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Discrete Time Fourier Transform (DTFT) Continued

Conjugation and Conjugate Symmetry Property

xX*[n] <— X*(e7I¥) (1)
Thus, if x is real-valued, then:

X(el) = X* () )
or using the periodicity of X(e/*):

X(e9) = X*(@@9)) = |X(e)] = | X (/@) G
£X(e9) = —4X (@ 9)) ()

Combining this with time reversal property x[—n] +— X(e7/%):
x[—n] +— X(e/¥) = X*(e/) when ¥ is real. (5)

Thus, for an even symmetric signal (x[n] = x[—n] for all n) we con-
clude X(e/) = X*(el?), i.e., X(e/) is real. Likewise, for an odd
symmetric signal (x[n] = —x[—n] for all n), X(e/) = —X*(el?), i.e.,
X(elv) is purely imaginary.

Time Expansion

Define the expanded signal

(6)

xon 1] = x[n/M] ifn=0,FM,F2M,..
(M) 0 otherwise

illustrated below:

z[n) x(9)[n]

n

Then '
x () 1] = X (eIOM). @)
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Proof: Z x(M)[n]e_j“’” = Z x(M)[kM]e_f‘*’kM
——00 k:_oo_. P—
' =x[k]
= ) x[k]e /(@M — x (M),
k=—o00

See figure below for an illustration on a rectangular pulse (top) ex-
panded with M = 2 (middle) and M = 3 (bottom). The Fourier
transforms shown on the right obey the property (7).

x[n] X (e/v)

o n T S yr— 0 T 27T
xX(2)[n] X ()

v n T —27 -7 0 T 27
x(3)[n] X(eP)

C w0 —21 -7 0 T 27

We can compare the expansion factor M to 1/a in the continuous

time property x(at) «— |;—|X(]%)

Differentiation in Frequency

],dX(ej“’)

nx|n] o

®)
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Proof: X(ejw) = Zx[”}eijwn

n
dX(el“)
dw

—jznx[n]e*/"”"
n

Multiply both sides by j and substitute —j2 = 1.

The continuous time analog to (8) is: tx(t) +— %

The differentiation in time property dfi—(tt) < jwX(jw) has no direct
discrete-time counterpart, but we can compare it to:
x[n] —xn—-1] «— (1 - e*j‘*’)X(ej‘*’) (9)

which follows from the time shift property.

Parseval’s Relation

L il = o [ x(e )P (10)

n=—oo

Multiplication Property

Section 5.5 in Oppenheim & Willsky

1

x1[n]xp[n] +— o

[, Xa(e) Xa(el =)o (11)

The operation on the right is called "periodic convolution” because
the integrand is periodic and integration is over one period.

Proof: Apply the synthesis equation to the right-hand side:

1 1 . « ‘
— [ = jé j(w0=0)) ggeiwn
5 /27r 7o /anl(e )Xo (e )doe!“"dw
1 o1 , .
= — joy_— j(w=0)picwn
7 /27TX1(€ )27_[ ./ZnXZ(e )e/dwdo
= el x5 [n]
1 0 ,jon
= mlnly [ Xa(e)edo = xin]xa]
27T Jon
= x1[n]
The integral over w in the second line has the form of a synthesis
equation applied to X, (e/(“~%)) and gives /" x,[n] because of the
frequency shift property e/ x,[n] +— X, (e/(«@=).

Example: Use the multiplication property to find the DTFT of

x[n]—éin §n 1in 1n
= sinc | Hsinc (o ).
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First note that:
1

gine (L) e - I

T T —27 We 2

which follows by applying the synthesis equation to the DTFT shown
on the right:

i/wc el de — Llejwn
27 J—w, 27 jn

We 1 1 . .
JWe __ ,—]Wcn
n 2j (e ¢ )

—we

= sinw.n

Thus X (¢/“) and X,(e/“’) are rectangular pulses in the frequency
domain with cutoff frequencies %T and 7.

