instead of
having Pr(Y CY), we want Pr(Y = Y):

Pr (Y =Y) o det(Ly) (15)

L must be positive semi-definite.
Only a statement of proportionality, eigenvalues of L is not < 1

2.1 Geometry interpretation

X:[SL‘1 xr2 ... In]:>
(r1,21)  (x1,22) ...  (T1,T0)
(2,21)  (T2,%2) ... (T2,%n) (16)
L(zi,...,on) =X X = .

Gram determinant is the square of the volume of the parallelotope formed by the vectors
vectors are linearly independent if and only if the Gram determinant is non-zero:

Prp(Y) o det(Ly) = VolI? ({z; }iey) a7

note that the volume is span in dimensions of data {x; € R%}, not in the dimension of the gram matrix
itself.

2.2 Proof for the Geometry interpretation

2.2.1 in 1-element case

Vol? (1) = ulT uj, i.e., length square of a line



2.2.2 in k-element case

Vol?(uj ... uy, Upy1) = Vol?(uy, ..., uk)||ﬁk+1||2 (18)
U1 is the orthogonal projection of uy4 1 onto span (uy, ..., ug):
Let (ug,...,ug)isann X k matrix Y:

Then there exists a vector ¢ € R¥ such that:

upt1 = UcH+ g4 split ug 41 into || and L components regarding span (ui, ..., ug)
S~— S~—
normal orthogonalized

| . | c1
= : | FUpga OrUgyq =ciuy +coug...cpuy  + Ugpyq

19

extending U — X by adding one more column uj41:

X=[U ugqi]=[ur uwz ... up upp]=[U Uc+Hpqq]
[UuTu UTuk_H]

T
— X' X = T T
_uk+1U g, Uppl

_ Uu'u UT(UC+1~1]€+1) . B i
T [(Ue+1k41)TU  (Uc+ yp1) T (U + Tpgr) using ug41 = Uc + Gpy1
_[u'u UTUc . T

= 1eTUTU ¢TU T Uc+ ﬁz+1flk+1 since U tp41 =0

_ [ UTu UTUc

- _CTUTU ¢ U Uc+ ||agy1])?

= lleFotel ([Porsd * limie])]

(20)

det([a1 + b1,a2,...,ax]) = det ([a1,a2,...,a]) +det ([b1,a2,...,ax]) using Multi-linearity

— ot (x7%) =det ([ Fo¥] (| Poteel * [acare] )])

B UTU U Uc UTU 0
_dE’t(LTUTU cTUTUcD*det(LTUTU ||ﬁk+1H2)
_ UTu 0

= 0+ det ( [cTUTU Hﬁk+1ll2} )

= det ([UTU] ) [Jiigs1 12

= det ([UTU] ) Vol (g 41)
2D



2.3 Normalization constant in L-Ensembles

without proof, stating the Theorem says:

Theorem 1

Z det(Ly) = det(L +I3) (22)
ACYCOQ

2.3.1 2-element example

from this, it can be easily understood by multilinear rule:

3.0 1.0
L= (1.5 1.2)
[3.0+1 1.0+0
det(L +1) :det( 540 1.211})
[3.0 1.040 1 1.0+0
:det(_l.t’) 1.2+1D+det<[0 1.2+1D
:det( i’g %(2)} ) + det ( ﬁg (1]] ) + det ( {(1) %(2):| ) + det ( {(1) (1]])
:det( 39 ig})+det([30])+det([12])+det(I)
= det (L) +det ([3.0]) +det ([1.2]) + 1
0
{1,2} {1} {2}

(23)
Note that unless we are interested to compute Z acy Ly where A = (), we will not have the term
det(I) = 1. This is not suprising, as Y 4~y Ly terms do not contain (). from determinant computation

point of view, multilinear rule will not result to a full I, there will be some zeros.

