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Generative Adversarial Networks (GAN) and related mathematics

Traditional GAN
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GAN Obijective

» look at GAN objective:

min g (£(0..G) = vy llog D00 + B, log(1 — D(G(2)))

= Expr([log D(X)] +Expg (0 [log(1 — D(x)]

alternative expression

> note that only py(x) is parameterized, you can not learn p;(x)

> tradtional view of D: D maximize the difference between p;(x) and pg(x), and G minimize
the difference between py(x) and pg(x)

> critic view of D: D gives a critic between p;(x) and py(x) in terms the largest of their distance
(i.e, the most strict critic/judge), by maximize the difference measure between pr and pg
G tries to make it better (pg(x) to look like pr(x)) using the current measure
moral of story: D presents a way to measure between p, and pg, i.e., some kind of divergence

<m3x (Ex~pr(x)[log D(X)] + Expg () [log(1 — D(x)])) gives the strictest critic!
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GAN Obijective - many representations

> be careful of the signs:
> using — log(D) trick: £(D, G) ~ Eyxp,(x)llog D(X)]—Ex~p, [log(D(G(.)))]:
> let U(x) = —log D(x) and to fix G: (comes later for Energy GAN representation)

D* = arg[r)nax Exp(x)[— Ul fEXNpg(x) [—U]
= arggnax _Ex~pr(x)[U(x)]+]Ex~pg(x)[U(x)]

= argDminEXNPr(x)[U(X)] - ]Ex~pg(x)[U(x)]

change the variable D — U:

Ur= arg min Exmpr () [UX)] = Bz q(2) [U(G(2))]
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KL(pllq) = / p(x)log %dx

> in cases where p(x) — 0, but g(x) >> 0, effect of q(x) is disregarded

1. p =0.000001; q = 0.999999; print p* np.log(p/q): -1.3815509557963774e-05
2. p=0.000001; g =0.100000; print p* np.log(p/q): -1.1512925464970228e-05
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> we try to find q as a proposal distribution for 7

» it may turn into a PRO when finding approximations for 7(x) by proposal q(x) by
minimizing their KL:

KL(q|l7) = / q(x)log de note the order of = and q
x m(X)

> make sure any x very improbable to be drawn from 7(x) would also be very
improbable to be drawn from g(x):
1. when g(x) >> 0 AND n(x) — 0 = KL — high:
prevents draw samples where 7(x) is low prohibitive
pi = 0.000001; q = 0.999999; print g* np.log(a/pi): 13.81549574245421

2. wheng(x) - 0AND 7(x) >> 0 = KL — 0:
prevents draw samples where (x) is high more forgiven
pi = 0.999999; q = 0.000001; print g* np.log(g/pi): -1.3815509557963774e-0
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> same as previous page, we change g — pg, and m — pr:

KL(pyller) = [ polog 22 ox

1. when pg(x) >> 0 AND p(x) - 0 = KL — high:
prohibitive for Generator to generate “unreal” image (p: is low)
pr = 0.000001; pg = 0.999999; print pg* np.log(pg/pr): 13.81549574245421
consequence Generator generate less diverse samples
may lead towards mode collapse

2. when pg(x) — 0 AND p(x) >> 0 = KL — 0:
more forgiven if Generator unable to generate “real” samples (p; is high)
pr = 0.999999; pg = 0.000001; print pg* np.log(pg/pr): -1.3815509557963774e-0

» another reason why KL divergnece isn’t great for GAN’s critic!
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» JS divergence:

ss(pla) = 3 (s 25 + g (o] 259
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Find optimal D* after fixed G (part 1)

» fix G first:

mGin max L(D, G) = Ex~px)llog D(x)] + ]Eprg(x)[|0g(1 — D(x)]

£(G,D)

— c@0)= [ <pr(x> log(D(x)) + p(x) log(1 —D(x)))dx

F(x,D(x))

> look at functional J = f, (pr(x) log(D(x)) + pg(x) log(1 — D(x)) )dx:

F(x,D(x))
» Euler Lagrange says: to find stationary function f of functional F:

b
/ F(x,1(x), 1 (x)) dx
a
» then f of a real argument x, a stationary point of the functional F when:

oF d oF _

of  dxof
» in our case, we have x and f = D(x) and not have D’ (x):

OF
=0
aD(x)

A/Prof Richard Yi Da Xu richardxu.com Generative Adversarial Networks (GAN) and related mathematics



richardxu.com

Find optimal D* after fixed G (part 2)

> let: J = [, (pr(x) log(D(x)) + pg(x) log(1 — D(x)))dx

F(x,D(x))