Then, by the multiplication property,

, 1 , ,
X (elv :_/ X1 (/)X (ol (@ —0)
(@) = 5 | Xa(e)Xa(e - )ap (12)
which is a periodic convolution of these two pulses as illustrated

below:

1 Xq(e/)
Xo|(e/)
=3t —7 T 31 w:
) A 21
w=20 )
o T o e s s S S B — X (e)
i Xy (el
rig
w=7/4 A
7T
rig
w=71/2 1‘
37/4
g
w=37/4 0
7t/ 2
A 0
w =7
= | |z
4 4
—7T 7T 9:
integration interval
X (elv)
1/2
1/4
0 F 238 27 w
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Convolution Property of DTFT
Section 5.4 in Oppenheim & Willsky

(x1 % x2)[n] = X1()Xa(e*) (13)
Example: xi[n] = a"uln] |a| <1 <— Xj(elv) = ﬁ
al] = Bulr] 1B1<1 — Xal) = {p

1
(1—ae=/) (1= pei«)

X1 (ej‘”)Xz(ef‘*') =

If « # B, we use the partial fraction expansion:

. , A B
X1 (e]w)Xz(e]w) = = + 1= /367]‘“], (14)

with A + B = 1and AB + Ba = 0. This means A = ;%5 B = &,
and the inverse DTFT of (14) is

rex)l] = e - Lopruln
— - 1 ‘B (an-&-l _ 'Bn-&-l) u[n]
When « =  we note:
o oy 1 _ elv  d 1
X1(e) Xa () = A—w™? &liw (W’) (15)

and recall from the differentiation in frequency property that:

Xy (e) .d( 1 )

nxl[n] ] dew :]@ 1—&67].(“0

Next we use the time shift property:

(1 Daln 1] e () (ML_M)

and note that dividing this DTFT by « recovers (15). Thus, the inverse
DTFT of X;(e/“)X;(e/) is

(rr e 2) ] = - (n 4 Dy 1],

Finally, substituting x1 [n] = a"u[n], we get

L (n+Da" N un+1] = (n+Da"uln+1] = (n+1)a"uln]

(x1%x2)[n] = X

where we replaced u[n + 1] with u[n] since (n +1)a" =0 for n = —1.
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Example: Determine the function performed by the block diagram

below where Hjp is a low-pass filter with cutoff frequency w, < 7r/2.

(="
4’@_”’ Hyp(e/)

wp|n

A

HLp(ef“’)

Using the frequency shift and convolution properties:

Wi(el) = X(J“)
Wa(e/) Hyp(el)X (/=)
W3 (/) Hpp(e/ ™)X (&)
Wy(e¥) = Hpp(el)X(el).

Then, adding W3 (e/“’) and Wy (e/“):

Y(e/) = (Hpp(e/) + Hyp(e ™)) X (/)

bandstop filter

—T We T

Finding the Frequency Response from a Difference Equation

N M
Y ay[n—k =Y bex[n — k|
k=0 k=0
Substitute x[n] = é[n], and y[n] = hn]:
N M
Y agh[n—k =Y bedln — K]
k=0 k=0

Take the Fourier Transform of both sides (recall that §[n] <> 1):

N
(Z ake—jwk> e]w Z bke jwk
k=0

Z}Z{Vio bkefjwk

H(?) = .
(&) TN aye TF

(16)

(17)

(18)

(19)

(20)

Section 5.8 in Oppenheim & Willsky
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We can find the impulse response h[n| from the inverse Fourier trans-
form of H(el):

Example:
3 1
yln] = gyl =]+ gyln — 2] = 2x[n] (21)
Frequency response:

HEO) = o2
1—3e7/@ 4 ge 2w (1—ge7jv)(1— ge7/v)

Partial fraction expansion:

: 4 2
H(el) = _ :
1—lejw 1-1lejw

Thus, the impulse response is:

H[n] = 4 (;)nu[n] 2 (i)nu[n]

Example: Describe the LTI system with impulse response h[n] =
a"uln], |a| < 1, with a difference equation.

Jwy — _ —
H(eY) = (22)

which is (20) with by = 1, g = 1, and a1 = —a. Thus,

yln] — ay[n —1] = x[n].
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