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1 Definition

let each of S = {Z; } be distributed from a data distribution D

i Gih(Zi)H

Rad,(H) = Eg []Ea— [:161% -

@

1. In words, We sample n data {Z;}"_; at random from D; We also sample n random binary labels
from Radmarcher distribution. What is the “average of the best correlations” can hypothesis set H
achieve? Obviously, the higher the correlations that & € # can achieve between the set {Z;}7_;

and the set {o; }1*_;, a better performance (or complexity) for 7.

2. Obviously, the most difficult for computing Rady, (#) is to max over a possibly infinite hypothesis
set H (for example all the lines in linear classifications). Lucikly, we can take advantage of for

example:

(a) there are infinite h, but h(Z;) has finite outcome.

(b) or the algebraic property, for example: when h(w | x) = sup,, (w ' x)

1.1 alternative definition

however, some text are using definition:

Rad, (H) = Es [E& [:2% ‘M

/]

n

QUESTION is the above definition also valid?

(@)



1.2 Empirical Rademacher Complexity

. " oih(Z;
Rads (M) = Es | sup iz il Z) 1)] 3)
heH n
which is precisely the stuff inside Rad,, (H), i.e.,
Rad,, (H) = Eg [Eaﬁs(%)] )

2 Bounds
2.1 Expected hypothesis bound

Before we state the expression for the generalization error bound in terms of expected and empirical loss,
let’s begin with a generic bound in terms of Rademarcher complexity:

Theorem 1 Let Z,Z1, ..., Zy be i.i.d random variables sampled from D, and consider every hypothesis
f € F is bounded by |a, b]. Then, Y6 > 0, with probability of at least 1 — 6, and respect to sample S, we
have:

1 < [log(1/9)
vVieF: Ez[f(Z)]<-— f(Z;) + 2Radn (F) + (b — a)y\/| ——— 5)
z n ; 2n
1 — — [log(2/9)
vVfeF: Ez[f(Z)] < - f(Z;) + 2Rads(F) 4+ 3(b — a)y/| ——— (6)
z n 12::1 s 2n

Please note the following:
1. some literature write it as:
1 <& log(1/6
VfeF: Ez[f(2) < ;Zf(Zi)+2Radn(]-')+(bfa)q/% )

i=1

which is also valid.

2. note how I deliberately write it using f € F instead of h € H because we have:

frn(Zi) = £(h(x:),y:) (8)

3. note that Theorem (1) can be applied more generically, and it does not need to apply specifically for
Generalization error bound (in terms of expected and empirical loss) as stated in Theorem general-
ization bound rademarcher complexity. In order to reflect this, let’s give a symbol for:

T = E£[f(2)]
o= 5@ ©
=1

4. T will show the proof of Theorem (1) later using McDiarmid inequality. in Section (3)



2.2 Generalization error bound

Firstly, Generalization error bound is what we are interested in. The expected and empirical risks are ex-
pressed as:

R(h) =Ez[fr(2)]
= Ez[t(h(x), y)]

Rg(h) = %th(zi) (10)
=1
= = > Hhlx), )
=1

Theorem 2 let H be set of hypothesis taking values in {—1,+1} and F = L(H) = {fa(z,y) —
Lin)#y) 1 h € ’H} For any § > 0, with probability at least 1 — & over a sample S of size n drawn from
D..

VheH: R(h)g}%s(hwﬁa}s(%)m,/bgéﬂ an
n

note that we need to apply Rademacher calculus to ‘H taking values in other ranges.

2.3 first attempt

Now, a straight application of Theorem 1 will give the following expression, let a = —1, b = 1, and let

f(2) = fn(2):

Whe s Blf(2) < 130 puz) + 2ads () + 3y LD

=1

— VheH: R(h) gés(h)JrQR/a\ds(.F)qLBq/bgéﬂ a2
n

= Rs(h) + 2Rads(L(H)) +3\/@

where F = L(H) = {fa(x,y) = L{n(a)y} : h € H}

Note that we do not like to express it in terms of @s(L(H)), we need instead to express it using
Radg (#H). Because Radg (H) is the actual complexity of the model, not just the output loss function!
Therefore, we must find a way to express @is(L(H)) in terms of R/e;is(?[,).