1. those include {1}

Z det(Ly) = det (L) +det ([3.0]) by derivation

{1,2} {1}
=det(L+1 }) by theorem 1 24
3040 1.0+0
*det({15+o 1.2+1D
2. those include {2}
Z det(Ly) = det (L) +det ([1.2]) by derivation
{1,2} {2}
(25)

=det(L+1 3} ) by theorem 1

B 3041 1.040
*det({ 540 1.2+0])



2.3.2 3-element example

28 49 1.8
L=|49 26 11 (26)
1.8 1.1 2.0
B 0 0 O
1. A={1,2}) = A={3} = I;=1(0 0 O
0 0 1
(2.8 4.9 1.8
> det(Ly) = det ( 49 26 1.1 )
{1z}CY 1.8 1.1 2.0+1.0
2.8 4.9 1.8 2.8 49 0
= det 49 26 1.1 ) + det 4.9 2.6 )
1.8 1.1 20 1.8 1.1 1.0 @7
2.8 4.9 1.8
—det( |19 26 11 ) + det ( {i'g ‘2’"2} )
1.8 1.1 20 : )
- | S ————
{1,2,3} {1,2}
_ 0 0 O
2. A={1} = A={2,3} = I;=1(0 1 O
0 0 1
[2.8 4.9 1.8
> det(Ly) = det ( 49 26+1.0 1.1 )
Iy [1.8 1.1 2.0+ 1.0
[2.8 4.9 1.8 2.8 4.9 0
=det| (49 26+1.0 1.1 ) + det ( 49 26+10 0 ) right most column first
11.8 1.1 2.0 1.8 1.1 1.0
[2.8 4.9 1.8 2.8 0 1.8
= det 49 26 1.1 )—i—det( 49 1.0 1.1 )
11.8 1.1 2.0 1.8 0 2.0
28 49 0 28 0 0
det( 49 26 0 )+det< 49 10 O )
1.8 1.1 1.0 1.8 0 1.0
2.8 49 1.8
2.8 1.8 2.8 49
:det( 19 26 11 )+det([ D+det([ ])+det([2.8]>
l:l 8 1.1 20 1.8 2.0 4.9 26
{1,2,3} {1,2} {1,2}
(28)
233 letA=10
from Therorem , normalisation constant (or partition function) is: 0=
D> det(Ly) = > det(Ly)
PCYCQ YCQ
=det(L + I@) (29)
=det(L +Iq)
=det(L+1)

{1}



2.4 Conversion to Marginal distribution
since both Pry, (Y = Y') and K defines DPP, therefore we must have:

det(Ly)
Prp(Y=Y) xdet(Ly) = Prp(¥Y=Y)= ———— 30
rr( ) o det(Ly) rr( ) dot(Ly + 1) (30)
An L-ensemble is a DPP, and its marginal kernel is:
K=LL+D)t=I—(L+1)7! €Y
an important identity:
L+ t=1—-@L+D"" (32)
for any L where (L + I) ™1 exist, this can be easily seen to multiply R.H.S by (L + I)(L + I)~
(= L+ YL +D(L+1I)”
=(@+nH-I)(L+Dn"! (33)

=L(L+1)"

> acycadet(Ly)

Pry(ACY)= S cadeily)
_ det(L + Iﬁ)
~ det(L+1)
- .. - J— 1 p—
=det (L+Ig)(L+1)7) det(A™) = aet(A) det(AB) = det(A) det(B)

(34

Prr(ACY)=det ((L+I5)(L+1D)7")
=det (L(L+I)"' +I4(L+1)"") expand
=det (I —(L+I)"'+I5(L+1)"") - ofEq. (33)
=det (I —(I—Iz)(L+1I)" 1) combine last two terms together
=det (I —Ia(L+1)7Y) Ia=I-1I4 35)
=det (Ia+1z)—Ia(L+I)"") expandingl =14+ 14
=det (I5+1a—Ia(L+D7Y)
(

=det(Ig+Ia(I—(L+D7Y)) ~K=I—-(L+I)"

=det (I +IaK)

left multiplication by I 4 zeros out rows of a matrix except those corresponding to A. We split the
marginal kernel matrix K into K 4 and K 5:

K; K;j
K= A AA
(KAA Ka )
_ (0 0 Kz Kjga
= lakK = (0 IIA\XIA\) (KAA Ka (36)
A 0
- KAA Ka



Re-organise:

PI‘L(A - Y) = det([g +IAK)

Lizi«1a1 O 0 0
= [A|x|A|
= det ( [ 0 0 + |:KAA KA} )

