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1 Gaussian Process

We make frequent references to GP, so we talk about it briefly:

1.1 definition

1. GP is a (potentially infinite) collection of RVs, such that the joint distribution of every finite subset
of RVs is multivariate Gaussian:

f~GP(u(z),K(z,z'))  forany arbitary =, z’

2. prior defined over p(f|X), instead of p(z) over X = {x1,...xx}

f(z1) k(z1,z1) ...  k(z1,7k)
f(zr) k(zg,z1) ... k(zk,zk)

1.2 Noisy output setting

in a regression with noisy output setting:

yi = f(zi) + € EiiEN(OJ?)

1. joint distribution [, y*] T, after integrate out f:

([ 1)) = [ (B

[xi("—} ' f) p(f|X,z*)df

3 v o
-/ N(ﬂ [,:’(;n))} 1) 7], 2")0f
[K(X,X)+ 021 K(X,z*)
e R I I (S R
— | S ——

2,1



1.3

. predictive distribution of y*|) using conditional formula from the above joint multivariate Gaus-

sian:

p (y*|Y, &, %)
— * 2, —1 _
=N( 0+ K@*.X) (K(X,X) +021) ' (V= 0),
12 321 sl K1
“~1,1

noiseless output setting

in a noiseless output setting, for example, neural network’s read-out layer f(z;):

yi = f(x:) eh)

1. joint distribution of y* and Y since deterministic function is used, p([), y*}—r) no longer need to

integrate f:

([P = (8] = (o[£ &30)

replace symbols * — z, y* — f(x), we have:
PP = (] = (o [ 5250)

for arbitrary variable x
predictive distribution of y*|) using conditional formula from the above joint multivariate Gaus-
sian:

p (|, X, 2%) :J\/’(K(x*,X)K(X,X)_ly,

@)
k(a®,2%) = K(@*, X)K (X, X) T K(X,2%))
replace symbols z* — z, y* — f, we have:
p(f|X,Y) = QP(K(:I:, X)K(X, X)Ly,
3)

k(z, o) — K(z, X)K(X, X)L K(X, ;r))



2 Kernel methods

consider the equation, where ¢(-) € R™:

y=o¢(z) w
pr(z)] "

w

bm (z)
[61(2) ... m(a)]w

using definition:

Y=y, un]
N [d)(xl)v ceey QS(:ZTL)]T
o1(z1) ... Om(z1)

$1(@n) .. dml(wn)

nxm

Ridge regression can be re-written as:

n
. 2
w* =argmin Y (y; — ¢(z:) Tw)” + Awl|3
wooi=1
= argmin ||y — dw||3 + A||Jw|]3
w
just like the normal ridge regression, the least-square solution is:

w' = (®Te4A) 0Ty

mXm

substitute w* back to y = é(x) T w for a single pair of data,output (x, y):

Yw* (2) = p(a) Tw*
)T (@Te+A) oY

_ TeT T -1
=¢(x)' @' (20 +XI)" Y

nxn

1xn

using identity (@7 @ +Al) @7 =T (00T 4 A1) 7"

2.1 Kernel trick

(C)

5

6

()

®)

the above looks all good, except we want to avoid computing ¢(z) explicitly, especially when m is large!

However, knowing

[@07], = é(x) " d(x;) = K(ws, ;)
[6(2)T @], = 6(2) " b(x;) = K(=, ;)

we dodged the bullet of of computing ¢(x) explicitly!