F(x, D(x)) = pr(x) log D(x) + pg(x) log(1 — D(x))
VR O
o000 P o P55 = (D(x) B D(x))

1= D(
_ P(¥) = (pr(x) + pe(x)) D(x)
D(x)(1 — D(x))

> Let FEGLEN) = 0:

pe(x) — (pr(x) + pg(x)) D(x)
D(x)(1 — D(x))
= pr(x) — (pr(x) + pg(x)) D(x) = 0
* _ pI’(X)
P00 = 500 + b0

=0

» can be thought of as p(z|x) in mixture density. visualize 1-d diagram
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substitute Optimal D* = —PX)___into £:

pr(X)+pg(X)

> substitute D*(x) = #;;(x)'

£(G, D) = Bypyiallog D (x)] + Exupyylog(1 — D" ()]
_ _p O
= Bxeeprto ['°g () + pg(x)}  Exrg ['°g (1 p(X) + PoX) H

» A better way to find its relationship with JS divergence:

2 2

3 (oo 2% o) + (/pg(xnogm,wg(, )

_1 pr(x) 1 Pg(x)
=3 < log 2 + /xpr(x) log pir n pg(x)dx> + 5 (Iogz + /xpg(x) log 7& T Pe(X) dx)

B _px) P
=3 <|og4+ /xp'(’() log pr +PQ(X)dX+ /xpg(x) o pr +P9(X)dx>

1 + +
s(ples) =gkt (o P22 )+ 5 KL(QHM)

:% ( log 4 + L(G, D*))
— £(G,D") = 2J5(pi]|ps) — 2log2

A/Prof Richard Yi Da Xu richardxu.com Generative Adversarial Networks (GAN) and related mathematics


richardxu.com

log(D) trick

» L(D, G) can be approximated by:

ﬁ(D7 G) = ]EXNPr(X)UOg D(X)] =+ Eprg(x)[|Og(1 — D(X)]
A Expr(x) [l08 D(X)] + Exvpg ) [— log(D(x))]
~ ]Ex~pr(x)[|°€ D(x)]*Ex~pg(x) [log(D(x))]

— +log(l - Dix))
—— JogiD(x))

B

-4
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substitute D* in — log(D) trick

£(G, D") = Exepol1og D (x)] + Exp, ) [lo8(1 — D" (x)] = 20S(prllpg) — 2log 2
= Fepwll0(1 — D" (X)] = ~Exepwllog D (x)] + 20S(prIpy) — 2log 2

> see how we can put KL into the picture:

KL(pgllpr) = Ex~p, [|°g f){:((:))]
Pg(X) R
= Ex~p, | log S = Ex~p, |:Iog ;”4;;1])(:|
- [ P ] ! AT
B 1 — D*(x)
= Ex~p, [Iog TM]
= Ex~p, [log(1 — D” ()] - Ex~p, [D*(X)}
Ead EXNDQ[*D*(X)] = KL(pgllpr) — Ex~p, [ log(1 — D* (x))}
= KL(pgllpr) — Ex~p, [log(1 — D*(x))]

= KL(p5l1Pr) + Exwup[lo8 D" ()] — 20(pi]|p5) + 2log 2
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substitute D* in — log(D) trick

» see how it works with — log(D) trick:

Expg [—D"(X)] = KL(pgllpr) — 2JS(pr||pg) +2l0g 2 + Expy(x)[log D” (X)]
depends on pg not depend on pg
oc KL(pg|pr) — 2JS(pr]Ipg)

» using — log(D) trick as objective, optimize G after fixing D* is hard!
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What is the Optimal £ when have both G* and D*

> knowing D*(x) = #’%(X), then optimal pg* (x) is when it becomes identifical to
pr(x):

> from previous page:
L(G, D*) =2JS(px||pg) — 2log 2

= L(G*,D*) = min (2JS(pr||pg) — 2log 2)
= —2log2
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Problems with traditional GAN

» Given distributions P and Q of two vertical bars:

P: x=0 y ~ U0, 1)
Q: x=0,0<0<1 y ~ U0, 1)
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Problems with traditional GAN

» it turns out the distances are:

P(x.y)
1
KL(P||Q) = > 1 -log—— =+
x=0,y € (0,1) px.y) ~~
—_— Q(x.y)
Y (x,y)P(x,y)>0
Q(x.y)
1
KL(Q||P) = > 1 -log —— =+oc
x=0,y€(0,1) gy ~~
—_— P(x,y)
Y(x,y)Q(x,y)>0
< <
1 P(x,y) Q(x,y)
Dis(P.) = 5 1 g T o )
x=0,y€U(0,1) p 1/2 x=6,ycU(0,1) 1/2
(x,) ~~ Q(x,y) ~
P(MV)ZQ(X,Y) P(X,Y)ZO(XJ)
= log2
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Generative Adversarial Networks (GAN) and related mathematics

Wasserstein-GAN

min

e |1, |W|?LXS1 IEx»vp(x)[f(x)] - Ez~q(z)[f(G9(z))]

critic

> it's pretty intuitive to see what critic objective does
so why the heck we call it “Wasserstein-GAN”?

