Machine Learning Theory: Introduction

Richard Xu
August 17, 2021

1 Something different: Gradient descend convergence
for $-smooth function
You need three definitions and theorems for 3-smooth function:

1. definition of convex function:
fy) = f2) + (VI(@),y — ) M
2. definition of 5-smooth convex function requires:
IVf(@) = Vi@l < Bllz —yll2 @

QUESTION: what kind of function is V f(-)?

3. Theorem 1 if convex function f is B—smooth, then for gradient descend x+y1 = x¢ — NV f(x¢)

and when n = % we have:

F(@eg1) < fae) — gHVf(xt)H; &)

QUESTION: what does it tell you about 5-smooth convex function guarantees?

Theorem 2 if convex function f is B—smooth, for gradient descend x1+1 = x¢ — nV f(x), with learning
1

rate n = 5 then:
| T2
= e=flr) - f@) < > f@err) = f=z7)
t=0 (4)
11
< g (oo =" I3 = lloz — 2" 3)

1. which means €(t) = O(%), in word, it says it takes ¢ X “some constant” iterations to achieve error
1
€

2. first inequality line is due to Theorem 1



The proof began by Eq.(3), conditioned on 1 = %:

@) < fa) = JIVF@0)3

(%)
< fla®) +(Vf(ze), e —a™) — gHVf(mt)H% we need to bring in x*

QUESTION: how do you get the red part?

z) +(Vf(z),y — )

zt) +(Vf(2t), 2" — xt)
—f(@e) +(Vf(ze), 2 — z%)
f(@*) +(Vf(2t), ¢ — )

fly

f(a

= —f(z"
= f(xt

= =
= =
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looking at Eq.(5), we need to expand (V f(x¢), ¢ — *). The first attempt is:

la = bl13 = llal3 — 2(a, b) + [16]13
_ llall3 + [1b]3 — lla — b3 @
2

= (a,b)
so by letting a = z¢ — z*, and b = V f (), we have:
* 1 * *
i) < F@) + 5 (lae = 2" I3+ IV S @0l = llze = 2* = V@3 =l Vi @IZ) @)

the above still not very useful, so second attempt is to make a little modification, where a — a, and
b—nb

lla —nbll3 = llall3 — 2{a, nb) + [Inb]3
_llall3 + [Inbl|3 = |la — nb||3

= 7n(a,b) = 5 )
BT BT TR
n

instead, i.e., a = x; — x*, and nb = nV f(z), brings nice cancellation:

1
Faen) < £@) + 5 (llee = o3+ JuSFTTE — llan — 2 =0V @)1} P il
= f(@") + %(nxt — "3~ lloe — 2" =V f(20)[13)

1
= @)+ o= (lloe = "I = |2t = nVF (@) —*[3)
n —_——
Tt41
1
— @) = f@*) < 5= (llae =13 = |2 = 0V (@)~ 13)
n —_—

Ti41

(10

finally:



1 T—1 1 T—1 1
€= for) = f@) < = Y faenn) = @) = = D0 o (e — 213 = llwers — 2%113)
T= T = 2n
11
= 73y (w0 = 2" 13— llor — 2 [3)

an

QUESTION: why can we conclude f(z7) — f(z*) < & S/ 0" flweg1) — f(a*)?



2 what concentration inequality is about?

imagine we have an “exact” (but un-achievable) bound, i.e., concentration equality

Pr(X >e)=p or (12)
-8

Pr(X <e)=1 or

then, let’s look at concentration inequality:



3 To bound a positive random variable: Markov In-

equality

Theorem 3 if X has support in R :

Pr(X > s) <

proof for this can be understood by:

oo oo
E(X):/ zp(z )dx—/ zp(z)dz sincez > 0
= / xp(x) dz + / dz  pick arbitrary bound s
0

