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practical considerations using Softmax

> consideration 1 exp(x’ 6;) can become very large

exp(x”0;)
iy exp(x70))

(exp(XTG,')) /C B exp(XTOi - 0)
(X7 exp(x76))) /C Y3, exp(x76, — C)
exp (XTBI' — max ({exp(XTO/)}))

- Z?:1 exp (XTO/ — max ({exp(XTB,)}))

T =

Softmax is shift invariant!
» consideration 2 arg max operation, can be done without exp, i.e.,

argmax (mq,...7TK) = argmax (X701,...,XT9k)
ie{1,....k} ie{1,....k}



Relationship between Softmax and Sigmoid

.
exp(X' 0
m =7y = 1(,,8) = p(X_61)

exp(X7 1) + exp(X7 67)

- 1

T 1+ exp (XT(62 — 64))
1

1+ exp (X7(—6))

exp (XTO)

exp (XTB) +1




What is Logit?

» logit is the inverse of sigmoid function, let's see why:

= = e><p(XT 0)

1-0o
— o=(1-0o)exp(x'0)

= o(1 + exp(t)) = exp(x ' 0)

exp(X ' 6) 1

-
0) = =
o(x 0) exp(XT0) +1 1+ exp(—xT0)

» therefore:

o(.) = logit™"(x " 0)



Relationship with LogSumExp

» LogSumExp (LSE) function:
LSE = log <ZeprT9,>
i

max [XT@,-7 ey XTGn] = log (exp (max {XTG,-}))
< log (exp(xT91) +-+ exp(xTG,,))
< log (n X exp(max{xTQ,}))

= max [XT91,...,XT9n] + logn

» therefore:

al cexpX ' 0
o8 ( 2o > _exp x'o;
oxT o, Ej expX ' 0;




Deecamp 2019 Checkpoint: NCE for Softmax
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Noise Contrastive Estimation



probability and classification

> firstly, probability models and classitication are closely related:

arg(l;nax (po(Y)) = argemin (= log pe(Y))

» in following example, let's show classification models incorporating our favorite sigmoid
function:

1
1+ exp(—x]6)

(x| 0) =

0 2
%, when § =20



Example: Bernoulli & Logistic regression

» Bernoulli distribution using Sigmoid function

" ; , 1 o
po (Y0 =] {m} [1 ) m]

i=1

» Logistic regression

C(6) = — log[pe (Y[X)]

& 1 1
= - (ZYHOg {W] + (1 —yi)log [1 - m])

i=1



Example: Multinomial Distribution & Cross Entropy Loss

» Multinomial Distribution with softmax

X| X 6 ) o
ot - 11 Kﬁ)]

i=1 k=1

» cross entropy loss with Softmax

_ exp(xirﬂk)
¢(8) = — loglpa(Y|X)] = ZZ% {log (727; exp(x,re,)>]

i=1 k=1



Example: Gaussian Distribution & Sum of Square Loss

» this time, let’s go from C(8) — pa(Y)
» Sum of Square Loss

K

c®) =3 () -

k=1

» Gaussian distribution

K
Pe(Y[X) o exp [—C(8)] = exp [ > (o) - ]
k=1
» question: what if we use Square loss instead of Cross Entropy loss in Softmax, where:

N exp(X/ 6x)
WwO) = =k— 7~
Sy exp(x]6))



Think about Classification’s best friend, “Softmax” again!

» for example, in word embedding, we want to align a target word u,, with center word v:
» for simplicity, for the rest of the article, we letw = u,, and ¢ = v,

_ ug(wje)  ug(wle) _  exp(w'c)
Pro(Wie) = SwevteWle)  Z T Y, exp(WTe)

> the denominator, i.e., the >°,,/,, u(w’|c) can be too computational



Turn the problem around!

> data distribution: we sample w ~ p(w|c) from its empirical (data) distribution, and
give a label y =1

» noise distribution: we can sample k w ~ g(w), and give them labels Y = 0
importantly, condition for g(.) is: it does not assign zero probability to any data.

» Can we build a binary classifier to classify its label, i.e., which distribution has
generated it?



Noise Contrastive Estimation (NCE)

> training data generation: (w, c, y)

1. sample (w, ¢): using ¢ ~ p(c),w ~ p(w|c) and label themas Y = 1
2. k “noise” samples from q(.), and label themas Y = 0

> can we instead, try to maximize the joint posterior Bernoulli distribution:

k+1
Pro (YW, ¢) = [T (Pr(3ilw;, €))” (1 — Pr(I|w;, €)'

i=1

» or minimize the corresponding Logistic regression:

C = —log[Prg(Y|W, c)]
ki1
== yilog[Pra(¥ilw;, ©)] + (1 — yi) log [1 — Pra(¥iwj, €)]

i=1



Noise Contrastive Estimation (NCE)

» we assume there are k negative |88

Pv=n={ "5 12}

» then the posterior of P(Y|c, w):

Pr(Y =1,w|c) Pr(w|Y =1,¢)P(Y = 1)
PO=11eW) = 5wy~ 5, ci00, PWIY = 1,0)P(Y = )
- B(w) x 1%
"~ P(wle) x g+ q(w) x 55
P(wle)

~ P(wic) + ka(w)

Pr(Y = 0lc,w) =1 — Pr(Y = 1|c,w)
P(wlc)
- B(wle) + kg(w)
_ ka(w)
P(wlc) + kg(w)



Apply NCE to NLP problem

» in summary:

__Pwle) y=
Pr(Y = yle,w) = P(W\;q)(mq(m o
P(w|c)+kq(w) y=

» it can be replaced by un-normalized function:

Up (W|c) y=1
Pr(Y = yle,w) = { S
Tpwiotkaw Y =

» formal proof can be found “Gutmann, 2012, Noise-Contrastive Estimation of
Unnormalized Statistical Models, with Applications to Natural Image Statistics”

P let’s see an intuition through softmax



Intuition through Softmax

» think about Softmax in word embedding:

-
c c c
Pro(wlc) = —LoWIe)___ uowie) _ __ exp(we)
Zw/gv Ue (wl ‘C) Zc Zw/ cv exp(W’TC)
> say {wq,Wo, ..., W} are target words having high frequencies given ¢

» {r{,rz,...ry} are words having low frequency given ¢

» say we pick w; € {wy, ... w} to optimize: at each round, we aim to increase w,-T c; at the
same time, sum of rest of softmax weights: {{ij c}is U {ro c}} decrease

» in softmax, such decrease is guaranteed by the sum in denominator
> each w; has a chance to increase w;" ¢, but each r;" ¢ will (hopefully) stay low

» intuition: in NCE, instead of using sum in the denominator, we “designed” a probability q(.),
such that, while letting w; be a positive training sample, we also have chance to let w;; to be

part of negative training sample, i.e., to reduce the value of wj-Tc; it somewhat has a similar
effect as softmax



NCE in a nutshell

NCE transforms:
» a problem of model estimation (computationally expensive) to:

» a problem of estimating parameters of probabilistic binary posterior classifier
(computationally acceptable):