» Because discriminator/critic can be proven to be dual of Wasserstein Distance! -
we prove it the other way around from primal — dual

» and it turns out that:

v

W(P,Q) = ||

it doesn’t have the “zero-jump” effect like KL or JS distance
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Wasserstein GAN and Earth Mover Distance

> Wasserstein distances between p; and py are:
EMD(pr o) = Jaf, 3 ¥ = ¥I(x,) = Inf, Eoepna X =1

» try find a transport schedule ~v(x, y): to “move” amount of earth from one place
X ~ pg(x) (generated) distributed from over the domain of y ~ p;(y) (real) or vice versa

» needs to ensure marginal distributions are still there:

> joint density acts the amount of normalized earth movement between individual factory
and port.

STy = ply) 3" (%, y) = po(x)
X y

» this is our new critic
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Wasserstein GAN and Earth Mover Distance

» GAN and W-GAN:
1. GAN:
1 m
Discriminator: Vo, — ; [log Dy, (x;) + log (1 — Do, (Go,(21)))]

1 m
Generator: Vs, — >~ log (De,(Ge, (1))
it

2. if we can change GAN into W-GAN:

find a critic: 7™ = inf Ey)~x~pgy~pr X = VI

1 m
Generator: Vo — > " log (D4« (Go(2))))

i=1

that is all we need to do. However, it is impractical to compute:

7= i By~ xpg ypr X = VI

we need a lot of tricks!
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Primal (constraint) function for EMD

11 0 0 0 0 pg(1)
0 0 11 0 0 . pg(2)
: : FX=2,y=1) :
0 0 0 0 11 Y(x=2y=2) pg(n)
70 70 0 . = oM
0 1 0 1 0 1 : o (2)
. y(x=ny=1)
T P P A R y(x=ny=2) :
0 0 ...[0 0 ...|...[10 0 ...|... ) or(n)
: —_—
A size n? N— ——— b size2n
r sizem?

» look at the RED line:
S ax=1,y) = pg(x = 1)
y

> look at the BLUE line:

Soaxy=N=ply=1)
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W-GAN Linear Programming Primal and Dual form

> I = ~(x, y) acts like a vectorized joint distribution, each element > 0
» C = vec(D(x, y)) acts like a vectorized cost

> o= 2]
primal form : dual form :
min(z = c’ r max (i = bTF>
st. Al = b StATE< C
andl > 0

F is variable in dual function
Question why dual in linear programming is in such form?

A/Prof Richard Yi Da Xu richardxu.com Generative Adversarial Networks (GAN) and related mathematics


richardxu.com

» from http://www.onmyphd.com/?p=duality.theory
> letx=r,andF = u:

min [CTX | Ax =b,x > 0]
X  ———

h(x)

LOGF, ) =fX)+FThx)+ 2 ' g(x) < f(x), vxex,\>0F
xigfo[l:(x, F, 0]

2
m
>
I

- J;fo[ch +FT (Ax —b)]
= xigfo[(CT +FTA)Xx —F'b]

> task only include (F %space which avoid making g(F, ») = —oco (maximization) constrains
should be put to av0|d these regions.

(CT + FTA) < 0 = xcan be made arbitrarily large to make g(F, ) - —oco
ifCT +FTA>0 — x* =0 — q(F,\)=—F'b
> which means:
max[-F'b|CT +FTA>0]
orletF’ = —F:
n;a/\x[F’Tb |cT >FTA]
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letx =T:
assume the conditon FT A < CT vV F: this version works backwards
FTAx* < ¢ x* v F since x* > 0, after multiplication, no change sign
— F' b < C"x* VvF assume Ax* =b
~~
=min [CTx|Ax = b, x > 0]
X
T . T o
= méax[F b] Smxm [C X‘AX-b,XZO}
N —
e
= max [FToFTA<CT vF] < min [CTx|Ax=b, x > 0] write the condition in

Generative Adversarial Networks (GAN) and related mathematics
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Lagrangian Duality and KKT condition

Please refer to my notes on Lagrangian Duality
https://github.com/roboticcam/machine-learning—notes/blob/
master/files/dual.pdf
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Strong duality this time!