2/ p(x) d a:>0:>/xp dx >0
S

> /S sp(z) dz

oo
= s/ p(x)dz
= sPr(X >s)
E(X
= Pr(X >s) < Q
s
3.1 second proof
whenX<a:]1(X>a):O - a]l(X>a): 0<X
> >
due to support of X >0
when X > a:1(x>q) =1 = al(x>q) = a<l X
> >

due to condition (X >a)

in both cases, we have: al(x>,) < X, then:

al(x>q) < X
= Elal(x>q)] <E[X]
= aE[l(x>q)] < E[X]
= aPr(X > a) < E[X]
think 1 4 is Bernoulli R.V. with parameter Pr(A) = E[14] = Pr(A)

E[X] > Pr(X >a)

13

14

15)

(16)



4 Chebyshev’s inequality

Chebyshev’s inequality is the absolute version of Tail bound, as oppose to Chernoff bound (without absolute
value):

Pr(|X — E(X)| > ¢) = Pr(X — E(X))? > ¢?)

< E[(X — E(X))?]

= &2 17)
Var(X)

2

€

QUESTION: what is the relationship between event | X — E(X)| > and (X — E(X))?2?

4.1 Useful Fact

1. Pr(|X —E(X)| > ¢) = Pr(X — E(X))? > €2), so you do not need to deal with | - |. This fact
can be used generically.

2. Although it’s obvious, but only if you can prove symmetry, i.e.,:

Pr(X —E[X]) >¢e) < C

PrE[X] - X)< —e) < C (15

then you can claim:
Pr(|X —E(X)| > ¢) < 2C (19)

4.2 alternative expressions of Chebyshev’s inequality

Var(X)
€2

Pr(|X —E(X)[ > €) <

X —E(X)

standardize R.V, s.t. its variance is 1 (20)
o(X)

1
EDES
€

— Pr(‘

| =

= Pr(|X — E(X)| > es(X)) < 3

4.3 application of Chebyshev’s inequality

we can use it to derive weak law of large number:
Veso lim Pr(|X, —p/<e¢) =1 1)
n—oo

this means that X,, -5 11, as n — 00, i.e., X, converge in probability to & as n — oo



w@ﬁwﬂﬁ+&:“+%)

= (%)2\7&1'()(1 + Xo + -+ Xn)

(22)
1\2
= (*) (02 +oi4+ 02) (since the X;’s are independent)
n
152 2
ORGEE:
n n
using Chebyshev’s inequality, let:
Var(X)
Pr(X —B(Y)| 2 9 <~y
o o 2
= Pr(|X, —E(X)| >¢) < 22 subVar(X) - — (23)
€ n
o2
T ne

this means that X,, = IE()_(), as n — oo, i.e., X, converge in probability to IE()_() asn — oo
note that the tail probability Pr(|X — E(X)| > ¢) is decaying O(%) so it’s actually quite slow.



5 Different types of Convergence

X BX = X, 5x = x,%x (24)

5.1 Convergence in probability

these are equivalent:

Xn B X
lim Pr(| X, — X|<e) =1, Ve
Ve,0 IN.s st P(|Xp—X|[>€) < Vn> N5 notethereis no limit

Xn =o0p(1)

5.2 Exampleof X, 9. X: Central Limit Theorem

Theorem 4 if X; (any arbitrary distribution) has finite non-zero variance o2, for large n, X, approxi-
mately has a normal distribution with mean p and standard deviation %

We can put Theorem(4) in equation:

. Xn - K _
nli)moo Pr (a < W < b) = ®(b) — P(a) (26)

QUESTION: what type of convergence is above?
Xn—p

this is an example of X, i> X : means that the limit of CDF of NG

must be equal that of Gaussian,

for any interval (a, b):

5.3 Show CLT implies WLLN

Leta = — § and b = g, and use Eq.(26)

|
o

X, —
lim Pr(—fg n K SE) )
n— oo o
lim Pr(—c<vn(Xn—p)<c) =@
n—o0
(27)

|
o

lim Pr (7

n—00
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lim Pr(|X’n—u gﬁ):é

n— oo
think about the above: When n is small, probability for X,, — p to fall between (%, \7—%) may be
lessthan ® (£) — @ (—£)