©



3 Neural Network Expressivity in Gaussian Process, [1]
[2]
3.1 Key takeaway

Elements of pre-activation layer zfﬁ of a neural network is i.i.d GP when width tends to infinity:

2L (X) ~ GP(0, K'Y VK

_ _ T (10)
where  K' =07 + B_i1 ) _gpo i1 [6(217 (X))o (511 (X)) '] Np 00
3.2 Neutral network with Gaussian initialization
al -1 1
2h(x) = b, + ZW,éj X ¢(zj* (ac)) W,éyj ~/\/<0, \/—ﬁ) b, ~ N(0,04) or:
i=1 !
N an
Lo
I I ! 1-1 ! !
() = opb —w. , WL ~N(0,1) bl ~AN(0,1
A =l + X e, <o @) Wl ~ N0 d 0
3.3 pre-activation layer 1
putting in data x € R%n, we have:
z1 W11,1 e Wll,d;n z1 b1
2H(x) = = : : S B 12)
ZJIV2 WJ{fzyl T W}V%din Ldin b
similarly, we can have another expression for x’ € R¢
A7 [Whoo Wi Trs] [h
=11 | = : : T 13)
le\’z W11\72,1 T W]{72,dm xiiin bN2
Obviously, regardless if we use (x, x) or (x,x’), when k # k’:
Cov (zi(x), 2L, (x)) =0 ,
{Cov(zi(x), Zz,(xl)) —0 Vk #k (14)
1
331 p(z(x))
din N1
A0 = 3+ = YWy
j=1 j=1
1 2 ik 1 2
Ny



similarly,

1
2 (x) ~ N(o,ag + Ex/Txl>

and co-variance would be:

N1

Ny

Cov(zh(x), 2 (x) = E[( YWk jay + b)) (2w o) + b )]

Jj=1
Ny

= ZE[(Wk]

j=1

1
= a'g + ExTxl

for any pairs of data x and x’, we have, Vk:

[i&ﬂ~N<“

3.3.2 adding activation ¢:

¢(z!(x) =

It’s difficult to tell what distribution this is
3.4 pre-activation layer [
Zﬁ W1l,1
l ) 1 ’
ZNit1 WN1+1,1

similarly, we can have:

a I
z
Nij1 WNHl,l

for a specific k™ row:

ZWkJ

(%) =

zjz; + Z ZE[Wk j

O'b—&-—x-rx O'b—i-ix x’
2+ 11

Jj=1

J=11i#j

T x/ 1T

ob—&——x x’

1
X) ~GP(0,K') where K'(x,x') =07+ FxTx/

1

¢(21)
e
Wf’Nz (2171(")) by
Sl
Wlé,Nl ¢(ZJ\E (%)) le+1
Wi | [ 6)) b
: : +1
WJlVl+1,Nl ¢(zé\7ll(x’)) le+1

(%)) + bl

Wk z]zjm + bi

16)

a7

13

19

(20)

@n

(22

(23)



3.4.1 Prove Cov(z}(x), 2L, (x)) = 0 by induction

This fact is surprising as both 2. (x) and ZL’ (x)) share the same z!~1(x) or ¢(z!~1(x))! However, we
can prove by induction. Firstly, we see that z} (x) and zi, (x)) are independent.

-1 GP(0, K'=1) and hence z “(x)

and z] ]¢Z(x) are independent too. Then, forward looking in Eq.(26), if we can prove that:

lllld

Assume z;~ ~ and z;_ are i.i.d Gaussian Processes, i.e., 25

2= ZW,” (%)) + by~ N (0, Var[p(2 71 (x))] + 07) (24)

You see that the RHS zlfl (x) is an arbitrary random variable, CLT made it independent of the actual

values of {zé.*l(x)}. Therefore 2 (x) and zfc (x)) are independent. It also implies that zl 1(x) and
zfﬁf L(x)) are independent.
: l
3.4.2 marginal p(z;(x))
problem is due to non-linearity of ¢>(z;_ 1(x)), we do not know what distribution 2t (x) is!
However, let’s look at an individual term inside the sum: Zjv:ll W,é jqﬁ(z;fl (%))
E[Wi19(z ' (x)] =0
-1 - 2
Var[Wi 1 6(:1! (0)] = E[(Wia 01" (x)))]
2 - 2 25
= E[(W])*JE[6(4 7 00))7] =

- NilVar[as(zi—l(x))]

Since Var[d)(z;_l(x)] can be chosen to be bounded, and each W} j¢>(z;_l(x)) to be ii.d, (from
section 3.4.1), so we can apply CLT and let N; — oo:

N
W0z 6) <5 N (0, Var[W 6(1 00)] Vi)
Jj=1

1 26
5 N (0, = Var[¢(z4 7" (x))]] V) - substitute Eq.(25) (20
Ny
-4 N (0, Var[s(z4 (x))})
3.4.3 joint density p(z} (x), 2} (x))
I
Here we use a multivariate version of CLT where each i.i.d team inside the sum is a vector: |:zzﬁ ((::,) ] :
k
looking at the part without bias term by,:
N; 1 -1 1 -1
LW, 4 W,
> 121 f@‘f’(zlj_l (x/)) donlo % lk71¢(ZZ171 (Xl)) N, 7
Zj:l Wk71¢(z]‘ () Wk,1¢(zl )

use the notation for zero-meaned R.V:
s(|Y])=g||¥ [yi  v2]| = Var(y1) Cov(y1,9y2) (28)
Y2 Yo Cov(y1,y2)  Var(yz2)

6



We already know the variance (diagonal) from Eq.(26). How about the co-variance (off-diagonal) term:
Cov(y1,y2) = Cov[Wi 5 (2171 (%)) , Wi te(z (x)]:

Cov[Wi 1(=1 (%) , Wi 16(21 (x))]
= [Wk,1¢(z1_ (x)) Wk,1¢(z1 (x ))}
= ]E[(W,il)z} E[qﬁ(zfl(x))(b(zi*l (x"))] we didn’t need E for x " x” as in Eq.(17)

- NLZIE[¢(z§*1<x>>¢<zi*1(x’>>]

29

therefore, canceling out Nil X N and add Jf to each of the entries.

It is important to note that a? also appears in the off-diagonal entries as well as the diagonal entry.

2, x>=bk+zj“ (B2 1(xw d
o) = by + 3N w,i1¢<§ |

x (o, [cf%ig[m NI of + BT )TN )

of +E[(z1 1 (x)e(z1 H(X))]  of +E[b(x ()= (X))]
(30)
3.4.4 Relationship with Gaussian Process (GP):
let f(x) = 2L () be some function, and since for every arbitrary point pair,  and 2’, we have:
93 K(z,z) K(z,2')
K(z,2') K(2',2") 31
f GgP(0,K)
looking at mean and co-variance as N; — oo, for each x, 2’ pair:
lk 0 Kl(l‘7$) Kl(;v7af,’/)
( /) ’ Kl(x,z') Kl(.r/,x')
marginal zk(m)i> N(O, o + IE[d)(zll_l(x))QD as N; — oo (32)
where:  Cov [z}c(:c),zfg(x’)] = Kl(z,2') = 0} + E[p(1 7 (z)) x (2471 (2"))]
putting it in layer specific GP define over some domain X as N; — co:
= 2,(X) ~ GP(0, K" (33)
The recursion tells us z1 LX) ~ gP(0, K!=1). Remove the suffix z; — 2:
= LX)~ GP(0,K') VE
(34)

where K! = o + Ezﬁ’l(xwgp(o,m—l) [(b(zlfl(X))qb(zlfl(X))T]



4 NTK at initialization [3]
4.1 Key takeaway

N,
O wiza) =5 0L (z,a!)5 p (35)
el(x, x’) = (Kl(x,x’) +Kl(x,x’)(-—)logl(w,x’)) Qouter INL+1><Nl+1 36)
———
same value for all k,k’ pairs

scalar

4.2 expression of NTK
at layer [:
9z (z,0) T 52 (', 6)
l A ke \% I 5
@k,k’ (:E, x ) - 69l 601 (3
7)
191 0z (x,0) 02 (', 0)

=2 00! 0!

i

why do you think it’s called neural tangent kernel?