2.4 express Radg(L(7)) in terms of Radg (%)

Firstly, there is no general expression for all 7 and H. However, imagine we have a hypothesis set H
of binary functions, i.e., H C {—1, 1}*. This notation means output of hypothesis set 7 is a sub-set of all
possible {—1,1}%.

Then, imagine we define a composite function where we add loss to it: f}, € F:

F=L(H) = {L{n@)zy) | h € H} a3

what is then the relationship between Radg (%) and Radg (L (H)):



Lemma 3 given L(H) = {1{p(2)2y} | h € H} and h(z) € {-1,1}:

Rads (L(H)) = 5 Rads(H) (14)

The results is as expected, as f, € F outputs {0, 1}, therefore Radg (F) is much more restrictive than

@5(7{), hence has less complexity. The proof is easy to understand from the original source. Firstly,
notice that conversion between h — fj, is:

fn=Inxory,  Yi€{-L1}
_ 1-Yih(Xy) (Lo Yih(Xa) 0 Y = h(X) )
_ -~ hitAd) casy tosee: —————— = 9. Y: # h(Xi)

2 ' 2
Rads (L(M)) = Radg (F)

:]Eo[:lé%gz 1—Yh(X)]

=E, {i éoi + % sup % Zai X (_}/i)h(Xi)]
[i”} [Sup *Zm X (=Yi)h(X)] (16)

i=1
N———
0

1 1 <
= -Es [ sup — Z G'ih(XZ')] - Pr(o;(—Y;)) = Pr(o;) and Y; is symmetric
2 hen Ty
1—
= —Radg(H)
2
However, the result is significant. Using lemma (3), you can then apply Theorem (1), where you can

express R(h) and Rg(h) in terms of the Rad,, (%) and Radg(7) instead of expressing them in terms of
Radg(L(H)),ie..:

VheM: R(h)< Rs(h)+ 2Rads(L(H)) +3\/@
= VheH: R(h)< Rs(h)+@5(’}-{)+3\/@

Lemma 4 given any function class H and constants a,b € R, if we denote a function class, { fn|f(x) =
ah(z) + b} by aF + b, then:

an

immediately, you noticed that if one let f, = %h(x) then:

Radg(a¥ + b) = |a|Radg (H)

s )~ s (1)

5 s

11—
= ERads('H)



2.4.1 Proof

the proof is rather straightforward:

n
Radg(aH + b) = Ea[f esgv?t-u (% Zo'ifh(zi))]
h b A

= IEU[ sup (l ioiah(Zi) + b)]

heH M1

= ]EJ[ sup (% Zn:l(fiﬂh(zi) + % En:aib)}

heH — = (19

:]EU[sup (%éaiah(&))] ','bEa[ioi] =0

heH =
1 n
= |a|Es [ sup (7 Zoih(Zi))]
her N1 T
= |a|Rads (H)
the last two lines can be understood by:
Pr(o; =1) =Pr(o; = —-1) =

(20)
= Pr(oya =a) =Pr(o;a=—a) =

N =N =

3 Expected hypothesis bound proof

3.1 facts about sup(-)

Before we start the proof, we need to use few properties to about sup(-) function. There are few properties
about sup(-) are all obvious, but we try to prove them formally:

L. fact1 sup, f(z) + sup, g(z) > sup, (f(z) + g(z))
proof, even though it’s obvious:

su (f(z) +9(y)) < sup (f(x)+g(y)) LHS has smaller domain set
z,y€cA,x=y z,y€A

= sup(f(z) +g(z)) < sup f(x) + sup g(z)
€A rx€A x€A

2D

2. fact2  sup, f(x) —sup, g(z) < sup, (f(z) — g(x))
could just use above and write:

sup ((f(@) — g(@) + g(z) < sup (f(@) —g(a)) + sup (9(2))
= sup f(z) < sup (f(@) —g()) + sup (9(2)) 22)