» main advantage: it allows us to fit models that are not explicitly normalized, making
training time effectively independent of the vocabulary size
relationship to GAN

> generator q is fixed with no parameter to optimize, in GAN, gy, () also needs to be
updated

» in NCE, only optimize with respect to parameters of discriminator
» data distribution is learned through discriminator not generator



Change of symbols

» for easier explanation, we change the generic problem into familiar Softmax notation:

Up(W|C) = exp(W ' 0)

we dropped ¢ for notation clarity
» the above of course, applies to any generic un-normalized ug(W|c)



NCE objective function

» probability of w come from wh

-~ _ exp(W ' 6) B T
Pr(Yy =1]6,w) = W 0) T kW) — o(w' o —log [kg(w)])
Pr(Y = 0]6,w) = ka(w) —1— (w0 log [kagw)])

exp(WT0) + kq(w)

» check red and blue part are the same

1
1+ exp [ —WT6+ log [kq(w)]]
1
T Ttew (—wTo) x kq(w)
_ exp [WTG} B exp(w ' 6)
T exp [WT O] + kg(w)  exp(WT 6) + kq(w)

o (W' 0 — log [kg(w)]) =

» therefore the objective function is:

0" = arg maxz log { (w9 — log [kq(w)]) } Z log { (W0 — log [kGI(W)])]

weD weD



NCE and Negative Sampling

> negative sampling is a specigica
> we let k = |V| and q(.) is uniform:

exp(W ' ) B exp(W ' 0)

Py =1]6,w) = =
4 | ) exp(WT0) + |V\|17| exp(WT )+ 1

PO — o0, w) — — D1 !
T exp(WT ) + |V\|17| T exp(WTO) +1

> correspondingly, we have:

w' o — log [kq(w)] =w'6—log (\V| |V|>

=w'o
= uIvc in word2vec context

» in Skip-gram of word2vec:

* T
6 :arg;nax Z Iog|: u wVe ] + Iog|: UWVC):|

(w,c)eD (w.c)eD



why un-normalised exp(w ' 6) still works?

_ epwW'o)
exp(WT 0) + kg(w)
—o (W' 6 — log(kq(w)))
1
1+ exp (— W0 + log(kg(W)))
| 1

R [—wT6] x kq(w) 1 kq(w)

Pr(y =1l6,w) =

exp(WT 0)
N——
G(w,0)
» Gis the ratio between q and un-normalized p
_ ka(w)
G(w, 0) = exp(WT )
mo_qw _ _ qw)
T n exp(WTH) exp(WT 60)

v



what do we need to prove?

m_qWw) _ W) _ . function of 6

Glw, 6) = nexp(WTO)  exp(WTO)

» the trick is:

Cn(0) = % (Z Vilog Pr(¥; = 1|w;, 0) + > (1 — V) log[Pr(¥; = O|w;, 9)]>
i=1 i=1

1< 1
== l;y, log Pr(Y; = 1w;, 0) + v Zu — V) log[Pr(Y; = 0|w;, 6)]

i=1

> after optimization in terms of 6 and obtain:
6" = argmax [Cn(6)]
6

> substitute 0* into G(w, ¢) and try to maximize above using G(w, 6*) under large sample
size nand m



so why does G(w, ) — »ZW7

pw) °

» let n — oo and m — oo: discrete version of C, — C:

C = Ew~pw)llog Pr(Y = 1\w, 0)] + vEw~ gw)[log[Pr(¥ = 0|w, 0)]

— Bavepin) [Iog (w0 — log (kq(w))}] + B [mg o[~ (W0 log (kq(w)))]}

-~ 1 G(w, 0)
= Ew~pw) {Iog m] + VEw~qw) {Iog 1‘1‘67(‘”79)]

= —Ew~pw) |:Iog(1 + G(w, 0)):| + VEw~qw) [Iog G(W, 0) — log(1 + G(w, 0)):|

=- / log (1 + G(w, 6)) po(W)dw + 1// (log G(w, 6) — log(1 + G(w, 6))) g(w)dw



using functional derivative

C=- / log (1 4+ G(W, 0)) po (W)dw + 1// (log G(w, 0) — log(1 + G(w, 6))) g(w)dw

» take functional derivative:

3C(G) Po (W) 1 1
56~ 11w vIW (@ T1r G(w))
_ ___Po(w) vq(w) _
1+ Gw,0) ' Gw)(1+ Gw))
vq(w) __ Pe(w)
= Gw(1+Gw) 1+ GWw,9)
vgw) _
Gw) = po(W)
. q(w)
= Gw= Po (W)
w w « .
(G (w,0) = Uexp?\fvT)G*)) — Up?g((w)) — exp(WTﬂ ) = po(w) as6 — 0

i.e., normalization constant is 1
> take a break to discuss functional derivative, specifically Euler-Lagrange Equation



Probabilities model and Deep Learning

notes on Euler-Lagrange Equation



for normal function

for a normal function f:
» if x is a stationary point, then any slight perturbation of x must:

> either increase J(x) (if x is a minimizer) or
> decrease J(x) (if x is a maximizer)

> let g-(X) = X + = be result of such a perturbation, where ¢ is small, then define:

dJe _ (d J(g-(x)) ) _ (d J(g:(x)) d g=(x) ) _ dJ(g-(x)
de e=0 de e=0 d 9e (x) de =0 d g- (X) =0
=1
_dJ(x+e) ~0
T d(x+e) 0 -
— J(X)=0

» showing % = J'(x) = 0 above is obvious, and doesn’t help anything;
e=0

» however, it does LOT for functional:




for functional

for a functional F:

» to find stationary function f of functional F, satisfy boundary condition
f(a) = A, f(b) = B:

J= /b F(x,1(x),f (x)) dx

> slight perturbation of f that preserves boundary values must:

> either increase J (if f is @ minimizer) or
> decrease J (if f is a maximizer)

> let g.(x) = f(x) + en(x) be result of such a perturbation en(x) of f, where ¢ is small and
n(x) is a differentiable function satisfying n(a) = n(b) = 0:

b
Jo = / F(x, 9-(x), g..(x)) dx
8\ ——

Fe



/
> g.(x) =100 +en(x) = g =P +en' () = & =n'(x)
» now calculate the total derivative of J. with respect to e:

dJ: d b b dF,
defg/a ngxf/a ac dx
bToF. dx OF.dg. OF. dg.
— dx
/é1 Ox de = 09 de 0g. de

b /
:/ oF. dg. + oF: dg dx  xisindependent of
a L0g: de 99l de

b T oF. oF. ,
- mn+,nmkx
/é; |:8gi age

» whene = 0:

1. ge =f
2. F. = F(x,f(x),f'(x)) and
3. Je has an extremum value

dJd.
de

broF oF ,
- or or dx =0
=[G+ G| ax




ddJ: b OF OF
=l = [ﬁ(x)ﬁ“"?/(x) = ]dx:o
e=0 a ——

’
v u

> use integration by parts: [ uv’ = uv — [ v u’ on second term:
b oF b oF
= X)— +/ [ "(x —] dx
=[]+ [ reoge
N ——
b oF oF 1L b d oF
= [T |+ [re0g ] = [T g Gre

bTroF d oF OF 1P
*/a [E - dixﬁ} n(x)dx + [U(X)WL*O

dJ-
de

» using the boundary conditions n(a) = n(b) = 0:

broF d oF
/a[ﬁ—d—xﬁ}n(x)dxfo



Euler-Lagrange Equation

» Fundamental lemma of calculus of variations says:
if a continuous function f on an open interval (a, b) satisfies equality:

/b f(x)h(x)dx =0 = f(x) =0

» then,

/ab [8F d 8F} () dx = 0

of  dx ot
oF _doF _
of dx ot

> back to Noise Contrastive Estimation example, C contains no G’ (w, 6) terms, therefore, we
only need to show: %(GG) =0



Euler-Lagrange Equation: Standard example

» Find real-valued function f on interval [a, b], such that:

f(ay=c and f(b) =d,

for which the path length J along the curve traced by f is as short as possible.

(ds)? = (dx)? + (df)?

= (1 + ((j;))22>(dx)2

= (1+f’2)(dx)2
— ds=+/1+f2dx
b
= s:/ V142 dx
a N——

F(x,1,8)




Euler-Lagrange Equation: solution

» the integrand function is:

F(x, f(x),f'(x)) = V1 +12

» The partial derivatives of F are:

OF (x,f,f f F(x,f,f
OF(x, 1.1) _ g OFOGET)
or V1+12 of
» Euler-Lagrange equation:
OF d oF _
of  dx ot
17} f
== ¢ =0

ax T+ TP
anything has a derivative equal 0 must mean it is a constant
' (x)
1+ (F(x)?
= f/(x) = A another constant
= f(x)=Ax+B

= C = constant



Deecamp 2019 Checkpoint: Re-parameterization Softmax

1.
2.
3.
4.

Why Re-parameterization
REINFORCE
Gumbel-Max trick
REBAR

This lecture is referenced heavily from:

>

>

v

Maddison, et. al (2017). “The Concrete Distribution: A Continuous Relaxation of
Discrete Random Variables”

Tucker, et. al (2017), “REBAR: Low-variance, unbiased gradient estimates for
discrete latent variable models”

Paisley, et. al (2012) “Variational Bayesian Inference with Stochastic Search”
Yu (2017), “SeqGAN: Sequence Generative Adversarial Nets with Policy Gradient”

http://blog.shakirm.com/2015/10/
machine-learning-trick—-of-the-day-4-reparameterisation-tricks/


http://blog.shakirm.com/2015/10/machine-learning-trick-of-the-day-4-reparameterisation-tricks/
http://blog.shakirm.com/2015/10/machine-learning-trick-of-the-day-4-reparameterisation-tricks/

Why Re-parameterization: (1) otherwise infeasible

» imagine a Computation Graph:

ya=fo,(11)
ys = Po,(v2) = Po,(Fo,(11))

Z~ Pro,_ (Vn—1)
Yo =1",(2)

> Monte-Carlo step 52G; = -+ x 32 x ... doesn't have derivative, and but we do need
it in the chain rule
» one trick is to use Reinforcement Learning, e.g., Seq-GAN




Tricks to avoid it

» In some applications tricks can be used: for example in GAN.
> Traditional GAN’s Generator:

mci;n mDax <£(D, G) = Ex~p,(x)[log D(x)] + Ezp,(2) [ log(1 — D(G(Z)))]>

Generator given D is:

i (EZN,W) llog(1 — D(G(z)))])

and partial derivative contains - - - x g—g X ...

» can be thought as fixed D helps G to generate better sample so that D score it higher.

» when Generator generates a sequence of “discrete” words, it has Monte-Carlo samples,
unable to take derivatives.

» Reinforcement Learning can be used as such trick!



Seqg-GAN algorithm

repeat
for G-steps do
generate a sequence Yy.7 = (V1,...,¥1) ~ Go
fortin1:Tdo
1 N n n G
- _yy = I na Ds(Yilp) Yip e MCE(Ye, N) 1< T
Qs = Yiuroa=y0 = { B, (o7
end for
-
Vod(0) =S Ey, . .~g VoGo(yi|Yi—1)Q(Yi.—1. ¥t)
t 6
t=1 n~y
end for

for D-steps do
collect negative samples from current Gy, combine with given positive samples

Train discriminator Dy,
end for

B+ 0
end repeat



Comments

» In Traditional GAN, Monte-Carlo step z ~ p(z) occurs before deterministic transform G,
so it doesn’t affect derivative of Gy

» In Natural Language Generation, Monte-Carlo step occur during every step of G, i.e.,
the Gy participate in the generation of tokens, so the derivatives can’t pass

» In Seg-GAN, Gy is not learned through derivatives of <]Ez~pz(z)[|°g(1 - D(G(z)))]), but

instead D and G are acting through an intermediary Q(Y1.t_1, 1)
» Colloquially, Gy is learned through Policy Gradient, where Q(s, a) is indirectly guided
by D in a separate step.

» same applies to continuous sequence: where G, outputs Gaussian parameters at time
t, then sample from it is fed into input at time ¢ + 1



Why Re-parameterization: (2) lower variance in Monte-Carlo Integral

» begin with score function estimator
> we love to have integral in a form:

7= [ H@p(@)z = e pio 2]
z
as we can approximate the expectation with:

1
=~

=]

N - -
> 12" 20 ~ p(2)
i=1

> we do not love [, f(z)V4p(z|6)dz,

> in general, Vyp(z|0) is not a probability, e.g., look at derivative of a Gaussian
distribution:

8 [ exp~@—w?/a* 2z -p) exp~ (@ w?/a?
o B a2 Vero

2no



Score Function Estimator

» however, in machine learning, we have to deal with:

V9|:/f p(z|0) dz} =/zv9 {f(z)p(z|9)}dz=/zf(z)[vgp(z\é))]dz

P i.e, 0 is the parameter of the distribution
» e.g., in Reinforcement Learning: let N = {sy,ay,...,57,ar}

T

Po(M) = Po(S1, ar, ... sr,ar) = p(si) | [ me(alsp(siiilst, ar)
t=1

= 0" = arg max {Eang(n) [Z R(s:, ar):| }
t=1
—_———
f(z)



Score Function Estimator

» we use REINFORCE trick, with the follow property:

vop(2]0)

p(z16)f(2)V ollog p(z|0)] = p(2]6)f(2) P(Z10)

= f(2)Vop(2|0)
> looking at the original integral:
[ @ vipziodz = [ pio))7 oz pzIoNdz
z z

~ Bt (2070 oz pL210)]
» can approximated by:

N
Z D) vs[10g p(z"0)] 2" ~ p(z|6)

» suffers from high variance and is slow to converge



Re-parameterization trick

Re-parameterization trick is then:
instead of sampling z ~ Pry(y) directly, we sample:

€~ p(e), z=g(e,0ly)

more concretely:
> only need to know deterministic function z = g(e, ) and distribution p(¢)
» does not always need to explicitly know distribution of z

example, Gaussian variable: z ~ N (z; u(9), o(9)) can be re-parameterised into as a
function of a standard Gaussian variable:

e~ N(0,1)
——
p(e)

2= g(c.0) = u(6) + co(6)
—_———

9(e,0)



revision on change of variable

> Lety=T(x) = x=T""(y):

Fy(y) =Pr(T(X) < y) = Pr(X < T () = Fx (T (¥)) = Fx(x)

dFy(y) _ dFx(x) _ dFix()dx _ (X)CLX
dy ~  dy dx dy “\dy

fr(y) =

» without change of limits
fr(y)|dy| = £ (x)[dx|
» with change of limits

fy(y)dy = fi(x)dx



After re-parameterization trick:

» when computing expectation, p(e) is no longer parameterized by 6:

Eep(o (96, 0))] = / (g(e, 0))P(e)de
—— e

z

» taking derivative, (note you can change Vv, from outside of integral to inside):

= VoEcop)[f(9(€,0))] = Ecnpe) [Vof(9(e, 0))]

- / Vof(gle, 0))p(e)de

» note without re-parameterization, can not change Vv, from outside of integral to inside

VoEpz0)[f(2)] = /f(z)vgp(z\e) = Ep(z16)[f(2) Vo log(p(210))] # Epz10) [V f(2)]
— z —_—

» during gradient decent, e are sampled independent of 6



Simple example

> let u(0) = ab + b, and o(0) = 0 compute:

0" = arggnax[F(O)]

. 2
= argmin Eznr(u(6),0(0))[27]

= argmin {/ 22 N<a0+b, 1 )}
0 o~
f(2) (o) o(9)

» we can solve it by imagine its diagram ...

» in words, it says: find mean of Gaussian, so that the “expected square of samples” from
this Gaussian are minimized;

» it's obvious that you want to move . to close to zero as possible
> which implies = —2 = ,(0) =0
» without using any tricks, the gradient is computed by:

2(z — —(z=p)?/0"
VeF(G):/ 2 x ( 2”) &P x a dz
2~ o Varno ~~
(2) ou
ON(p,02) a6
M

» very hard!




solve it using REINFORCE trick

» let’s solve it by gradient descend by REINFORCE:
> let u(0) = ab + b, and o(9) = 1:

/ F(2)V0p(210)dZ = Eopia1o) [(2)Vollog p(z|6)]]

1 _e=p?
= Ezp(z|0) [ZZVQ log ( exp 202 >:|
2m

led

=Ezp(z10) [ZZVM{ — log(V2ro) — (22_05)2} X Oue(e)]

= IEz~.'\/(z;a6'+b,1) [22(2 - u(9)) x a leto =1

- EZNN(Z;a6+b,1) [Zza(z —a — b)}

—p?

» comment: Vg log (:;}27 exp 207 > can be a bit fiddly




solve it using re-parameterization trick:

> z~ N(z;p(0),0(0)) can be re-parameterised into:

> if we need to compute: f(z) = Z2

€ ~ N(0,1)
2= g(e,0) = u(6) + co(6)

» the re-parameterised version is:

VoEempolf(9(e. ON=E__ (o [Vo(2)]

Vo (1 0)+£a‘(0))]

eNeO1

2a(ad + b + €)]

5N501

(co.1)
(co) [V

e /\/'(eO1) [V (a9+b+5)2]
(co) |

» both REINFORCE and re-parameterization must achieve the same resuilt!
» knowing p(X) and g(e, 6) is sufficient, we do not need to know explicitly p(Z)



» compare both methods usinga=2,b=3:

1.0

0.5

0.0

-0.5 4

-1.04

154

—— using REINFORCE: p(z)
—-4 using re-parameterization p(x)




Application: Replace z ~ q,(z) with € ~ g(e) in Variation Inference

@ CAMP

» ELBO:

Lo = [ a@ . 292 - [ atz n(az)dz

= /q¢(z) In(po (Y, z))dz — /q¢(z) In(qs(2))dz parameterize
= ]Eq¢(z) [lOE(pG (y, Z))} - IEqd>(z) [log(q(p(z))]

» obviously g4(z) are dependent on ¢, so we need the re-parameterization

2~ Go(2) = ¢ ~ p(e) and z = (o, ¢)

> after re-parameterization, it appears to be:

L0 =Ecpie)[log(po (¥, (0, €))) — log(qy(9(6, €)))]



» ltis universally true that:

In (p(y)) = In(p(y, 2)) — In(p(zly))

» It's also true (a bit silly) that:

In (p(y)) = [In(p(y, 2)) — In(q(2))] — [In(p(z]y)) — In(q(2))]

» The above is so that we can insert an arbitrary pdf q(z) into, now we get:

(o) =i (B2 i (D)
» Taking the expectation on both sides, given g(z):
e from (e fom ()
:/QQMMMmANZ—/hch¢ANZ+<_/qgﬂn<%%?>&>

£(q) KL(qllp)

= £(q) + KL(qllp)



Firstly, what is an auto-encoder:

> encoder x — z
» decoder z — x’, such you want x and x’ to be as close as possible
» autoencoders generate things “as it is”

would be better, if we could feed z to decoder that were not encoded from the images in
actual dataset
> then, we can synthesis new, reasonable data

» an idea: when feed database of images {x} to encoder, the corresponding {z} are
“forced into” to form a distribution, so that a new sample z’ randomly drawn from this
distribution creates a reasonable data



Variation Auto-Encoder

» loss at a particular data point x; for minimization:

£i(0,6) = —Ezay (i) [log P (xi12)] +KL(Qo(2]%)||p(2))
N,
reconstruction error regularizer

> to have high value in E; g, (z|x;) [log Py (xi|2)], it needs:

Qo(z|X) T = Py(xi|z) T and
Qo(2]X) L = Po(xilz) |
> can think the setting as a joint density 7(x;, z) where conditionals are Qs (z|x;) and Py (x;|z)

> reconstruction makes P(x;, z) as highly correlated as possible (high accuracy, but
less diversity - unable to generate “new” sample)

> regularizer makes P(x;, z) least correlated as possible. when KL is minimized,
conditional Qg (z|x;) is independent of x;, i.e., p(z)) (low accuracy, but has high diversity)



look at the ELBO again

> we are not using normal ELBO, i.e., q(z) to maximize:

In (p(y)) = /qz)ln (Y, 2)) dzf/q )In(q(2)) dz+( /q(z (p(zlv)> Z)

£(q) KL(qllp)

changing q(z) — q(z1y)

= [ a@yinez.vdz - [ atzly)m(atziy) dz+( [ otz ( ) )

= [ azwntewizndz + [ azyinte)dz - [ atziy) m@Eyidz + KL(aEiy)lpey)

= [ a@mnewizndz + [ aziyyneEysz— [ oz inaEy)dz + KLaziv)lipiv)