4.3 re-parameterized formulation

different to NNGP, we now write neural network expression as:

Ny
_ 1
NNGP 2k(2) =Y W} 0(zi () +oubly W} ~N<0,ﬁ)

=1

N
1
in NTK we use re-parameterization 2L, (x) = e Z W,iyjd)(zj._l(a:)) + apbl, W,i’j ~N(0,1) op ~N(0,1)
j=1
(38)

Given a single input 2, we show the following is the relationship between two adjacent layers 2!~ (x) —

2H(x):
A 7 [ VTR @) ek
z;jx) = EIL W,i,jdi(z;‘l(x)) + b, (39)
Aoy @) A= W}Vlﬂ,jé(z;*%x)) +aubh,,

4.4 Prove by Induction



44.2 For NTK

we need to show by induction:

1.

assume for a small network, at [ = 1 we prove:

1
@llc,k'(x, ') = ( —az'a' + o} )5k,k/

in

(40)

K1

even better, no need to show: 6,2 " (z,2") — Klékyk/. it is actually equal! Besides there is no
N7 to take limit to co

. then by assuming:

_ 82L_1(:L’,9)Tazf€_1(;t’,0) Nj—o00
T 00! 00!

O} (@) ol (@, 2Ny 4D

We can prove:

. 02L (z,0) T 0zl (x',0) Nip1—oo

l 1
Qk,k/ (x7 ‘rl) - a0l 90! ®oo(xvx,)6k7k’ (42)
. I 1 AN 1 .. T,/ 2
45 whenl=1: 0O, (r,2')= (d—mx x +0b)5k,k’
From the Eq.(39), we have:
r 1 Eo_lin W 1 +opbl ]
iy —9=1 771 b1 2(z)
\/1{]— S W as+obl | = | 2i(2) 43)
: ’ 2} . x
ld. 2?21 WJ{@,jxdm +”bb}\12 (%)

L) oz} (x)

. s} . . . e
note when computing ;ﬁ only k™ row going to return a gradient, i.e., Wi = 0if ¢ # k, and
7

(2%

the gradient correspond to W is x;:
1 e .
0z} (z) _ e ifi=Fk ie,rowk
¢] Wl{ j 0 otherwise
! g (44)
= ——4; pxj
Vv din ’ ’
oz, (z 1
L(l) = ——6;
BWZ., J din



now, taking pair of data z and @, each element of the outer product matrix O (z, z’) =

oFl, (")
o0,
The individual element of ©!(z, z’) at k, k' is:

16" ] 1 1 (.
OF ] (z) OF}, (')

O} ./(z,a) = E LR AN A A
" o 9% 90

P= el
1 1
W oF(2) 0F) (@) L

_ Z OF}(z) OF/, («")
owl oW}

1 1
= = oby oby
% i 921 (x) 92), (2') . %2: 921 (x) 92), (2')
== oW, ; oW, ; = ob; ab;

din 1 N
_ Z Z \/7 \/@wzﬁi,k + Za'béi,k O'b(si,k’
1=17=1 =1
din 1
= Z Iijgéi,k/ + afék’k, 5i,k’5i,k = 5k,k’
j=1 %in
1
= d—sz'ﬁk,k/ + Ugék,k’
in
1 .
= < A R >5k K’
din ’
—_——

4.5.1 structure of O (z, 2")
now we have each element @i o (2, @), the final ©! () is:
Kl (z,x') . 0
0 KYz,z') 0
— O(z,2') = : :
0 K (x,z")
0 0 0 0

ke{l,...,Na}
= repeating diagonal with K1 (z, LT
= Kl(xv CC/) ®outerIN1 X No

scalar

10

only one s € {1,..