= sup fz) — sup g(z) < sup (f(z) — g(x))



3. fact3
proving direction of sup,, f(z) — sup, g(z) < sup,, (f(x) — g(x)) only has one way. However,
starting from sup,, (f(z) — g(z)) has two different routes:

sup,, (f(z) — g(x)) > sup,, f(z) — sup, g()
sup,, (f(z) —g(x)) = sup (f(®) +g(—=)) < sup, f(z)+supg(—z)

| S —
if possible for g(z)=—g(x)

(23)

second line is a lot more useful as we usually derive bound for LHS with a < sign.
4. fact4 sup(-) is a convex function
prooflet X = {z1,...,zp}and Y = {y1,...,yn}:
fsup(X) + (1 —60)supY >sup (X + (1 — 6)Y) (24)
to prove this, we can pick arbitrary x; and yj, from the two sets respectively:

Osup(X) + (1 —0)supY > 0x; + (1 — Oy Vi, k

_ _ _ - (25)
= Osup(X)+ (1 —0)supY >sup (X + (1 - 0)Y)

&2Immmmmmﬂ@&mwn—%zﬁdmz»bymmA%)

We do not want to confuse Ez [h(Z)] by R(h), therefore in Eq.(9), we defined:

T(h) = Ez[W(Z)], Ts(h) = % S h(Z:) 26)
=1

8(8) = sup (Bz[h(2)] - =~ S h(Z0) Zi€s
i=1

sup
heH

ﬁgﬁmf@w»

()

in word, ¢(.S) is maximum difference between empirical and expected hypothesis output for any h € H.
Note that there is no absolute value here yet.
we then apply this to see the difference between two sets:

S={Z1,...,Zi-1,Zi; Zix1," " , Zn}

' o (28)
S'={Z1,...,Zi-1, 7}, Ziy1, -+ , Zn}

9(S) = (8" = sup (T[h] = Ts(h) ) — sup (7T[h) = T (h)) Zi€ S,z €S
heEH N ———r heH N —™—
i) o)

sup ((T(h) — Ts(h)) — (T(h) — fs/(h))) use fact 1
heH

IN

= sup (fsl (h) — :Fs(h)) remove T'(h) which is hard to deal with
hEH
1
= :u% (h(Z;) — h(Z,,)) use fact that only single Z; # Z! so, only one term remain in sum
€

b—
279 assumea single h € [a, b]
n

IN

(29)



Equally, by symmetry, we can show ¢(S’) — ¢(S) < bfTa Therefore we have:

b—a

|6(5") = 6(8)| < — (30)
which satisfies the condition for McDiarmid’s inequality, i.e.,
If(@1,. iy zm) — f(@, .2, om)| <o
b—a 31

|p(S") — ¢(9)| <

n

the only complicated part is that f(-) = ¢(-) involves a sup;, term. We can derive:

2
Pr(f(X1, X2, -, Xn) — E[f(X1, X2, -, Xn)] > €) < exp (—272)
Do 6

62
= Pr(¢(S) — Es[¢(S)] > €) < exp (‘ 2)2> (32)

now, simplify with R.H.S:

ne2
N
2ne?
lo8(1/5) = 5 33)
o log(1/9)(b — a)?
2n

— e:(b—a)q/w

therefore, with probability of at least 1 — §:

6(S) — Es[6(3)] < (b — a>\/@
(34)
= () <Es[¢(9)] + (b— a)\/@

however, the above was just bounding ¢(S) = supycy (T(h) — ’fs(h)), this is independent of
Rademacher complexity.

