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1 Conjugate Gradient Descend Motivation

Imaging in coordinate descend, we have a 2-d function f(x1,x2), where

x = (z1,22) " n

suppose after optimizing along x1-axis, led to x") where f(x)) is minimized in its z;
component:

Vo, f(x) =0 )

next step is minimize along z2-axis, and obtain x® such that:

Voo f(x®) =0 ©)

1.1 problem

the problem is that after optimizing in x2 direction, it may “undo” effect of optimizing in x1
direction previously

1.2 motivation

using previous example, one needs to move along a direction other than z2-axis, s.t. V, f (x(z))
remains zero

in words, whilst minimizing a direction, function value along all previously optimized
directions do not change, i.e., gradient at those previously-visited directions is zero! we need

to search for new non-axis directions:

1.3 where can it be used?

one common example is to minimize a quadratic problem:

min % (xTQx —b'x+ c) 4)

xER™

if matrix Q € R™*™ is positive definite, then minimal value x* is:

Qx"=b )



1.3.1 other alternative to solve linear equation?
e general Q: Gaussian elimination (LU factorization), but requires O(
e Q) is positive definite, but not Conjugate Gradient Descend

e symmetric positive definite (p.s.d) Q, Cholesky decomposition

2  Q-conjugate

in general, {q1,qz, . .., dx } are said to be Q-conjugate, such that:

n®)

A Qar=0 j#k ©6)
however, there is no requirement for q; Q qx = 1!
2.1 aspecial case
if Q is also symmetric, {\x, v } are eigen-(value,vector) pair:
Qv = AV
= v, Qvi=\v; vi =0 j#k @)
= {qi,...qn} ={v1,...Va}
{v1,...vn} can be thought as special case of Q-conjugate vectors. These vectors are
orthonormal without Q
2.2 linear independence
let Q be positive definite, then all its Q-conjugate vectors {qi,q2,...,qn} are linearly
independent
2.2.1 proof by contradiction
suppose an element gy can be written in linear combination of {qi,...,qn} \ qx, i.e.,
linearly dependent:
assume qr = a1qi1 + -+ Xk—19k—1
= a/ Qav = ax Q(a1ai + -+ + ar-1qx-1) ®

=q,Qaiqi+ -+ qp Qak_1qk_1
=0

contradiction: by positive definiteness: q Qqr >0 Vqx # 0!

here we only prove linear independence, but they are in general not orthogonal!



2.3 compute o, independently
let {qu,...,qn} be arbitary Q-conjugate set, what is the corresonding {1, ..., an}?

write x* as combination of linearly-independent basis:

x" =a1q1 + -+ andn

= q];r Qx" = qZQ (caqi + -+ anqn) x arbitrary k"
= akqr Qar ©)
T * T
X b
q; Qax q; Qax
change index from {1,...,n} — {0,...,n — 1}
X* = pqo +---+ Ap—1Qn—1
n—1 T T
b b (10
= Z "I’lkiqk where o, = _?ki
= 9 Qak q; Qax

the above can be achieved in parallel where each q; does not minimizing anything. It is
not an algorithm, it simply decomposes x*

3 Putting into an algorithm

now, we want to find an iterative algorithm, with an initial point xo:

compute (v, qo) X1 = X0 + aoqo
compute (o, qx) Xp = X0 +aodo + -+ Qp—19k—1 (11)
compute (n—1,qn—1) x" =x0+ Qo+ + ¥n_1Qn_1

we need to two requirement for a, and qy:

3.1 Two requirements

let gradient V f (xx) be oppsite direction of gradient descend:

Vf(xk)=Qxr—b (12)

3.1.1 Requirement o

Given qg, o, must be found such that, after computing:

Xk4+1 = Xk + Qg (13)



At position Xi4+1, f(Xk+1) mininizes in all directions of previous path vector (x1 —

X0, - - -y Xk4+1 — Xk ), 1.€., gradient vector V f (xx+1) € R™ is L to all previous path vectors:
V f(xx L sub-space span by path vectors (X1 — Xo, - . ., Xk4+1 — Xk
f(Xnt1) pace span by p ( +1 )
@040 apqy (14)

L span(qu,...qk)

3.1.2 Requirement qx+1

for next iteration, also find appropriate qx+1 such at, it satisfy all Q-conjugate definition:

a1 Qai Viel, ...k (15)

4 Requirement oy V f(xp41) L span(qy,...qx)?

4.1 Why is it needed?
4.1.1 First iteration

starting from first step, given arbitrary point xo, and after picking a “sensible” qo”, for
example, —V f(xo):