Ke{l,...,

6]
d=1

OF} ()
55, ©

. N2} in outer sum remain

45)

N2}

(46)



4.6 when! >1

] N )
) TN S Wi (27 (@) + owbl
w0 =1 IR St Wi o (57 @) + ot @7)
i oAl ¢(ZH (@)) + opb!
\/171 Nz+1,J j b Nyt |

split sum into two parts: {W?! b'} and 9!—1

16 92 52!
2, (z ) 2,0 ()
l Topl—1
= 89d a9,

@L,k/(:ﬂ,w') =

Ll
W 92t (2) L () L 021(2) 82, (a) (48)

1 pl 1 pl =1 “apl—1
o{Wi bt} a{W,b} = 99, a0,

@ ©

d=1

|0\~ 1| ozk(z) 0zL,(2)
89l 1 89l 1

4.6.2 Expression for Z

-1
6| 02L (2) 8z§€,(x’)_
apl—1 -1
09, a0,

®

T 2 .. . Oz
derivatives with respect to the single terms: 7’“‘; —
¢
d

in expression
d=1

Ny
1 _
o= i 2 Wl @) + ot
=1
’ (49
1 Ny . Ni—1 l ~ z
=—=>W - b b
\/ﬁzg " ( Nllz (@) oty )+0b]
()';( %) = 8ZL(Z) 8¢>(zl_1(:c)) azl—l(x) drop index for the last two terms
00T T P 1@) 0 (a) el !
Z 96(=" (2)) 921 (a)
(50)

,j () 17 (z) 802_1

-1
0 2; ()
E Wk y rj)(zl*l(x)) ﬁ leave last derivative as is, in “recursion”
)

11



substitute it back to @

o' o 92l (2!
0z (x) Oz, (')
-1 -1
=1 00, a9,

®

ot =1 N, -1 N, -1,/
1 U os—1 azj (z) 1 . s i1, 8zj (z") o
= dZ: (ﬁ Z Wi qﬁ(zj (z)) Py X Wi Z: Wy 5 oz (&) Py by substitution

=1 j=1 d j=1 d
(51D

9247 (z)
although it looks like it is in the form of Section[??], however, W}, q@(zlil (z)) 2 s not

g 2?7, > Wik,j j 89171
d

0z (@)

independent of W,é, o q'ﬁ(zé.fl(a:’)) ———— for j # j’, therefore:

a0,
o M N 821 1(z) el )
_ -1 J l e W 5’
= 2 ﬁ g Z: (ij (z)) T;l) X (Wk’,j’ ¢(zj, (=) T[l) re-arrange
j—j’ insecond term
‘Hl—l

-1 (z) i)zjf ! (z")

N N . . a2t
-2y Z >0 Wiy Wi = (@) () @) re-arrange
, J opl—1 pl—1
= NI o ! J a0, 0,
N 01 92l (@) 024 (o)
1 Sl "
= ZZWkJka (= @) S @) ajngl 591,1
Lj=1j=1 d=1 d d
definition @ (z z’)
N, N
= ZZWM Wi (2 (@) dle5 (@) O ) (,2')
.] 1‘7/7
N N
=N Z D Wi Wi (= (@) $(= 7 (@) O (2.2)5,
] 1j5/=1
use induction assumption: 9 ,(:c )= elgl(x,x ")85.5
deterministic and diagonal limit
N
-1 P R o l-1 i =1, s . Ly
=05 (z,x )ﬁl ZWM Wy ;0(2; (2)) ¢(2;” ("))  only terms remain are j = j
Jj=1

(52

instead of using CLT, we shall apply LoLN here:

12



Ny
1 . .
O (wa') 3 Wiy Wi (1 (@) 901 @)
=1

=0l (z,2) ]EWch LWL, e (@), () [Wli,l’ W,élqug(zll_l(z)) ¢>(zi_1(x’))] very similar to NNGP

= 9;1(%$/)E(zi—1(z)7zll—1(z/)) [d’(zi_l‘ié(zl_l(ﬂf/))]EwiJ W (Wi 1 W;ﬁ/@]

= elogl(x7x/)]Ezl—l ~ GP (O,K"_l) [(z)(ziil(x))d)(zllil(x/))} 6}3-,19/

= Op i/ Kl(a:, z') @f;l(oc, x')
(53)