» we have proved that:
max [F'b|FTA< CT VF] <min[C x| Ax=b, x> 0]
» but we are greedy, we want to prove in w-GAN setting, it has strong duality:
max [F'b|[FTA< CT VF] =min[C"x[Ax=b, x> 0]

» we can use Farkas Lemma to prove this
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prove  max[F b |FTA<CT VF] = min[C x|Ax=b, x> 0]
F ~~ X

where z* = min [CTx | Ax = b, x > 0] is min in primal
X
1. extend cleverly everything by a single dimension @:
i A 0 b £ F
A= [7CT} , b= [72* +E] , F= [a} where e, a € R
2. when e > 0: after proved o > 0 @ using Farkas Lemma, we then prove:

z= max [bTFIATF < C] > z* — ¢ (using Farkas Lemma again!) @

3. thenitis obvious Z € ((z* — e),z*)

making e infinitely small, we get
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> matrix A € R9%" £ (ay,ap,...ap)

» def Convex combination:

C:{a}a:a1a1 4+ ot ak@g, o + .ot ak =1, @ 20}

for example A € R?*3, then it looks like a painted triangle
> def Conic combination is:

C= {a\a = a1 + ... + ogag, o > 0}

for example A € R?*3, it looks painted cone from the origin
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» Farkas Lemma say, for a vector b, there are exactly two mutually exclusive possibilities:
1. b inside the cone:

3x € R",x > 0 (in every dimension) s.t. Ax =b
2. b outside the cone:

A x € R" x > 0 (in every dimension) s.t. Ax = b
v X > 0, (in every dimension) s.t. Ax # b

these are not the most useful definitions, we use instead:

JFeR™ st ATF<0andb'F >0

note thaty € R”, and x € R”, they are not the same dimension
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JFeR™ st ATF<0andb'F >0

where F ¢ R”, and x € R"
the geometry can be thought as:

» {x1,...,Xp} forms a cone, each x; to be either an internal or external wall.

> Fis the outer door, swing about the origin, that is more than Z away from each and every wall
(A),asATF <0

» b is an inner door, swing about the origin that is less than % from outer door (F), as b"F>0

» can made much clearer by include h (orthogonal to b):
there is always a F and together with its orthogonal pair h to contain b
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@ Clever Extension

» here comes a tricky bit: extend a; by one dimension, i.e., m — m + 1, so the rest variables
(A, b, F) has an additional dimension:

A:[_A}’ 56:[ b } ﬁ:[F]wheree,aeR

—Z" +e o

note that x does not extend, so it can be applied in both systems
> also note that:
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@ Proving a > 0 using Farkas Lemma (1)

» fore =0,canprove 3x € R”,x > 0 s.t. Ax = by = by inside cone, i.e,, Farkas case (1):
obviously x = x* works!

P A N Ax* b &
S B e B R T AL

1. binside the cone: I x € R",x > 0 (in every dimension) s.t. Ax =b
2. b outside the cone: JFeR",st. ATF<0andb'F >0

since it's Farkas (1), then Farkas (2) can not exist, i.e.,:

T'ES

>

b, F <0

I

v

> a-condition1: e=0:VATF <0 — b F<0

Generative Adversarial Networks (GAN) and related mathematics
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@ Proving a > 0 using Farkas Lemma (2)

» for e > 0, there exists no nonnegative solution, meaning vVx Ax # b.
» we look at:

~ A Ax b . o
Ax = [707] X = [707)(} = [72* 4 6} we wantitto = b,
the blue part is feasible
the red part —C " x = —z* + e cannot be feasible, because:
. & AT
z" = min (z =C x)
= —z" =max (- c'x)=-C"x* < -z + €
z ~~
no equal sign >0

even x™ can't be feasible, let alone any other x!

» if Farkas(1) does not exist, then Farkas (2) must exist, i.e.:

3F:ATF<0andb/F >0 inanotherword, vVF:ATF <0 3b]F>0

0< BZIA:: bTF+a(—z* +e) = bTF+a(—z*)+ae: BOTIA:+045
—_——

£T 2
bo F

> a-condition2: e >0:VATF <0, 3b) F+ae>0
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@ Proving a > 0 using Farkas Lemma (3)

a-condition1: e =0:VATF <0 — b F<0
a-condition2: ¢ > 0:VATF <0 3by F+ae>0

since 3F satisfy both a-conclusions, it only works when o > 0
note that not every o« > 0 works, but it's a necessary conditions!

vvyVvyy
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@ Prove Z > z* — e using Farkas Lemma (1)