= /q(ZIV)In(p(v\Z))dZ—KL(q(ZIV)Hp(Z)) + KL(q(zly)llp(z]y))
= In(p(y)) — KL(g(zIV)lIp(z]Y))

= / q(z|y) In(p(y|2))dz—KL(q(zly)[Ip(2))

= E,qaly) [In(P(Y12))] — KL(q(2IY)1P(2))



Variation auto-encoder

» knowing

In (p(y)) — KL(q(2Iy)Ip(2]Y)) = Ez~qzpy) [In(P(Y]2))] — KL(q(2]Y)IIp(2))
= —In(p(Y) + KL(q(zIV)IIp(2]y)) = —Eznqgeziy [ In(P(YI2))] + KL(a(2]Y)IIp(2))

>0 L()

choose g(z|y) to minimize £(.):

= KL(q(zly)llp(zly)) =0 by letting q(z|y) = p(2]y)

» so the lower bound of £(.) is In (p(Y)).



objective function illustration

new intepretation:

P loss at loss function again: 9

£1(0,6) = ~E, gy 21y [ 108 P6 (¥:12)] + KL(Go (2]ly)1P(2)) .
N —

reconstruction loss regularizer

> without reconstruction loss, same numbers
may not be close together, i.e., they spread 0
across the entire multivariate normal
distribution, when we perform:

Z ~ ap(2ly) Vi~ py(¥1Z) .

i.e., Vi has low probability to look like y;

» without regularizer, you may recover digits 0
back, but they don’t form overall multivariate
Gaussian distribution (so you can’t sample)

https://towardsdatascience.com/
variational-auto-encoders-£fc701b9fc569


https://towardsdatascience.com/variational-auto-encoders-fc701b9fc569
https://towardsdatascience.com/variational-auto-encoders-fc701b9fc569

KL between two Gaussian distributions

> compute KL (N (1, E1) |V (ke, @

1 bN 1 _ 1 _
KL= [ [ 3108 21 = 50— ) TE7 0 = ) + 0 = ) B3 = )| plo)ae
12 % 2 2
_1 [Z2| 1 Ty 1 1 Ts—1
=zl g" {BI0 = p)(x = i) 7+ SEI = 12) 5y (= pe2)]
1 |Ss 1 1 _ 1
= —log == — —tr {ly} + = (1 — p12) = - —tr{z; s
20g‘z1| zf{d}+2(lm p2) Ty (a1 u2)+2r{ 2 X1}
_1 |2 —1 Te—1
=3 |0g7|): | —d+tr{¥, i} 4 (p2 — 1) Ty (p2 — p1)
1
> substitute iy = [p1, ..., uk]" and Ty = diag(o, . . ., ok), pp=0and T, =I:



there is an even simpler way to compute KL, when

p(x1,X2) = p(x1)p(x2) and q(xi, x2) = q(x1)q(x2)

KL(p.a) = — [ Pt iog atep)any — [ plxy) g plx ey )

= KL(p(x1)p(x2)lla(x1)a(x2))

/ / P(xq)p(x2) [ log q(x1) + log q(xp)]dxy — p(x1)p(x) [ log p(xq) + log P(Xz)]dx1)

= ([ ] Tp0epg)tos axy) + plxq Do) g alxp) — Pl etp) o plxy) — Pl () o m]dn)
1 2

(/)(1 / P(xq)p(xp) log q(xq) / / P(xq)p(xp) log q(xo) — / / p(x1)p(x0) log p(xq) / / P(xq)p(xp) log p( X2)dx1)
(/ P(xq) log q(x1) / p(xo) + / p(xq) / P(x2) log q(xp) — /x p(x1) log p(xq )/x p(x2) — /x1 p(xq) /Xz p(xp) log P(Xz))
(/ p(xq) log g(x1) + / p(x2) log g(xp) / p(xq) log p(xq) / p(xo) log p(xz))

(/ P(xq) log q(x1) / P(xq) log p(xq ) (/ p(xp) log g(x2) / p(xp) log D(Xz))

= KL(p(x1)lla(x1)) + KL(p(x2) Il q(x2))

therefore,

KL(p(x1)p(x2) lla(x1)a(x2)) = KL(p(x1)11q(x1)) + KL(p(x2)[I(x2))

k
— w( TTots0ll TTatxe)) = 3 KLlotsllats))
k k i=1



there is an even simpler way to compute KL, when p(x, y) = p(x)p(y)
and q(x, y) = q(x)q(y)

> et p(x) = N(up, op) and q(x) = N (g oq):

Ki(p. @) =~ [ p(x)tog ax)ax + [ p(x)tog plx)ax

2 2

1 2 Up+(ﬂp—ﬂq)

= —log(2nof)) + ——mM8M ———
2 &(2mog) 203
2 2

o op+ (p — 1 1
:|°gi+u

= _
op 20'q 2

2
— 5(1 + log2may)

2 2
g (1p — 1q) 1
=1 —1 + =5+ -
87a TR T 502 202 2
> let p(x) = N(u, o) and g(x) = N(0, 1):

» moving into k dimensions, and apply KL( TTx PN TTk q(xk)> = E’i‘:1 KL(p(x;)Ila(x;))

KL(l;[P(Xk)||1;[q(XK)) %Xk:[giJ“Mz : 2}

— — — — o
2 2 2 &7



where does neural network come in to play?

> to do Bayesian properly, we need:

P(z]x;) o< Po(xil2) P(2)
N——

Encoder network A/ (0, /)

> this is certainly not Gaussian! therefore, we need to use variational approach, and to define
Qo (21X) = N (u(x;, 0), =(x;, 0))

» we can choose any distribution, but having Normal distribution making KL computation a lot easier in
objective function

» how do we obtain the parameter value of this Gaussian?

> of course a linear, or a kernel won't do its trick, we need a Neural Network for both (x;, 6), Z(x;, 6)



Other re-parameterizations available?

» many available!

name
Exponential
Cauchy
Laplace
Laplace
Gaussian
Gaussian
Rademacher
Log-Normal
| Inv Gamma

p(z;0)
exp(fx1);x >0
=020
L£(0; 1) = exp(—|x])
L(p; b)
N(0;1)
N(u; RRT)
Rad(%)

In N (p; o)
z3(lk; 0)

p(e)
e~ [0;1]
e~ [0;1]
e~ [0;1]
e~ [0;1]
e~ [0;1]
e~ N(0;1)
e ~ Bern(3})
€~ N(p; 0°)
e~Gk;o™ ")

(e, 0)
In(1/¢)
tan(me)
In()

w — bsgn(e) In(1 — 2]e)
1/In(el‘)cos(Zﬂ'eg)
n+ Re
2e¢ — 1
exp(€)

1

€ m

» however, today we are interested only in Softmax distribution parameterizations!