1. Derivation of ¢y, ; part:

EW}, Wl ] k#K
ol il _ k,1 V1
IEW,i_l,Wk{/,_’l (Wi 1 Wk»/,l} {]E[(Wiiﬂﬂ jA—
o0 k£ K
1 k=Fk re-parameterized expression W} | ~ A(0,1)
= 51«:4k,’
(54
2. notice the expression here:
1
N Wi Wi o2 (@) (271 (@) (55)
j=1
is the very similar of NNGP formulation, except:
$(z171(2) = b=} (2)) (56)

so expect same CLT/LoLN treatment applies here

3. looking at abbreviation symbol K*(z,z’):

Kl ($7 ‘1;/) = a"%’ E(zi_l(z),zi_l(z)')) ~ N(O,I\"lil(m,m’)) [¢(Ziil(x))¢(ziil($/)):|

- ]E(Ziil(x)aziil(f')) ~ N(O,Klfl(zlr,w/)) [(z)(ziil(x))(b(ziil(xl))] assume o = 1
(57)

compare with Eq. (??) the recursion in NNGP:
Aoy 2 2 -1 =1 1
Kl ') = 00 + 0 Bt ) o1 (o) - a(o,ic1(eay) |9 @)8(H @)
(5%

note K'(x,z’) is not a recursion, and K (z, 2) is expressed in recursion

4. note &y, s K (z,2) O3 (z, z') is a scalar, in particular K (, 2) is a scalar. However, ©(z, z')
is the constructed matrix, where elements are of K (z,2")

13



. \Whb!| 0z (z) 0z (x")
4.6.3 Expression for ) ", FWIHT FWT BT
(W b

in expression

dzi(z) 02k, (z) )
HWwh o'} o{wt o'}

O,

d=1

wi bt
W 92l (@) 2L, (a) 59

Wbty o{Wt, bt}

d=1

and compare that with for [ = 1:

91
‘E  5k(e) 2 @)y (Wbt}
061 061 n ’
d=1 d d (60)

then, we do know:

Lol
VU gl (@) 92l (a)

oW Y} O{W, b1} )

d=1

= (Kl(x,a:/) = Nil¢(zl(m))T¢(zl(x)) + og)ék,kr

4.6.4 putting all together

|lebl‘ o1 o 1 / ‘9l71| o1 o l /
ol (z.a") = Z z4 () 2y () zp(z) Ozy, (')
o (E) = 2wy sty T 2 ot ol
=K'z, ) Ok it + S Kl (z, 2') O (2, ") Nip1 — o0 (62)

= (K'(@,2") + K'(@,2)05 (@,0) ) 65 o
= @éo(x:x/)ék,k’

. . . . — N, —
this does what we want to achieve in Eq.[41], by assuming @2 kl, (z,2") S it (x,2") 0k 1

Nyyq1—00
_—

we prove: @ﬁwﬂ, (z,2") OL, (z,2")0p, g

then finally:

Gl(x,xl) = (Kl(x,x’) + K! (x, x’)(——)logl(w,x’)) Qouter INL+1 XNjp1
— (63)

scalar same value for all k,k’ pairs

4.6.5 apply the aboveto/ =1

apply the above to! = 1, when! = 1, d)() =0 = f(just a zero matrix. This is as expected just data x,
i.e., constant.

14



5 linearized model [4]

NTK property during training illustrated using a linearized regime:

51 fli"(z,6;) and w

linearized model is:

[z, 0:) = folz,00) + Vo f(z,0t) A6(t)
0t—0¢ (64)
= fo(z,00) + Vo fo(z,00) (6(t) — 6(0))

= fo(=,00) + Vg fo(z,00) we

both fo(x, 60) and Vg fo(x, 6p) are constants

5.1.1 dynamics of w

looking at the dynamics of linearized gradient flow of linearized model, it is obvious that w only depends
on X instead, as parameter dynamics only depends on training data X

Or1 =0t — 1V, L(:)
Oir1 — 0r = =0V, L(-)