» we just proved that o > 0, which implies by it won’t change sign
» we saw when ¢ > 0, there exists no non-negative solution, the implication is Farkas case (2):

meaning when e > 0, there exist F = [2] solution such that:

o] [F]=e [ ][] >

— ATF<aC — b T F>a(z*—¢)

F
ATF<aC = AT—<C

[e3

F
b'F>a(z" —¢) = b' — > (2" —¢)
(0%
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@ Prove Z > z* — e using Farkas Lemma (2)

> nowwehave: AT £ < Candb" £ > (2" —¢)

ATF<C and b'F> (z" —¢)
N—— | —
constraint obj

» combine the two above, we have:
2 = max [bTFIATF<C] >z" —¢

» we can make e arbitrarily small, to make Z = z*, so we have strong duality!
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Something else about Linear Programming

» can be proved that if Ax>b instead of Ax = b:

primal form : dual form :
min(z = CTX) max (i = bTF)
1 Ax >
stAx= b stATF< C
andx > 0

F > 0 thisis added
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Obijective function

Put back into Wasserstein Distance problem:
P switching generic symbols back: I = x
» we know primal and dual are equal then:

min [[TC | Ar =b, T >0} =max[b F|ATF < C]

w
» by breaking up F into [szW] to match with b:
9

V(X = 1) X 1)
f(x=2) P 2)
x=n pa(x = n)
F=Try=7 b= =
Py=2) hy =2
(y = n) Py = n)
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Objective function (2)

» from previous slide, we have:

bTF =" pg(x =i (x=n)+ > ply=nf"y=n)

=2 Po(mE () + > p(m)f" ()

» however, we change the variable from n — x:

b F =" p(0)f (%) + > ()" (%)
=D [P0 (%) + P ()£ (%)]
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min [fTC|Ar=b, T >0} = max [b"F|ATF < C]

r 1 0 8 g) ? 8 e o )
[ . : rd(1, 1)7
fi(x =1) d(i, 2)
; : ; =2 :
O 0 70 0 . .
0 1 0 0 1 0 : az, )
Wx=n) d2.2)
o <
ro=nl .
00 T T 0 0 iy = 2) .
r am, 1)
. d(n, 2)
) 1 0o 1 0 :
Wiy =n)
B : - L . d
F
AT ¢

pick any row of AT, gives you:

fo(x = i)+ #(y =j) < d(i,))
i—xandj—y: () + R (y)< d(x,y) vxy
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Put Objective and Constraint together:

» dual function:

W(pg, pr) = max [bTF|ATF < C]

— max {z [P (X (%) + P (F*(X)] | (%) + £(y) < d(x.y) vx,y}

ATF<cC

bTF
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reduce argument to only f instead of f}* and £*

» for x =y, each x can be constrained interdependently:

[pg(x)f;(x)m(x)f,"”(x) R0+ 17(x) <0 w]

max

W

= rtnatx[mﬁ + P2t |+ <0, pr,p2> O]
1.2

» say we have fixed max(|t [, |t2]), e.g., = 5
wlog: t1 < 0,f > 0 suppose |x1| > |x2|,e.9., 1 = =5, = 3:

max(p1, P2)t + min(p1, p2)tz < max(p1, P2)tz + min(p1, p2)t
< max(p1, p2)t> + min(py, p2)(—1t2)

» for x # y, constraint d(x, y) does not impact the objective function, but give constraints to |# |
» therefore:

e 107 F) = mae [ (50080 -+ o0 (1 )]

= max /x (D)) —p(M)F(X)] VF(x)  substitute f = £(x) = —£¥(x)
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WGAN algorithm in detalil

= W(py,p) = mfax{ [ [p0rx) = pafoo)ax| 00— ) < d(x,y)}

Eprr(x) [f(X)] - EXNpg(X) [f(X)]

= max
follfll <1
» put all together:

W(F’Qv pf) = ]Ex'wpr(x) [f(X)] - ]Ex~pg(x) [f(X)]

max
£l <1

= L(G,f) = min

oy an]HaLXS Ex~p) [f(X)] = Ezoqz)[f(Ga(2))]

» in words, the discriminator/critic is try to find a 1-Lipschitz function f that best aligns with real
data from p, and aligns poorly with generated data py
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What is Mini-Max?

s
M-
M=
M-

Pr(i, f)ay Pr(x = )Pr(y = j)ay = x ' Ay

Il
.
Il
I
.
Il

. T .
max (mylnx Ay) max <my|n I xTa1, e, ykxTak} )