3.2.1 introduce Rad, ()

looking at Eq.(34), let’s see if we can bound the quantity Eg[¢(S)] with Rad,, (H).
Firstly, we realize that:



T(h) =Ez[h(Z)] expectation of single sample

=Eg[Ts(h)] expectation of sample average 35
(35)

1 n
=Es[~ > hZ)|  Zies
=1
This is analogous to Empirical and Expected loss.
Note that we let T(h) = Eg[2 S°7; h(Z;)] instead of T'(h) = Ez[h(Z)], so that the equations
will align with Radg ().

Using the expectation of sample average version from Eq.(35). In here, we need to bring a ghost set S
into the equation, which needs to be independent from the .S in the outer expectation.

Es[o(S)] = Es| sup (T(h) = Ts(h))]

her o . 6
=25 [ (B5[[ on)] - [ 3 onz)] zes

note that in here, all elements S = {Z;} differ from § = {Z;}. Do not confuse this with Eq.(28), in
here, all elements in sets S and S are independent.

E5[6(5)) = Es [ sup (B3] - Sz~ 13 wz)| zies zies
i=1 i=1

= Es[sup l(1E§[Z (h(Zs) — h(Zi))D] ZeS, Ziel

heH T =1

sup(E[])

< ]ES[IES[sup l(z (h(Zz) - h(ZJ))]]

hen ™ Moy

Efsup(-)]
1/ - -
=Eg [ES [IE;, [:161% - ( ; oi (h(Z;) — h(ZJ))H] .~ h(Z;) — h(Z;) are symmetric, same trick prove hoeffding lemma

= ES,S,&[ 5161% - ( Zalh(Z )+ ( - azh(Zz))) ] use short notation

sup, (f(2)+(—g(2))) < sup, f(z)+sup, —g(z)

1 & - 1 &
< ES,& [:2% . Z O'ih(Zi)] +Es5 [:161% o ; *(Tjh(Zi)]
[ sup — Z oih(Z; ] S, [ sup — Z oih(Z ] both sets are from D

heH T heH T

=9%Es, [ sup - Zazh(Z )]
i=1
= 2Rad,, (H) .



therefore, with probability of at least 1 — §:

#(5) < Es[6(9)] + (b — a)y 2D

log(1/6 e8
sup (T(h) - Ts(h)> < 2Radn (H) + (b — a)y/ 281/%)
heH 2n
Fatou lemma
sup — (ESI [Z (hZ) - h(ZZ))D < Eg [ sup 7<Z (r(Z]) — h(ZZ)))]
heH N i=1 i=1 (39)
sup(E[]) E[sup(-)]
Fatou lemmas says:
lim sup/ fndp < / lim sup fr, dp. (40)
n— oo S S n—oo

however, as we haven’t chosen n — o0, it is unclear how Fatou Lemma is applied.

3.3 bound Rad, () using Rads(%)

The result in Eq.(38) are in terms of Rad,, (), which may be difficult to evaluate.

We hope to apply this to Radg(7{) making it possible to evaluate. Similar to before, We can apply
McDiarmid’s inequality. To do so, we introduce a set which differ by a single element S”:

S={Z1,...,Zi—1,Zi, Zix1," - , Zn}

' / 1)
S’ = {le"'7Z’i—lvz,,7Zi+1,"' 7Zn}
then,
nag 55 cooih(Z; ) oih(Z:
Radg () — Radg/ (H) = E5 [ sup M] - E&[ p M]
heH n heH n
> z,e5 0il(Z;) Y z,es 0ih(Z:)
=E& [ sup — sup ]
heH n heH n
1
= _Eo| sup oih(Z;) — sup oih(Z:)
n [hEH lee:s he Zze:S/ ]
< lIE(—,[sup ( S ah(Z) - Y gih(zi)ﬂ (42)
n H

heH * 7 cs Z;e8"

= lEm [ sup o;(h(Z;) — Uih(ZD)]
n h;€H

1
— sup (h(Z;) — h(Z})) symmetry
noheH

b—a

n

then, by proving Rad sr(H) — Radg (H) < b*T‘l, let to the condition (not probability) for McDiarmid:



|Rads(H) — Radg:

43)

Apply McDiarmid’s inequality, we can bound the function by the expectation (we need it for Rad,, (H)!):

Rads(H) — Eg[Rads (#)] = Radg () — Rad,, (H)
= Pr (Radn(H) > Radg (H) + (b — a),/W) <4 “
= Pr (Radn(H) < Radg(H) + (b — a)\/#) >1-6

3.4 combine RHS using both Rad,, (%) and Radg(%)

Pr <Radn(7-t) > Rads(H) + (b — 1°g(1/‘5)) <6
= Pr (Radn('H) > RddS(H) +(b— logéi/6)> < g (45)
= Pr <2Radn (H) > 2Rads (H) + 2(b — log(2/6) ) < g
From theorem (1):
Pr (T(k) > Ts(h) + 2Rad () + (b — )y %) < g 46)

substitute Eq.(45) into Theorem (1):

— Pr (T(h) > T(h) + 2Radg (M) + 2(b — a)\/@Jr W g g inion bound
= Pr (T(h) > Tg(h) + 2Radg (M) + 3(b — a)\/@) <

4N

10



4 Finite Class Lemma (Massart)

Lemma 5 Let A be some finite subset of R™ and let:
r=sup llall or | <r
acA 49

then:

(50)

Eo [ sup = z":giai] < TV/2log(lAD

acA M n

It is obvious that we are using it for Rademarcher complexity. To make it look like E5 [ SUPp ey 71, S oih(Z; )] s
by equating:

a; = h(Zi)

a=[h(Z1) h(Z2) ... h(Zn)] 51

Also |.A| is bounded, i.e., we have a finite class, meaning the value of h(Z) is finite.

4.1 proof

we can just prove lemma 5 using E5 [SUPaeA > Jiai] < ry/2log(]A]):

11



n n
exp ()\]E& [ sup Zma&) < Es [exp ()\ sup Zo‘iaiﬂ A>0: Jensen
acA ;) acA ;)

n
=Es [ sup (exp ()\ Z aiai)>] exp(A(+)) monotone
acA i1
n
< Ea—[ Z exp </\ Z aiai)] replace sup with Z
acA i=1
n
= ]Eg[exp ()\Zaiaz)]
acA i=1
n
= Es { H expi%i ]
acA i=1
n n
= H Eo, [expkoiai ] - Pr(e) = H Pr(o;)
acAi=1 i
ol 1
= H (7 exprthai 4 = [exp’\(fl)‘” ]) write expectation explicitly
- 2 2
acAi=1
_ n expkai +exp*>‘a1
acAi=1 2
n 2.2 _ .
A“a? T z 22
< HeXp <i) exp” +exp © <exp?z
: 2 2
acAi=1
A - 2
remember previous class: % < eprT
Hoeffding lemma bound
MGF;  raa ()
noy2 2 2 n
Aa; A
=S e () - e (U 300)
acA i=1 acA i=1
)\2
= > exp (S lal?)
acA
2,2
<|Alexp 2 union bound over finite class set A
(52)
let u = E& [SUPaeA p - aiai] :
~ A2r2
exp ()\E;, [ sup Z aiai]> = exp ()x,tt) < |Alexp 2
acA; 5
(53)

)\2 2
A < log(JA]) + =5~

log(|A]) , Ar?
A

:>p,< 2

12



2
—log(JADA 2+ = =0

2
2
r
—_ = )\_2
2log(JA] s
2 _ 2log(JA])
= A\ = —2
o V2l(AD
r
by substitution, we have:
r 2log(]A|)r
< log(1A)) 4 v2loe(A)
2log(|A|) 2
V2log(JAr | /2log(JA])r ©5)
= +
2 2
=r+/2log(|A])

Corollary 5.1 Let H be finite set of functions such that |h(z)| < 1:

Radn(H) < 1/ 220817 (56)
n

Given H and S = {z1,...,2n} and let {h = (h(z1),...,h(2n)) : h € H}, then for every

h(z) € H, we have:
lall < | > h(z) <V (57)
i=1

apply Massart Lemma, we have r = y/n and a; = h(z;):

] < \/E\/Qlog(\ﬂl)

_ [E

1 n
Ea[sup — E oih(z;)
heH T 7
i=1 (58)

5 Rademacher Calculus
51 cH+b={c-h+b:heH} = Rad,(c-H+b) = |c|]Rad, (H)

this is already proved in lemma 4.