1 0 @7
= det |A] x| Al
( [ Kaaz Ka
= det(KA)
therefore, the conversion formula is:
K=L(L+D)l'=1—(L+DN7! (38)
2.4.1 Eigen-value conversion
K=LL+D)'=1—-(L+D"! (39)
Properties
An €eig(A) = A +1€ceig(A+1) “0)
= (M) Leeiga™h)
Applyitto K =T — (L+1)"1:
(An 4+ 1) €eig(L+1) = ceig((L+1)7h)
An+1
(41
= 1- €eig(I — (L+1)~*
g el — (L4 D7)
1 A 1-1 A
An +1 An +1 An +1
Therefore,
N Ny
L= Z Anvnv,) = K = Z . jr 1WJI 43)
n=1 n=1
both L and K share the same eigen vectors
24.2 Conversions from K to L
K=LL+D)'=1—-(L+D7! (44

K=I-L+D)"' = I-K=(L+D"!
= L+DI-K)=1I
— L+I—-LK-K=1 (45)
= LI-K)=K
= L=K(I-K)!



3 Complement

IfYis Qistributed as a DPP with marginal kernel K, then €2 — Y is also distributed as a DPP, with marginal
kermnel K =1 — K:

Pr((ANY)=0) =det(Ka)

(46)
= det(IA — KA)
For example:
04 01 —0.1 B
K=|(005 05 0.1 A={3} (47)
—0.01 0.1 0.3
and A = {1,2}:
A={3}
B 06 —01 0.1
K=1—K=1|-0.05 0.5 —0.1
001 —0.1 07 (“8)

. 06 —0.1
= Ka—{12} = (70.05 0.5 )

It’s easy to see that K4 = (I4 — K 4), basically difference of sub-matrix equal the sub-matrix of the

difference.
therefore,
Pr(Y =0)=Pr ((QNY)=0)
= det(Kq) (49)
=det(lqg — Kq)

when we look at Eq.(14), we see given matrix to be 81 8(13) :

- 0.3 —0.1 0.7 0.1
Ko=1- (—0.1 0.4 ) = (0.1 0.6) (50)
= Pr(Y =0) =041

3.0.1 Complement in two point cases
this is just a generalization of Eq.(14):

Pr(i,j¢Y)=Pr(i¢YNj¢Y)
=1-Pr(i€eY)U(jEY))
=1—-(Pri €Y)+Pr(j €Y)—Pr(i,j €Y)) we removed ¢
=1-Pri€Y)—-Pr(j €Y)+Pr(i,j€Y)
<1-Pri€Y)—Pr(j €Y)+Pr(i € Y)Pr(j €Y)  from DPP definition: Pr(i € Y)Pr(j € Y) > Pr(i,j € Y)
=1-PrGieY)+(1-PrjeY))—14+1-Pri ¢ Y)(1-Pr(j¢Y)) e€—¢
=Pri¢Y)+Pri¢Y) -1+ (1 -Pr@ ¢ Y))(1 -Pr(j ¢ Y))
=Pr(i¢Y)+Pr(j¢Y)—1+1—-Pr(i ¢Y)—Pr(j ¢ Y)+Pr(: ¢ Y)Pr(j ¢ Y) expandout
=Pr(i ¢ Y)Pr(j ¢ Y)

(5D

Complement of a diversifying process also encourage diversity. (the determinant K 4 also has the
property).



3.0.2 Larger marginal distribution
K2 K' = det (Ka) <det(K)) VACQ (52)

DPP defined by K is “larger” than the one defined by K in the sense that it assigns higher marginal
probabilities to every set A.

4 Quality vs Diversity

Let x; be each column of data matrix X, and let’s normalize:

@i = [|Ixall2
X; _ 53
=X = il =1 9
qi
Let:
q1 0 0
0 q2 0
Q= .
qn (54)
= [@1X1 @X2 ... @uXn]=X
=XQ
L(x1,...,%xp) =X'X
= (XQ)"(XQ) (55)
=Q'XTXQ
= Lij = 4% ;4
Sig=%{%; € [~1,1]
Li;; 56
— S = i (56)
Prz (Y =Y) can be viewed as the product of four determinants
— 2

5 Conditional
51 Pr(Y=B|YNA=0)

given Y does not contain A, what is its probability it is B?
obviously, we need to assume A and B has no overlaps, i.e., BN A= 0,and B C Q:

10



Pr((Y=B)N(ANY =0))
Pr,(ANY =0)
Prr(ANY =0]Y = B)Pry (Y = B)
- Pr(ANY =0)
1 x Pry (Y = B)
T PrL(ANY =0)
_ Pr.(Y=B)
C P (ANY =0)
det(Lp)
= ZB/;:T; E‘L:S;z;) ) definition of L-Ensembles
det (Lo+1)
_ det(LB)
-~ Xprpna—pdet(Lp)
. det(Lp)
Y adet(Ly)
_ det(LB)
det(Lz + I 4% 4)

Pr.(Y=B|YNA=0)

“BNA=0 = Prp(ANY =0]Y=B)=1

{B':BnNA=0}=A
.+ — A which also include §

(5%
where L j is L indexed by elements in 2\ A.

note that by definition, | 5/, z| # I z- This is because we are computing full set sum > 7 det(L ),
instead of partial set sum >~ 4 -y det(Ly) = det(L +1I4)

52 Pr (Y=AUB|ACY)
again, assuming BN A= 0,and B C Q
Pr (Y=AUB)N(ACY))

Pr(ACY)
Pr(ACY|Y = AUB)Pr; (Y = AUB)

Pr (Y=AUBIACY)

Pr=1
Prp(ACY) (59)
_ Pr,(Y=AUB)
~ Pr(ACY)
_ det(Laus)
det(L +1Ig)

11



6 Sampling DPP:

6.1 express in terms of mixture of elementary DPPs
1 ;
e e ID DI LD ) 0
det(L +1) JC{1,2,...,N} neJ

where W ; = Wy, is the associated (elementary) marginal kernel for PVs - we choose to use W 7

instead of K, as K is reserved for generic marginal kernel.
We can easily verify that, since all eigen values of W is either zero or one, then:

0=W,; =1 (61)

Vj is a set of orthonormal vectors, associated with an elementary DPP with marginal kernel W ; =
Y vey vV where v; € V are eigen-vector of L.

6.1.1 advantage of elementary DPP

the most important factor (during first loop) we decides |.J| = |V/| from by its mixture weight. Then, if we
can prove to sample an elementary DPP with marginal kernel W j:

Prw, (Y| =|J]) =1 (62)

J

we only need to sample elements of {Y;} Lzl.

6.1.2 proof for Prw, ([Y|=|J|) =1

To begin the proof, we simplify the notation by letting:
Wy, =Wy (63)
Firstly, we know that Prwy, [ Y]] =0 V|J| < |Y]. Since matrix indexed by Y will have determinant

being zero. However, after we prove that Eyy [|Y|] = |J], so the only way for both to be true is that
|Y| = |J| almost surely:

N
Ew, (Y]] = Z Ew[ly,ey] - E[sum of Bernoulli] = sum of E[Bernoulli]

i=1
N

=Y Prw, (i €Y)
i=1 (64)
N

=> Wy, definition of DPP
i=1

=Tr(W,)

=|J| - Jissum of |.J| rank one matrix V;V;" each with eigenvalue 1

Of course, we also need sampling an elementary DPP with det (W ]) kernel has a lot faster computa-
tion.

12



HnEJ )‘"

6.2 mixture weight </

. . e . . :
When mixture weights expressed as #M, for example when J = {1, 3, 5}, its corresponding mixture

weights is:

A1A3A5
[ (A +1)

note that denominator is the product of all eigen values. But the numerator is the product of the selected
ones.
. A
If we let selecting v; to be pesnt
Then, the probability of only selecting J set is:

(65)

. . 1
and therefore, not selecting it to be pent

A1 1 A3 1 A5 1
AM+1 A2+1 A3+1 Ag+1 As+1 Ag+1 66
A AsAs (66)

ST (w 1)

6.3 sampling P"
6.3.1 Elementary DPP:

A DPP is called elementary if every eigenvalue of its marginal kernel is € {0, 1}

13



0 1
1. example1: V = 1],10(,
0 0

1 0 0
W;=|0 0 0
0 0 1

il

(70)

0 1 0
=0(1|[0 1 O]+1(0|[1 O O]+1(0|[0 0 1]
0 0 1
—0.5735 —0.3243 0.7523
2. example2: V € 0.7781 |, | 0.0716 |, [0.6240
—0.2562 0.9432 0.2113
0.3945  —0.0557 —0.4856 [—0.5735
W, = [-0.0557 0.9949  —0.0447| =1 x | 0.7781 | [-0.5735 0.7781 —0.2562]
—0.4856 —0.0447  0.6106 |—0.2562
[—0.3243
+0 x | 0.0716 | [-0.3243 0.0716 0.9432]
| 0.9432
[0.7523
+1 x [0.6240| [0.7523 0.6240 0.2113]
10.2113

Y]

‘W ; is a sum of a set of rank one matrix, each constructed from an ortho-normal set. W  is still a valid
DPP marginal kernel, although a lot of larger sets will have zero probability.