= max <min {nxTay,... ,,kaTak}>

= max < ~_min x"A ej)
X \je{1,....k}

since nested max/min doesn’t work, we have:

max v
X
s.t:vfaijgo vj e vgaijvj
m
fo:L X{y...,Xm >0
i=1
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Apply Minimax theorem to WGAN formulation

W(pr, po) = inf Ex,y~qy X =yl

= infExy~y [lIX = yli+ sup Esnpy [(8)] — Bty [F(D] = (f(x) = £(1)) ]

0, fyemn
+oo else

asx,y &y = Es~p[f(s)] # f(x) and E¢p, [f(1)] # f(y), can apply some extreme f to make it oo
= inf sup Bx,ymory [I1X = Y1+ Es~p, [f(8)] = Etrpy (D] — (F(x) — ()]

= sup inf B, yeuy [[1X = Yll+Espr [F(S)] = Etnpg (D] = (F(X) = F(1))]

can swap inf, sup due to convex-concave

= sup Es~p, [f($)] = Etnpg [F(] + igyflEx,y~7[HX = ylI=(f(x) = fy)]

{0, ifffll <1

—oo else
in the case of ||f||, < 1:
f(xq) — f(x; < K |Ixg — x
1f(x1) = fOR)Il < lIx — xall
=1
=[x = x|l > (f(x) — f(x2))
= lIx1 — %l — (f(x1) — f(x2)) 20

think4 —3 > 0and4 — (—3) > 0
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L-Lipschitz gradient

» remaining question is about L-Lipschitz function:

E (X)) — Expr ol
< xapg (09 [FOO] = Bxpr o) [F(X)]

» the key is to know why:
L= max | (x)]

» i.e., a differentiable function f is L-Lipschitz if and only if it has gradients with norm at most L
everywhere.

» we can then do both Gradient-Clipping and Gradient-Penalty!
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» for L-Lipschitz function in general, i.e., include non-convex f:
» Given x < yininterval (a, b), (prove the case of y < x is equally easy):

v, v,
|,(X),,(y)|:’/ f(t)dt‘s/ 17/ (t)dt
X X
latbl <al +16|
y
< max \f’(t)\/ 1dt = max_|f'()] |x — y|
te(x,y] X tex,y]
—_———
L

» we conclude that:

F(x) — (V)| < Lix —y] = L= max | (1)]
telx,yl
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Ensure function f is 1-Lipschitz: Weight Clipping

w

> since the the weights w are written as w " x in neural network, derivative w.r.t input x 2% will

be in terms of w, so:
» need to limit all weights w; € [—c, ]

A/Prof Richard Yi Da Xu richardxu.com Generative Adversarial Networks (GAN) and related mathematics


richardxu.com

Ensure function f is 1-Lipschitz: Weight ClippingGradient Penalty

P since largest of gradient of a 1-Lipschitz function V,

Wep = Esupg [((0)] = Exnp [F()] + AEsup, [(IV5F(R)]l2 = 1]

critic loss Gradient Penalty

» the above critic loss is a minimization instead of maximization, so we switched the term
around, i.e., instead of:

Bxnope [F(X)] = Expg [f(X)]

where

R=t%+(1—0x 0<t<1

A/Prof Richard Yi Da Xu richardxu.com Generative Adversarial Networks (GAN) and related mathematics


richardxu.com

» what if we add some norm based regularizer to the matrix parameter || W||?
» when kind of L-Lipschiz does it correspond to?
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> given f = o(W " x + b), we may want to have a look at what L-Lipschiz is this?

1£x¢) — F(e) | < LI (x¢ — o)
— oWy +b) — (W Xz + b)|| < LlI(Xs — %)

Let
f(x1) — f(x2) = (Vxf(X)) (X1 — X2) where x; < x < X
= Vyo (W x4 b)(X4 — X2) and on(WTx +b) = o’(WTx +b) x W
N—— ~~
z dz
ax

=o' (WX + b)W(X; — Xz)

o' (W T x + b) can be chosen to be bounded!
P> so we need to look at:

W7 (xi — %)l < LlI(x1 — X))l
wiof : [W(x1 — x2)|| < L||(x1 — Xz)]|
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» definition:

n
> Iwl2

i,j=1 )

VrwwT) = (W w)

= is the L2 regularizer!

IWllr =

» it's a matrix norm, therefore:

IWBIIF < IWIlFIIBIIF

» unitary invariant, for all unitary vector, U and V, where uT =u!