Apply re-parameterization to Softmax

» when we have the following

L
]EKNSOftmax(m(B),,., uL(S))[f(’C)] = Z f(k) Pr(k|0)
1

k=
L
= > f(k)(softmax(u1(6), - - ., 1(6)))
k=1

> can we find their corresponding:

K =9({9i},9) {Git ~ p(9)



Re-parameterization using Gumbel-max trick

» Gumbel-max trick also means:

G ~ p(9) or U~u(0,1) G = — log(— log(U))
k= e ma;}{m (0) + G, .., nk(0) + Gk} v = one-hot(k)  f(v)
ie{l,...,
9(g,0)

» this is a form of re-paramterization:

instead of sample K ~ softmax(u1(9), ..., uk(0)), we i.i.d. sample G instead

» well, there is two problems, firstly why is such true?



Gumbel distribution definitions

» pdf of Gumbel with unit scale and location parameter y:

P(GI, 1) = QUmbeI(Z = G ; 1) = exp [ (G- ) — ep(—(G — m)]

» CDF of Gumbel:
Pr(Gly:,1) = Gumbel(Z < G 1) = exp [— exp(—(G u))}
» it is obvious that:

P(Glp, 1) = exp(—G + p)Pr(Gln)

which is a property you must know to work with Gumbels!



Gumbel-max trick and Softmax (1)

» given a set of Gumbel random /:s G eaeelinaving own location parameters
{u;}, probability of all other Z; icular value of z:

p (max{Zix} = zx) = HeXp {— exp{—(zx — Mi)}]

ik
» obviously, Zx ~ gumbel(Z, = zx; pk):

Pr(k is largest | {ui})
/eXp{ (2 — 1) — exp{—(2k — )} } [ [ exp {— exp{— (2 — i) }} dz

i#k

. /exp 2+ — exp{—(2k uk)}] exp [ — 3 expl—(z — m)}} iz

ik

exp | — Zk + ik — exp{— (2 — )} — D _ exp{— (2 — P«i)}:| dzy
L ik

{— Zic+ ke — Yy exp{— (2 — ui)}} dz

i

Il
\\T’\

exp | — Zx + px — ZeXP{—Zk + #i)}:| dz

i

exp | — Zx + pk — exp{—2x} Z EXP{M)}:| dz
L 7



Gumbel-max trick and Softmax (2)

> keep on going:

Prikis lagest | (i) = [ o = 2+ - ep(-2 3 eln)] oz

= exp!* /exp |:— Zx — exp{—zk}C] dzy

zkf—oo:|

} exp{ul)}

exp(— Cexp( Zx))

[t
li

0\—*

=exp



Gumbel-max trick summary

> moral of the story is, if one is {8 E:' EHASEE: cment from softmax:

K~ { exp(p1) exp(pa) }
Soiexp(u)’ Y0 exp(py)
= K= argmax {Gy,..., G/}
ie{1,..., L}

where G, ~ qumbel(q ; ;) = exp [— (G — ) — exp{—(G — u,-)}}

— K= argmax {1 +G1, s+ G}
ie{1,...,

where G; ig gumbel(G; 0) = exp {— G) — exp{—(g)}}

» what is p;? for example,

x " 6; in classification

> i
u;” v, for word vectors

> i
P> some literature writes it as :

= argmax {log(p1)+ Gi, ..., log(pr) + G}
ie{t,..., L}

meaning, they let u; = exp(x ' 6;)




how to sample a Gumbel?

» CDF of a Gumbel:

—ep(G—m)/B

U = exp
— log(U) = —exp~ (97H/P
= log(—log(u)) = —(9 — n)/B
= —Blog(—log(t)) =G — n
= g = CDF71(U) = p — Blog(— log(u))

> for standard Gumbel, i.e., p = 0,8 = 1:

G = CDF~'(u) = — log(— log(u))

> therefore, sampling strategy:

U~ uQ,1)
G = — log(— log(U))

K= argmax {u1+G,...,u +G}
ie{t,....K}

v = one-hot(K)



Second problem with Softmax re-parameterisation

» the other remaining problem: sample v also has an arg max operation, it’s a discrete
distribution!
» one can relax the softmax distribution, for example softmax map

» several solutions proposed, for example:
“Maddison, Mnih, and Teh (2017), The Concrete Distribution: a Continuous Relaxation
of Discrete Random Variables’



Relax the Softmax

» softmax map

__ exp(uk/T)
SR exp(pu/7)

K
as 71— 0 = f(X) =max {;xp&}
S eplm) [,

» questions can you also think about the relationship between Gaussian Mixture Model
and K-means?

» one cansay = = 1 is softmax, and + = 0 is hard-max!
» then we can apply the same softmax map with added Gumbel variables:

f-(X)k Hk = pk(Xk)

(X)) = Fo( + Gl = (M)
k

S exp(ui + Gi)/7)



Problem with Gumble Softmax

> the problem with Gumbel Softmax is it is biased
» Bias-ness is obvious: Only sampling Gumbel Hard-max is unbiased



Probabilities model and Deep Learning

REBAR: Low-variance, unbiased gradient estimates for discrete latent variable
models



» Reinforcement Trick:

= Vf(9) = Vo [log(f(6))]f(8)
Veomo(T) = Vo [log(me(r))] me(7)

» in Reinforcement Learning:

J(0) = Errmy(r) [R(7)]

= vgJ(e)zvefﬂe(r)R(T):/vgwe(flﬁ(f)

:/vg[mg(wg(r))]ﬂg(r)a(r)

= Errng .,y [Vo log(mo(r)] R(7)
now some magic happens
= Errony(yy [Va log(mo(7) (R(7) - O)]
= Ernngr, [Vo l08(m6(T)A(T)] = Ermry,, [Vo log(m(7))C]

=0



J(a) = ]ET~7r9(T) [R(T)J
s V() = Errory, [V log(ma (T)A(T)] = Ernony [V log(ro (1)C

gy V0 okl (D)C]
= / Vo log(me(7))C X To(r)

= C/ Vo [log(me ()] 7o (T)
L Y e ———

Vomo(T)

= CVy / mo(7) =0
» another way to think about this is that:

Ernrg(r)[Velogmo(r)] = / Vomg(T) =0

so x C won'’t matter.



Add Baseline trick to the problem

J(0) = ETN"'@(T) [R(T)]
= VJ(0) = E"N"e(T) [Vologmo(T)R(T)] — ]ETNW(;(T) [CVg log mo(T)]

» replace 7y (7) with p(b|0) and r(r) with f(b)

Vod(0) = Eppvj0) [V log p(b]0)f(b)] — Epp(s0) [CV 0 log p(b]6)]

» what should a good expression of C be?