£
o



1. As n becomes larger, we have a threshold N, s such that, Vn > N s:

eIl < ) 2o (5) -0 (1) - )

¢ c i i .
2. Vn 2> Nes = T < TN < ¢, and ¢ > 0 is not arbitrary, we can always select c such that:

=R

vn
c c 0
> =) = B R
26 6
>1-— 7 3 QUESTION: how may you derive this?
=1-96

for symmetric pdf:

@(2)_¢<_§> =1-20(-%) 31)

QUESTION: what if we change the relationship between ¢ and ¢ to be ( — 5) < g instead?

5.3.1 explain the arbitrary choice of ¢ and

Ve, 8 IN.s st P(|Xn|>€) <5 Vn>N.s (32)

0 =0 = c— large as

~

ST

—)S

€

(33)

IN Qo

e —+0 = n — large as

Sl

note that as expected, J is not computed as a function of €. the two are obtained independently, via
changing value of ¢, n, (the special case is not just )

5.4 example where



6 Moment Generation Function

Introduction to MGF

= o2 Soo,andX—

6.1 Using MGF to prove Central Limit Theorem

Theorem 5 Let X1,..., Xy be iid RV with E[Xy] = p and Var(Xy)

% 1 X, then:
Vi (X =) S N(0,07)
— ﬁ(X;“> 4 N0, 1) oY
note i and o refer to a single R.V.
note that X, % X means convergence in distribution, i.e.,
(35)

lim Pry,(X, <z)=Pr(X <x)

n—>00

in words, as n goes to infinity, CDF of X, converge to that of the X

6.1.1 proof
QUESTION: How do you proof convergence by distribution via MGF?

if we can prove:
)(A) = MGFx,~A(0,1) ()

)\2
— o ()

we begin, to remove notation clarity, we remove limy, — oo

(36)

MGE e va(Xze

10



= MG (s, (xi-w) (%)
)\ n
= (MGF(Xi —w) (m) ) property of MGF

so we use Taylor approximation of MGF x, _,,) (ﬁ) at Ao = 0. We need to use Taylor expansion

here, as we are not after a specific moment.

E[£2(0) + A550) + 52205 0) + 535 0+ 00)]

2 )\3
AN N2 N e N30,
E[”a T (i m i) 5 (Xa = 0% 4 g (X — )0 )]
2 3
=14 B[ - )] 4o B[ - 7]+ s B[ - w100 Y
ovn 202n 3lo2n3/2
=0 52

/\2
=1+2-+0()
2n

taking limit and higher order terms will disappear as faster as n in denominator, and also substitute
X; — X:

lim MGF(_ H)( :\F>
2

= lim <1+;\—)n (39)

n—o0 n
A2 . AN
= exp (?) nh_)moo (1 + 5) = exp(z)

QUESTION: just for fun: let’s try X; ~ N (u, 02), and MGF of general 1-D Gaussian is exp’”"*'éﬁk2
using Eq.(37):

)\ n
MGF \F (MGF( X;— \F>) property of MGF

2

/\

> using MGF of Gaussian exp>‘“+ o?
(40)

(el
~ ()

note that there is no need to even take lim,, — oo
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7 homework

Read up the following:

L.

Use MGF to bound: Chernoff bound

hoeffding lemma

Bound the function value: McDiarmid’s inequality
hoeffding inequality

Bernstein inequalities

and general concept of Rademacher Complexity

12



8 references

in this tutorial, I have paraphrased a number of existing courses and notes, I encourage people to see the
original notes too.

1. https://engineering.purdue.edu/ChanGroup/ECE645Notes/StudentLecture04.
pdf

2. http://www.dklevine.com/archive/strong-law.pdf

3. various Wikipedia pages
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