5.2 Rad,(conv(#)) = Rad,(H)

Lemma 6 Let convH = {Z&hi {h;}CH, 0;,>0,>0,= 1}
Then:

Rady, (conv(H)) = Radp (H) (59)

Rademacher complexity of all convex combination of functions does not change the original Rademacher
complexity value. This is not so surprising, as convex combination does not change the overall complexity.

13



5.2.1 proof

k

Rad,, (conv(H)) = [ - Zaz Z 0,h;(X; )]

Ry G’H ne\llflnl 1z

n

:E[ sup IZJZZQh(X)]

hjeM,|6]1=1 T ;=

:IE[ sup Ze (Za,h (X; ))]

hyen neul—ln] f

= E[ sup max — Z oihj(X; )] given {h;} in outter sup, the inner @ becomes one hot
hjeM ]

heH M5
= Rad,, (H)

= E[ sup — Zazh(X )]

(60)

meant learning over distributions of hypotheses is statistically not any harder than learning over individ-
ual hypotheses.

5.2.2 application of Rad,, (conv(7{)) = Rad,, (H)

Lemma 7
conv(Sn,s) C Kn,s C 2conv(Sn,s) 61)

where conv(-) is the convex hull that contains the set Sy, s

Knys = {x € R" : |Ix]l2 < 1, I|xlls < V3} = BS N v5BY}

n (62)
Sn,s == {x € R™ : |Ix|l1 <1, [Ix]lo < s}

1. conv(Sn,s) C Kn,s
Shn,s is not a convex set, but Ky, s is the convex set. We need to prove that, Vx € S, s = x €

K’ﬂ,sa ie.,

Ix[lh <1nlixlo<s = xllz <10]x]o < Vs (63)

firstly,

x|| <1 = ||x||2 < 1. think about the geometric region. Then:

Ixllh = x| "1s  where x| = [Jz1] [z2] ... |zal]
1 is a vector with at most s one, and rest are zero

< |Ix|l2 |11s]l2 cauchy schwarz inequality (64)
<lxllzvs o clixllo < s
<Vs o vlxh £1 = xlla <1

The convex hull conv(SS) is the smallest convex set containing S. Formally, the convex hull of the
set .S of points in n dimension is the intersection of all convex sets containing S. For N points
X1,...,XN, the convex hull C'is:

14



N N
c={Ynx:  An>=0 ¥ Yo n =1} 65)
j=1 Jj=1

since S, s is the convex hull and since Ky, 5 is a convex set, then it must implie:

conv(Sn,s) C Kn,s (66)

2. Kn,s C 2conv(Sh,s)
will prove it for the next session

here comes the real example:
In sparse linear regression, we want to find a linear predictor with at most s-nonzero coordinates. Loss
function is:

1 n
arg min — X:((w7 xi) — yi)? s.t. function class (67)
w 2n i1

where function class can be defined in terms of a ball:

1. Wo:
Wo = {w € R w|3 <1, [lwllo < s}
1 & 9 (68)
in — LT — Yi s.t.w € W,
arguimn o ;((74; i) — Yi) w 0
where Ho = {fuw(z) = (w,x),w € Wo} is NP-hard.
2. Wit
However, if we work over L1 ball:
Wi={weR": [w|3<1|wlh < s}
1 & (69)
arg min — Z((w, zi) —yi)? st.w e W
w 2n =1
where H1 = {fuw(z) = (w,z) >, w € Wi }:
then optimization problem is convex, and by applying lemma 7, then we have:
Radn,(W1) < 2Rad, (W) (70)

Statistically, working with L1 ball does not substantially increase the complexity.