6.3.2 Multi-Linearity

Lemma 2 Let each W, to be rank-one matrix, and sum of W j = Zne 7 Wy
then we have:

det(W ) = > det ([(Wny)1, (Wny)2, .- s (W )i])
ni,ng,...,ng€J (72)
are distinct
RHS can be visualized as when we have a set of |.J| matrices {Wn}nﬂl, if we take a column from

each of the matrices to form a new matrix W and to compute its determinant, and then, sum over these
Il

determinant of all combinations. Then we get the determinant of the sum of {Wp},”_ ;!

note also that | J| > k

6.3.3 proof of lemma

write out each column explicitly:

det(W.5) = det ([(W )1, (W)a, .., (W))i])

= det <[( Z Wn)l,(WJ)27-~-7(WJ)k])

neJ

(73)
expand first term

for example:

14



wi-[3|e 2=
wo= 3o 2=[3 3]
WJ:W1+W2:{8 8}

( > W"")1 _ '180}

neJ -

because Multi-linearity states:
det ([a1 + b1,a2,...,a;]) = det ([a1, a2,...,a;]) + det ([b1,az,...,ak]) (74)

Therefore,

det(W ;) = det (K > Wn) K (W2, ..., (wJ)k})
neJ
=5 det ([(Wn)1, (W)2,.... (Wo)k]) (75)
neJ

Now, we repeat the same thing for the second term and all subsequent terms, But we can’t use the same
index n for different columns. Therefore, we give a different index n; € J Vi:

det(Wy)= > > o > det ([(Wny)1, (Wny)as- .o, (W k] ) 76)

ni€Jno€J npeJ

w
6.3.4 loop index nq,...n; need to be distinct
when we look at:
det(W ) = Z Z e Z det ([(Wny)1, (Whny)2, ..., (Wny)g]) (77)

ni€Jng€J np€J

not every term is non-zero.

Since W, is rank one matrix, (Wy,); and (Wy,); are linearly dependant. Therefore, the determinant
of any matrix containing two or more columns of the same W, is zero, for example:

det(W s) = det ((Wny)1, (Wi )2, o, (Way )g]) = 0 (78)

Thus the terms in the sum vanish unless n1,na, . .. ng are distinct.

det(Wy)= > > oo > det ((Way)1, (Wag)2, .o, (Wi )r])

ni€J ngeJ ni€J

Z Z Z det ([(Wn1)17(wn2)27'"7(W’ﬂk)k])

ni€Jna€J ng€J

)

ni,ng,...,ng are distinct

= Z det([(wnl)lv(Wn2)2»~-'7(W'nk)kD

ni,ng,...,ng€J

distinct

15



6.4 Why mixture of elementary DPPs works
Most importantly, we need to show a DPP with L-ensemble kernel L = 227:1 )\nvnv;{ is a mixture of

elementary DPPs:

1 V.
sy, 2 P Il (80)

JC1,2,...,N neJ

where each PV associate with its own kernel W ;.

6.4.1 show Pr(A € Y) from mixture model also equal det (K 4)

for a particular index set A, we have k = |A| and the associated W7* = [vp v, ] 4. This means each of
the rank-one matrix of v, v,} gets “chop-off” by the index set A to become W} Therefore, we need to
show that summation of J (from all the mixture weights) of det (W‘}‘) gives the right marginal probability
Pr(AeY) =det(K4)

Start from from mixture of elementary DPPs definition:

1 ,
Pr(AeY)= —— fet (W4 An
ST D DR R 0t

1
T det(L+ 1) Do det ( > W,f‘) [Tx tews=w’

JC{1,2,...,N} neJ neJ

_ m 3 S et ([t iz, Wik ]) TT A

JC{1,2,....,N}ni,no,...,n,cJ neJ
N —

distinct

8D

For the outer loop, EJC{l 2,..,N} when |J| < k, then, the inner loop becomes zero. Since it’s
impossible for |J| < k points to be distinct. Therefore, we need only a subset of {1,... N}:

J D A{ni,no,...nk} (82)