Wile = IUW|IF = [[WV|IF = [[lUWV ||

» can prove the following:

Wiz = v/ omax(WT W) < [W]|F = VI\/ omax (WT W)

» Frobenius norm is an upper-bound of spectral norm!
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Frobenius Norm for L-Lipschiz

» using cauchy schwarz:

Iwx|? Z|Z 1_fj{(i\my\2)(imz)}

=1 j=1 i=1 j=1 j=1
= (33 W) I
=1 j=1
= [IWIIElIx*
= [IWx[l < [WIrlix]| vx
= Wi —x)ll < [Wlle X1 — Xl
[
L
> adding W||2, a.k.a, L2 regularizer helps with neural network with a (L = W||¢)-Lipschiz, but it
may not be tight enough
> since [|W|2 = Vomax(WT W) < ||W]||E, let’s see if we can use L = || W||2, aka, spectral
norm
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> Given a linear function f,(-), how "big” is its output, i.e., how big is the number f,(x) = z T x
relative to the size (norm) of x? This is exactly the number:

z"x
lIx]

we need to normalize by || x|| to remove the effects of input x
» We say that norm of z is the largest this quantity can possibly be:

T

z'x
llzll« = sup ——
x0 ||x]]
» or more generically:
-
lzll =sup{x'z | x| <1}
N~ N
dual norm “ordinary” norm

» Dual norm of L, norm is the L, norm. Dual norm of Ly norm is Lo, norm
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» Dual norm of L, norm is the L, norm:

.
sup{z x| [Ixlle, <1} = [|12]le,

max occurs when x is a unit vector pointing in the same direction as z

» Dual norm of Ly norm is L, norm and vice versa:

-
sup{z x| Y<t1 =zl

lIXe00 I
N——
max(|Xq [,.--:[Xnl)
max occurs when x is in corner of a square where signs of each dimesion matches betwee z and x
)T

for example, z = (=5,5) = x=(—1,1)
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1. in general:
[l AX|]
IAllp = sup 22
Ixizo [1xllp
= sup{[|Ax|lp | lIxllp = 1}
2. p=1

n
1Al = sup [[Axls = max > |yl
[IxIl4=1 Ly

the “chosen” x will be a one hot vector: like a column selector to find a column with max sum
of absolute value

3. p=oc:

n
Alle = sup (1A 0 = max > |l
llx]] so =1 o

the “chosen” x will be a vector of {+1, —1} to suit the row with max sum of absolute values
4. p = 2: spectral norm

IAlla = sup lAxliz = V/Amax(ATA) =/ Aman(AAT)
X 2=
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2 2
Allz = sup [JAX]l;
[Ixll2=1

sup (x" AT Ax)

[Ix[l2=1
= max X' Udiag(A1,..., An)U X
[Ixll2=1
T 4 . . .
= max diag(A1, ..., A since U is orthogonal matrix ||x||2 = || Ux
ymax - diag(As n)Y g lIxll2 = Il Ux Iz
y
2 2
= max_ Ayy + .-+ Any,
llyll2=1
=max{\1, ..., An} the choseny is when (y12, Lo yﬁ) is a one hot corresponding to largest A
=Amax(ATA)
Question: what is wrong with instead finding a vector [y? yZ] thatis in the same direction
as[A ... A)?
Answer: [lylz =1 => [11 ... yn]isaunitvectorand [y? ... y?]isnot!

Al = sup [IAX]2 = VA (ATA) = /Ao (AAT)
X 2=
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> compute omax(A " A) is hard!
» however, we can approximate it by:

repeat :
(AT A
= T
[I(ATA)ull

A2~ u" AT Au

u

> or

repeat :
v ATy U+ Av
IAT ul)’ [|Av]|

A3~ u" AT AV

» why it works?
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P this is very similar to Power Method:
https://github.com/roboticcam/machine-learning-notes/blob/master/
stochastic_matrices.pdf

> however, this time, Amax(K = AT A) # 1!
» but the same can still apply:

U(O):C1V1 + -+ ChVn

> ’(IU(0> =0 K’V1 + 4 CnK’Vn

C1A:V1 —+ .- +CnA;Vn

Q

C1 )\q V4
means K'u® gives a good approximation to un-normalized v

» which we can see the first term dominates! However, it may grow significantly big! We
therefore, need a normalization term:

Ku
-
Il Kull

» finally

A% =)\ V1

— WAl =T 7= A = AR
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Spectral Norm for L-Lipschiz

[ Wx||2
max
XA x|z
= [[Wx]l2 < [[W]l2 lIx]|2

IWil2

[[Wx]| < [[W]l2 |Ix]| Yx drop the L2 norm index for vector
= Wi —x) Il < W]z [Ix1 — Xzl
N -