@ =041 — 0p = =1V, L(-) (65)
= 7T]V9f(X7 GO)va}m(X)E()
& =0V f(X,00) "V in ) L()
5.1.2 Dimensionality
Vo fo(X,00) € RIXIXIO:
10| S
Vof(X,0)Vaf(X,0)T = (Vo f(X,0)(V6: f(X,0)) =O(X,X) ©6)
i=1
One of the important NTK is when ¢ = 0, i.e., at initialization:
Vo f(X,00)Vof(X,00)" =Oo(X,X) (67)

15



5.1.3 dynamics of fIin

1" (z,01) = Vo ol 60) (1)
= Vo fo(z,6o) [_ nVef(X, QO)TVf?"(X)ﬁ(‘)} ©)
= —né()(l‘aX)vfy"(X)ﬂ(.)

5.1.4 ODE solution using £ = 3|/ f(X) — V|3

(X, 00) = 0O (, X)V gt () L()

) g (70)
= —100(X, X)(f"(X) = V)
then ODE has the close-form solution:
1. note the following has terms in X
Fin(X,0) = Y + (fo(X,00) — V) exp 190 (X X) ¢ (71)

(@ t=0: fin(X,0)|t=0 = fo(X,00)
(b) t = oo: f,}i"(X,G)\z:oo =Y

(c) it makes sense as ft““ is an interpolation between fo (X, 6p) and

2. ODE solution for parameter wy is:

wi = Vo f(X,600)TOp(X, )" (I- exp 190 (X, X) 1) (Y = fo(X,00)) (72

3. prediction of x is:

(e, 0,) = fo(x,00) + Vofo(x,00) we  subtitute Eq.(72)

= fo(z,00) + Op(z, X)Oo (X, X) ' (1- exp 100 (X, X) t V(Y — fo(X,60))
(73)

(@ t=0: fin(z,0)|i=0 = fo(x,0)
(b) t = oo
F™@,0)l =00 = fo(z,00) + Oo(z, X)Oo(X,X) (¥ — fo(X,60))  (74)
compare with:

Yo (2) = ¢(z) DT (@D + A1) 'Y

(75)
or without ridge part:  yo* (z) = ¢(z) T @ (#D 7)Y
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5.2 mean and variance of f"(z,0,)

look at flin(z, 0;) = fo(x, 00) — O (w, X)Op (X, X) ' (I — exp~ 100 (X:X) £ (X, 00) — V):

E[fI"(z,0:)] = G (x, X)Oo (X, X) ' (T — exp 10 (X:¥) 1)y

when n — oo, we have éo — O = O, and K — KC, by letting:

Var[fi*(z, 0;)] = K(z, )
+0(z, X)07H X, X) (I — exp "X Y (X, X) (I — exp "X X Yo~ (x, X)O(X, z)
— K(z,X) (I - exp~ "X Yo~l(x x)0(X, )
—0(z, X)0 (X, X) (I — exp "0 M) ) (X, z)
5.2.1 special case when 3, (X, 0-+1) = a(x) oF !
9, 08T = §(a, 05 71) — Rz, X)R(X, ) "I — exp™ XX 1) (5(x, 05F1) — ) (76)

when n — oo, we have I — K:

E[gi(z,051)] = K(z, X)K (X, X) (I —exp "™ 1)y a7

think about the case when t — oo

E[i (2,05 Th)] = K(z, X)K~H (X, X)Y (78)

now expand every term:

Var[ge (z, 0111 =K (2, z) — K(z, X)K~H(X, X) (I — exp 27X ) (X 2) (79)

think about the case when ¢t — oo

Var[je (z, 0FTH)] =K(z, ) — K(z, X)K™ (X, X)K(X, z) (80)

compare that with:

p(f|x,Y) = gP(K(r,X)K(X,X)*ly,
(81)
k(z, ) — K(z, X)K (X, X) LK (X, x))
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5.3 lazy training

finally one need to prove these:

sup || fe(2) — f"l|2
t>0

sup 16 — Boll2
t>0 V1N

sup |6¢ — Gollp
>0

:O(nié) as m — 00 (82)
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