Remove the combinations of sums resulting zero determinant and then swapping the inner and outer
loops, we have:

1

= ST 3 ST det ([(W,f‘1 )1, (W,f‘Q)Q,A..,(w;f‘k)k,,]) I

€ J2{n1,no,...,npn1,n2,...,np€J neJ
distinct
- let (|(W2A )1, (WA) (WA, A
dt(L+I) ae ny /1y ng )2y ny /k n
¢ ning,...,ng ID{n1,ma.np} nEJ
—_——
distinct
(83)

For example, let J C {

1,2,3,4,5}, andlet {n1,n2,...nk} = {1,2,3}. Then, J 2 {ni,na,...,ng} =
{{1’ 27 3}7 {1727 37 4}7 {17 27 37

5},{1,2,3,4,5}}:

16

from lemma (2)



Z H An = A1A2A3 + A1 A2 A3Ag + A1 A2 A3As + A1 A2A3Ag A5 using the example
JD{n1,na,...,np} neEJ
= A A2A3(1+ Aa + A5 + Aas)
= A1 A2 A3(1+ A0) (1 + As) this step is the key
A+ + DA+ 1A +1)(A5 +1)
A+ 1D(A2 +1D(As + 1)(Aa +1)(As + 1)

= X122 A3(1+ Aa) (1 + Xs)

A1 A2 A3
= MADQe+D)A3+ 1) (A +1)(As+1
)\1+1/\2+1>\3+1( 1+ D2+ DA +1)(Aa+1)(As + 1)
A A al
ni N . .
= o An+1 we generalise it to N terms
Fow £1° g 1 LG e
(84)
substituting the expression for 3= ;5 ¢, 00y Thes An
1 ol
Prp = det(L+ 1) Z det ([(W;?l)L (Wi, (W}?A,)k-]) Z H An
N1,M2,..., N JO{ni,n2,....,np } n€J
——
distinct
1 N A\ A N
- det ([(WA)1, (Wi )z, (W ) 22 T (A + 1)
']nv:1(>\’n + 1) n,l,ngz,m,n,k <[ " " " }> )‘”1 +1 Ank +1 nrzll "
——
distinct
N A\ N
_ A A A ny ng
- . nz det ([(Wnl)l s (Wn,2>2> cee (Wnk)k}> )\nl +1 cee )\nk +1
11,2 ey
——
distinct
o A A A
B O S
nl,n;an " )‘”1 +1 " )‘"2 +1 " )"ﬂk +1
distinct
afdet(fa1  az] =det([aar  PBaz])
A
= det " _wi ly 1 2) again, with J = {1,..., N
e (T;)\n_i_l n) apply lemma (2) again, wi { }
N
= det(K using Eq.(43) by notin "W, =K
(Ka) g Eq.(43) by noting nz::l W
(85)
6.5 Sampling algorithm
6.5.1 first step: determine the {v,, },c, where v,, € RV
this is described in Eq.( 66).
6.5.2 second step: sample a single DPP P"~
According to Eq.(62), which states that Prw, (|[Y| = |J|) = 1, therefore, we just need to sample i €

{1,..., N} |J| times.
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Although PYJ (parametrized by W ;) is an (elementary) marginal DPP, but its parameter W ; =
Zvn cJ v v,] itself in fact is a form of Gram-matrix!

Although it may look bizarre at first, please note that W j is in fact a Gram matrix, where the 5 “data”

of this gram matrix is formed by taking the i dimension of each of v € J.
For example: J = {v1, va} where:

vi=[3 6 6 7 ve=[3 5 1 2 (86)

be the un-normalized vectors (generalized version of orthornormal sets). Then W j = v1 vlT + vzv2T

can be equivalently viewed as as a Gram-matrix formed by “data”:

{B 3,06 5,6 1,7 2} 87

Both views will result to the same W ;!

Then sampling can just follow the geometric property of Gram matrix, i.e., in section 2.2. Except this
time we do know |Y| = |J].

This can be done by repetitively:

1. choosing the base of the remaining parallel-pip:

Pr(i) o square of the volume align with e;

1 3 e, (88)

x 7
| |V'7L€V

2. and then “tilt” the parallel-pip such that the remaining dimension is orthogonal to the base just
removed:

Y«+~YuUi

V < V| anorthonormal basis for the subspace of V' orthogonal to e; (89)
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