More sophisticated control variate

ora random variable” so that its expectation

variance reduction works by modfty
remains same, but variance reduces

(Paisley ICML12) introduce a control variate g(x) approximates f(x) well
when closed-form E[g(6)] isn’t possible, a low variance approximate is used:

vy

7x) = £(x) — h( g(x) — E[g()] )

E[g(x)—Elg(x)]] =0

» knowing:
n
ar (Z a,X;) Za Var(X;) +22 Z a;aiCov(X;, X;)

i=1 i=1j: j>i

> try it on Var(F):
Var(f) = Var(f) — 2h Cov(f, g) + h*Var(g)
— VjVar(f) = —2 Cov(f, g) + 2h Var(g) = 0
. _ Cou(r.0)

Var(g)



More sophisticated control variate

» substitute h*:

- 2SS
= Var(f) — %’;’gg))z
i =" g =1t

» meaning, higher the correlation between f and g, the less the variance of



Variance Reduction through control variate

» apply this sophisticated control variate:

VB, [0 = Vo (Bt lf(6) — 92)] + Eptr19() )
~ Bne. | (1(6) — 9(2)) T log p(B)]| + Voo 2]
VB lf(6)] = Bty | ((5)70 102 (5)]| ~ B[ 9(2) Vi lowp(6)] + VB lg(2)]
> agood choice of g(z) is important, remember corr(f, g) needs to be high

9(2) = Ep(zip) [f(02(2))]

> after some simplification:

VoEpp) [f(b)]

= ]Ep(b) {(f(b)VQ Iog p(b)] — ]Ep(b) |:]Ep(z\b) [f(o‘A(Z))} Vo Iog p(b)} + v9]Ep(Z|b) [f(U)\ (Z))}
N —
p(2)



Getting the framework right

VoEpp,2) [f(b)]

= Ep [(f(b)w log p(b)] B [Ep(zm [F(o(2))] Vs log p(b)} + Vo [f(ox(2))]

0 @ ®

now we have the framework right, let’s bring out the problem setting



Problem setting

» given:

u~ U(0,1)

2(0, u) = log (%) T log (&)

H(x) =1 if x > 0, 0 otherwise
f = f(b(H(z(0, u))))

» want to estimate:

Vo Ep(iy [F(B)] = Enie [f(b)ve log p(b)} =By [f(H(z))ve log p(2)

> of course, one may simply sample b ~ Bernoulli(6), but its REINFORCE estimate has high
variance



Another re-parameterization case

» just like the Gumbel-Max trick

Pr (k = max(softmax(®1, ..., !Dk))) =Pr (k = max(®1 + G1, ..., P+ Qk))
where G; ~ Gumble(0, 1)

» in a similar way, instead of sampling b ~ Bernoulli(#), we need some re-parameterization of

u~Uu
Pr(b=1/0) = Pr (b:H(Iog (%) +|og<1 fu>>)

=6

z(6,u)
where u ~ U(0, 1) H(x) =1 if x > 0, 0 otherwise

» in fact, the above is a specialized Gumbel-Max trick of binary cases



prove re-parameterization of v in a hard way: (1)

H(z)=1ifz>0
= b=H(z(6,u)) =1ifz(0,u) >0

> so to find Pr(b = 1) we just need to find Pr (z(6, u) > 0)
» in turns out that z(6, u) is monotonically increasing, so:

Pr(b=1) = Pr(z(6,u) > 0) =Pr (u > uw| u~ U0,1),u € (0,1),2(6, to) =0>
—_———— —— — ——

=1—-1u Up is some cut-off



prove re-parameterization of v in a hard way: (2)

> need to find cut-off ug, such that z(6, up) = 0:

0
2(0,u) =0 — Iog(m)+log( to )=0

17U0
Uo 0 Up 1—-0
= | = —| —) = | = -
c’g(17uo) og (1—5) 0g(17u0) og (—5—)
Up 1-—6
e -
1—U0 0
1-90 1-60, 1-90
= U = X(1_UO):>UOX(1+T):T
VL e T
X — = = —
o X 5 7 o

» to summarize:

Pr(b=1[0) = Pr(z(6,u) > 0]0) =Pr(u> ) =1—up =0
where u ~ U(0, 1)



» CDF:

> CDF':

Pr(,LL,S)— X
14+exp s
1
u= —
1+exp s
1 _X—p 1 _
= —=14+exp s =— — —1=exp s
u u
1 X —
= Iog<7—1>:— r
u s

1
— X:—Iog(;—1>s+u:—log(

x = (logu—log(1—u))s+ p

X—

u
)s+u




obtain linking function z = g(0, u) via Logistic Distribution (1)

» theorem: if G; ~ Gumbel(ay, 8) and Go ~ Gumbel(az, 3), then:

G1 — Ga ~ Logistic(ay — az, B)
difference of two Gumbels where G, ~ Gumbel(0, 1) is a Logistic distribution, i.e.,:

> when K = 2: softmax becomes “max of two Gumbel random variable” with locations
log 1 and log avp respectively, and also let 3 = 1

U~ u(0,1), then Gi — Go =log U — log(1 — U) + log oy — log ap
> b=1 = Gi > Go; b=0 = otherwise
Pr(lb=H(2)] =1) = P(G1 > G»)

= P(IogUflogU — U)+Iog(i > 0)
o

z

=P(z>0)



obtain linking function z = g(0, u) via Logistic Distribution (2)

» it is obvious that:

H(z) = H<IogU — log(1 — U) + log (%) > o)

where H is the unit step function
> incase oy =6andap =1-—0:

TlET T eIy



Relax the distribution

z(0,u) = log (%) + log (ﬁ)

» in the un-relaxed version, you have:

b= H(z(6, u))

» for the relaxed version:

1

y=ox(z(0,u)) = m

RN (%) —1og (v5)) /7]

» can see that f(b) = f(H(z)) and g(z) = f(o(2)) are highly correlated




Deterministic function: p(z) = p(z|b)p(b)

> rest of proof requires a very special property as p(b|z) is deterministic:

p(z) = p(z|b)p(b)
» since in our setting, there is a deterministic function H:
b=H(z) = p(z) = p(z.b)

= p(b|z)p(2)
= p(z|b)p(b)



Getting the framework right

VoEpp,2)[f(b)]

= Ep(p) [(f(b)Ve log p(b)] —Epp) [Ep(z\b) [f(ox(2))] Vo log P(b)} + VoEp( [f(ox(2))]

® ® ®
let’s look at @




@ - Ep(p) [f(b) Ve log p(b|#)] Re-parameterization

» in summary, we let: I, [f(b) V4 log p(b|6)] to approximate V¢E ) [f(b)] by:
1. sample u ~ 14(0, 1)
2. compute z = log & + log %
3. compute b = f(H(z))
4. compute Monte-Carlo integral: E ) [f(b) V¢ log p(b|6)]



Continue the framework

VoEpb,z) [f(b)]

= Epp) {(f(b)\—,, log P(b)} —Epp) |:]Ep(z\b) [f(o2(2))] Vo log P(b)} + VoEpz) [f(ox(2))]

= Ey~u [f(b) Vo log p(b]0)] — Eps) [Ep(z\b) [f(ox(2))] Vo log P(b)} + VoEpz) [f(ox(2))]
N— —

® @ ®

let’s look at @



Epo) [Ep<zb) [f(02(2))] Vs log p(b)}

Epb) [Ep(z\b) [f(ox(2))] Vo log P(b)]

After reparameterization:
= Burtato) [Bvmison 1o ()] Vo logp(8)] [o = H(2)

where Zz = g(v, H(2),0)
> this means given b:

Ep(z16) [F(02(2))] = Evmri(o.1) [(o2(2))]

> this is the re-parameterization, which we need to find the liking function g, s.t., Z = g(v, b, 0)



re-parameterization of p(z|b) in general case

» we look at even more generically case of k, instead of binary case

> this means knowing z = [zy, . . . z], a vector of Gumbel random variables,
1. one-hot vectorb =[0,0,..., 1 ,0,...]
N
kth

2. probability vector p
3. CDF sampling variables v

what is the linking function g which outputs Z?

z2=g(v,b,p)

» obviously the z, correspond to 1 in one-hot vector should be the largest!