X1 = X0 + @oqo (16)
— X1 — X0 = @pqo

Obviously, we hope to find a that makes location at x; to minimize the line (direction)
X0 + aoQo, this is equivalently saying:

Vf(x1) L (%0 + aoqo)
1 apqo offset xo won’t matter in L 7

L span(qo) just a line

can be understood/visualized by moving x along the line:

X = X0 + aqo for arbitary o (18)

if gradient vector at x, i.e., Vxf(x) is not L to the line, then there is some gradient
component in the same direction of the line, until it gets to x;, where Vx f(x1) has zero
component in the line

4.1.2 Second iteration
X2 = X1 + a1q1 (19)
= X0 + @oqo + a1q1

similarly, we want to find a1, such that: X2 minimizes:



Vf(x2) L (x1 4+ oaqr) (20)

however, by doing so, x> should also minimizes the plane span by:

V£(x2) L (%0 + aoqo + a1q1)
1 (oqo + a1q1) 21
1 span(qo, q1)

this is needed as one needs to ensure optimizing x2 should not “undo” the efforts by
both x; — x¢ and X2 — X1.

4.1.3 k" iteration

by finding appropriate cx, we first can prove:

Vf(xk+1) L (x5 + arqr) (22)

subsquently we can use induction to prove:

V f(xk+1) L span(qo, - .., qx)
—_— (23)
k—+1 terms
i.e., Xx+1 minimizes f over {xo + span(qo, - . ., qx) }. This is detailed in section(4.2.2)
4.1.4 What is o, then?
-
g = — YL Xk)_ar (Tx’“) ax (24)
q; Qax
we show why this choice of «y, leads to:
Vf(xk+1) L gr or
T (25)
a Vf(xkp1) =0
in section(4.2)
4.1.5 Last step
1
Xp = arg min -x' Qx — b x (26)

)2

x€{xg+span(qo;---,An—1)



4.2 prove Vf(xx41) L span(qo, ..., qx)
4.2.1 prove Vf(Xrt+1) L g
First, we prove:

;
op = VIO Ak G g, @7

a; Qax
write V f (X;41) in terms of V f(x)

by definition:

Vf(Xk+1) = Qxp41 — b
= Q(xr + arqr) — b

(28)
= (Qxx — b) + axQaw
= Vf(xk) + arQqx
cubstituti _ _ VFCxx) Tak ; — .
substituting oy, S into Vf(xx+1) = Vf(xk) + ar Qqx:
q, Qay
Vf(xk+1) = Vf(xk) + axQar
= qp f(xr41) = ai (VF(xx) + axQar)
T Vf(Xk)TQk T
—q Vv SR FAC.LY . L)
ax Vf(xk) a4 Qax ar Qax (29)
= ax Vf(xx) — ax V£ (xx)
=0
= V/f(xk+1) Lax
4.2.2 second we prove V f(xx+1) L span(qo, ..., qx) by induction
by induction, assume in the previous step:
Vf(xx) L span(qo, ..., qr-1) (30)

leti < k:

Vf(xk+1) = Vf(xk) + axQaqx using Eq.(28)
= a/ V(i) = a) (V) + axQar)
=q; Vf(xx) + ar q; Qqr  no need to subsitute vy
~——
=0
=q; Vf(xx)
=0 Dby induction assumption V f(x%) L span(qo,...,qr—1)

— Vf(xk+1) 1l qi fori<k
€29}



5 Requirementqj,i;: qpi Qq; Viel,... k

one more thing missing, we know it works well for any arbitrary Q-conjugate vectors {qo, . . . , Qn }-
looking at the first iteration: after letting qo = —V f(x0):

a1 = —Vf(x1)+ Bodo (32)

use definition of Q-conjugacy:

ai Qqo =0
= (~V/(x1) + foqo) a0 =0
~V/(x1)"Qqo + foag Qo =0 33)
Bo = Vf(XTl)TQCm
o0 ' Qqo
it is easy to see that for k™ iterations:
T
a-sigfa

6 Conjugate Gradient Algorithm

1. initialize k = 0, given x°:

(35)
do = —Vxf(x0) = —Qxo +b
2. repeat for k:
(a) compute ay:
VF(xk) " ax
ap = ———"—— (36)
§ qz Qax
(b) update movement (main)
Xk4+1 = Xk + aqg (37

(c) update direction qg+1:

vf(xk+1)TQ qk (38)

=-Vf(x + where =
Qkt1 F(Xp+1) + Brak Bk o Q@

until at all n directions, or other criteria