15



5.3 L-Lipschitz functions

Lemma 8 Ler ¢ be L-Lipschitz functions for every z € X, i.e. |¢=(a) — ¢-(b)| < L|a — b|), or in our
context, 161 (2)) — 67" ()] < LIf(z) ~ f(=')). Denore:
¢poH ={¢-(h(2)) : h € H} 71)

Then:

Rady,(¢ o H) = L Rady,(H) (72)

it can be written as to proving:

o [ sup =L oip(h(Z;)) 73)

= - ]SLEﬁ[supM]
€

heH n

let’s remove n on both sides, and write out expectation of h(Z;) explicitly and w.l.0.g, we work with
just one element o1, which can then be replicated to other elements throughout:

Es [:g}}){ (o‘1¢(h(Z1)) + iaﬂﬁ(h(zz»)]

=2

=Eo, [Ecrz,...o,( [:25 (01¢>(h(21)) + im(ﬁ(h(zi)))]]

=2

= 1 Eoo,...on | sup | (+1) ¢(h(Z1)) + S oip(h(Z;)) + 1 Eos,...opn | SU (—=1) ¢(h(Z1)) + S oip(h(Z;))
pr<:25+1)[ Lo (;_7 NS )] pr(ff_l)[ [z (;_1 D+3
= 5[Eesnon up (ethz0) + > ouo(z)]] + 3 B [ sup (= ath(z) + > oioh(z9)]]

(Eoz v [ sup (600(20)) + > o) + sup (= o(r(22)) + 2:; cib(h(2))])

1
2 i=2

1 n , n , .
= 5Eos,on [h,shl’lIE)H (o(n(z1)) + ZQ oid(h(Z2)) — (R (Z1)) + 2 oid(h'(7:)))]  still two separate sup()

Eoaoon | sup (L|A(Z1) = W(Z0)| + D 0i(h(Z0) + > aio (W' (7)) | 16(h(=)) — (' (2))] < LIh(z) — K ()
=2

h,h/E€H =2

= Eeson] sup (L(u(z) = 1 (20)) + S owo(h(Z)) + znjo@(h'(zi)))]

2 h,h'€ i—2 i=2
(74)

the reason you can remove absolute operator in |(Z1) — h/(Z1)| = (h(Z1) — h'(Z1)), because if

we swap h with b/ it won’t affect the sum 37" , o3h(Z;) + Y7, 03h/(Z;), so sup can swap h with b’
to make h(Z1) — h'(Z1) > 0

16



Es [:161% (o‘1¢(h(Z1)) + zn:(fzéb(h(zz)))]

=2

1 n n
= “Boy,. .0 | sup (Lh(Z1) + > oid(M(Z:))) + sup ( — Lh(Z1) + ) oip(h(Z:))
37 [ sup > )+ ( > )]
1 = 1 =
= 5 Eepon[swp (L LH(Z) + Y 0t ((Z)) |+ 5 Eeseeon[sup (L Lh(Z) + > 0i(h(Z))))]
2 heH N~ o 2 heH N =~ —
~ o1=1 v ~~ o1=—1 g
Pr(o1=1) Pr(o1=-1)
n
=Eoy,..on [:161% (Lcr1h(Z1) + ;UM(h(Zi)))]
(75)
we can show the rest by computing the expectation using just o2 for the following:
n
]Ea[ sup <L01h(21) + o29(h(Z2)) + Zaiﬁb(h(zz‘)))]
heH pard
. (76)
= Bo, [Eorog,on | 500 (Lorh(Z1) + 020(h(Z2)) + 3 0id(h( 1)) )|
heH =
repeat the process we will obtain:
n id(h(Z; " ih(Z;
Eg[sup iy gid(R( z))] gLEa[sup 2im1 gih( z)] an
heH n heH n
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