» Gumble’s first wonderful property:

Pry(9) = exp(—exp(—g + #))
= Prs(@)Pry(9) = Priog(exp(s)+exp(1)) (9)

n
= [1Pra(@) =Pt (521, woon) @ = Priesca(@)

i=1
» Gumble’s second wonderful property:

Ps(g) = exp(—=g + ¢)Prs(9)



formulation for p(z|b)

n
p(b, 2) = [ | Prog, (2102, 2
i=1

Prl°E(1—Pk
= | | Plog(p)(&)1(2k = 2))
Priog(1—p,) (Zk) H eele I

Zy) Pi
_ Pirog(py) (2k) rlog(“/"‘< Hpbg(p, (z)W(z > z)
Priog(1—p,)(2k) ik

n
Prog(py) (2)1(2k > Zi)
= Prog(p,) (2k) Piog(1 —p,) (2) H %

N—— ik log(pi) \ <k
u plog(p,)(zl)1(zk > z)

= exp(—2Zk + 10g(Pk))Priog(p,) (Zk) Priog(1—p,) (2k)
og(p.) (2K) Priog(1—p, ,l;{ D)

P (9)=exp(—g+)Pry (9)

n

Piog(p) (21 (2k > 2)
_ exp(—Z)Priog(1) (2k) %
ik Tlog(ps (2

P (9)=exp(—g+d)Pry (g)  inhere: p=0

T Prog(p) (2)1(2k > z:)

= Pk Po(zk)
~~ g Priog(p, (k)
p(b)

plz1b)



formulation for p(z|b) under recursive truncation =

it can go even further with truncation 7 (it's

p(max element = b, max value = z|7)

= p(G(b) = 2,G(b) > max G(I’)IT) = p(2)p(b]2)

Py (DNz < 7) " Pre,;(2)

Pr,,k(T) ib Pr¢i(7)

N————— ———
Pr (G(* =b)=z|T) Pr (G(b)>max;_sp G(1)| G(b)=2,7)

Prq,K(z) " n Pr¢i(z)

=exp(—z+ o)1z < 1) X ( ) using py, (z) = exp(—z + ¢)Pry(2)

Proy (1) izt P (7)

_ expijk) exp(—z+log Z)1(z < 1)

Priog(2)(2) 0
_— using Pry.(2) = Pryg (2) :
Priog(z)(7) ,13 ¢i tos(2)

P (2)=exp(—2+6)Pr 5 (2)

exp(pk) exp(—2 + log Z)Prigy(z)(2) 1(z < 7)
Z Priog(2)(T)
_ (k) Piog(2)(2) 1z <)
2 Prigg(z)(7)
Pr(b)

p(z|b,T)
= Pr(b)p(z|b, T)



linking function g(v, b, p)

> imagine to sample a truncated distrib
COF—'(Pr(x < t) - v):
n = 1000000;
X =randn(n,1);
X = X( X < threshold);
U =rand([n,1]);
U = normcdf(theshold)*U;
[mean(X),var(X), mean(norminv(U)),var(norminv(U))]

> therefore, making it:

ple v, then proportionate

x =CDF " (Pr(x < 1) - v)
= zx = CDF’1(vk X V;, log p;)
= log(p;) — log(— log(vkV;))

—og [ — P
— log(vkv;)
(* |°g(VkVi)>
= —log pi

_ (— log(v;) — |03(Vk)> . (— log(v;) |0§(Vk)>
=—lg| ————~" | =—log | ——— - ——~
Pi Pi Pi

> so the sampling algorithm is:

— log(— log(vk)), it i =k
g(v,b,p) = _ log (——'°ﬁ§v” _ loelv) )> otherwise



back to @

Epb) |:]Ep(z\b) [f(ox(2))] Ve log P(b)}

we see Ep;|p) [f(eA(2))] can now be re-reparamterised by variable v, and sample of b is from

using u:
]Ep(b) |:]Ep(z\b) [f(o'A(Z))] VQ |Og p(b)i| = EUNZ/{ |:]EVNM [f(o’;(?))] VQ Iogp(b)]
VoEpp,z [f(b)]
= Euu [[(H((2)) Ve log(p(2))] — Fp) { p(z1b) [[(2(2))] Ve log D(b)} + VoEp) [f(ox(2))]

= Fumat [f(H((2)) Vo 108(P(2))] — Eumus [EM [H(o2(2)] Vo log p(b)] Vo Ens) [0 (2))]
—_—
now we look at @




OB [Ep(zm [f(ox(2))]

» using p(z) = p(z, b):

Epz) [f(H(2))V o log(p(2))] = Eps) [f())Ep(z|6) [V o log(p(z|b)p(b))] ]
= Ep(v) [F(D)Ep(z15) [V o log(p(2]b)]] + Epp) [f(D)Ep(zip) [V o log(p(b))]]

» now we replace b = H(z) — o (z) only in the f(z) part:

VoEpz) [f(o2(2))] = Enz) [f(o2(2)) Vo log(p(2))]
= Ep) [ Ep(z/p) [f(02(2)) Vo log(p(2|b)] | + Ep(e) [Ep(z15) [f(o2(2)) Vo log(p(b))]

= Epv) VoEp(zib) [[(o2(2))] +Epv) [Eozib) [f(02(2)) Ve log(p(b))] ]
—_—

> after re-parameterization:

= ]Ep(b) |:]EV,\,7,{ [ng((r)\(é))}] + Vg]Ep(b) |:]EV,\,7,{ [f(o;(z))]}

using 2 using z



Substitute (3):

VoEpb,z) [f(b)]

= Bu~u [f(H((2)) Vo log(p(2))] — Epp) |:]Ep(z\b) [f(ox(2))] Vo log P(b)} + VoEpz) [f(ox(2))
= Eu~u [f(H((2)) Vo log(p(2))] — Bu~us |:]EV~M [f(ox(2))] Vo log P(b)]

+ Epp) {]EV'\/Z/( [Veo f(U')\(Z)):I:| + Vo Epp) {vau [f(a,\(z))}]

using z using z

®




REBAR algorithm

» the algorithm is like, at each iteration, the derivative is calculated as:

Vo Epb) [f(b)]

“Epu) [( f(b) — f(o(2)) ) Vo log p(b|0) — (Vol(01(2)) — Vol(o(2) }

O @ ®

» basically, u — z — b, then having (b, v) — z