L

enforcing W to keep its norm value closer to || W||2, makes the function more robust than Frobenius
norm!
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Maximum Entropy Generators for Energy-Based Models

» Enough of W-GAN, talk something new!
» Discriminator

U = arg min By p) [UOO] = Exegon [U(X)] + AExmp(o [ V5 U]

= argUmin Exmp() [UX)] = Ezq(2)[U(G(2))] + AExpx) [ Vx U(X)Hz]

» Generator

G= arg(;nin Ezq(2)[U(G(2))]
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InfoGAN

» Original GAN:

mén mgx(L(D, G) = ]EXNP,(X)[Iog D(X)] + Ezp,(z)[log(1 — D(G(z)))])

= L(D, G) = Exnpy(x)llog D(X)] + Expy(x[log(1 — D(x)]

V(D,G)

problem is that the z sampled is not controllable. We need to append it with a code ¢
» infoGAN:

mGin max L(D, G) = V(D, G) — Xl(c; G(z, ¢))
» I(c, x) is mutural information, how much we know about ¢ when we know x and vice versa

if x and ¢ are completely uncorrelated: —> I(c, x) is low
> if x and c are correlated: = I(c, x) is high

v
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» Conditional entropy:

HOYX) == S ppies PEY) ST ey log plyIx)

XEX,yeY p(X) XEX,yeY

» note that conditional entropy H( Y| X) and cross entropy H(P||Q) are not the same thing!
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Variational stuff

> (X, Y) = H(X) — H(X|Y) = H(Y) — H(Y|X): c=Yand G(z,c) = X
I(c; G(z,c)) = H(c) — H(c|G(z,c))
= ]EXNG(Z,C) ]Ec’wp(c\x) [ log P(C’lX)] i| + H(C)

—H(P)

» use variational stuff, and remember, from https://github.com/roboticcam/
machine-learning-notes/blob/master/regression.pdf:

H(PI|Q) = H(P) + KL(P||Q) = H(P||Q) = H(P) = —H(P) = —H(P|Q)

— 16 G(2,)) > Exnoieg [EC/NP(CM [log Q(c/[X)] } + H(e)

—H(PIIQ)

Li(G, Q) = Ecnp(o),x~Gz.0)[log Q(c]X)] + H(c)
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Continue variational stuff

» from previous page:

I(c; G(z, ) > Exoiz.0) [EC,Np(C‘X) [log Q(c/|x)]] +He) (1)
100""/37(;/!

=L)(G, Q)

> so instead of sample p(x, ¢’) = p(x)p(c’|x), we make it p(x, ¢) = p(c)p(x|c):

£i(G,Q) =E . p(g) xo(z,0ll08 QEX)] + H(e) (2
——
easy to sample!
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Why sample @ an @ are the same?

» sample @ : X ~ p(x), then sample y|x, then sample back x’|y. Finally, back and to compute
f(x', y):

Evvryavinmy 00 0] = [ o0 /y Py [ P19 y)ox'dyax

®

pW) | pixly) [ (X Iy)f(x", y)dx'dxdy
S [moan |,
y

= [ w1 [, P i)t 3 [ ptxiyiaxaxdy

N———
=1

[ p») [ it oy
y X

- / px) / P(YIX)F(X, y)dydx
x y

= Ex~X,y~Y|x [f(x, y)]
————

®

> @ : it has the same effect of sample (x, y) directly from f(x, y), an then to compute f(x, y)
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InfoGAN procedure

. sample a noise z ~ p(z) and ¢ ~ p(c)
. generate x = G(c, 2)

. D differentiates real and fake as usual

. calculate Q(c|x)

A WN =
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Bayesian GAN

» Generator

ng i
P(6g12, 64) o< <H Do, (ng(z(l))>> p(6glcx)
i=1

» Discriminator

Nd g

(0412, X, ) oc [ ] Doy x7) x T (1 — Dy, (G, (z“))) x p(Bg|c)

i=1 i=1

A/Prof Richard Yi Da Xu richardxu.com Generative Adversarial Networks (GAN) and related mathematics


richardxu.com

marginalization

> p(0g|0q)
PUOs19) = [ P65, 21000z = [ ploolz.00)  plalos) dz
N e’
independent of 6 5
= [ poslz. 60)p(z)cz
1N ) ;
~ 5 2opsl2” 60) 20~ p(2)
i=1
> p(0q]64)

P(04105) = p(0alX. 0) = [ p(0as2IX,05)cz = [ pl0alz. X, 05) plziX. 05) cz
z ———

- /p(ed\z, X, 04)p(z)dz

1
N 4
i

Q

M=

P02, X, 05) 2”0 ~ p(2)
1
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