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Fourier Series in Discrete-Time
Section 3.3 in Oppenheim & Willsky

Discrete-Time Periodic Signals
A discrete-time signal x is periodic if there exists integer N # 0 s.t.
x[n+ N] = x[n] for all n.

Question: Is x[n] = cos(wpn) periodic for any wq?
No, only when wy/ 7t is rational. To find the fundamental period N,
find the smallest integers M, N such that

woN = 27M

Examples:

1. cos(n) is not periodic;

2. cos(Zn), N = 10;

3. cos(5”n) N =14;

4. cos(%n) 4 cos(Zn), N = 70, least common multiple of 14 and 10.

Recall that in discrete time w = 7 is the highest frequency, as shown
below:

higher frequery
L] ]
i

lower frequen%

Ll L] ]
RN

M

| LLLI]
T



http://creativecommons.org/licenses/by-nc-sa/4.0/
http://creativecommons.org/licenses/by-nc-sa/4.0/
http://creativecommons.org/licenses/by-nc-sa/4.0/

EE120 - FALL’19 - LECTURE 5 NOTES

Discrete-Time Fourier Series

Discrete-time Fourier Series expresses a sequence x with period N as
a linear combination of:

Op[n] = eF 0,k =0,F1,F2,..., wy= 2.

In continuous time each k defines a distinct function e/“0!, Here, by
contrast, e/ (kT N)won — efkwon hecayge e/Nwo = ¢/27 — 1. Therefore,

D[] = Ppeyn[n] = Preyon[n] = ...

and N independent functions ®y[n] (e.g., Po[n], P1[n], ..., Pn_1[n]) are
enough for discrete-time Fourier Series.

We thus use the finite sum:

x[n] = 2 a®Py[n]  (Synthesis Equation) (1)
k=(N)

where k = (N) means any set of N successive integers: k =0,1,..., N —
1,ork=1,2,..., N, or other choices.

E . o o jkzln
xample: For N = 6, Oi[n] =" 6

E=1 Im Im k=2
1 [2] O1[1] = ®4[7) Do[1]
®1[0] = &1 [6] D2[0] = 23]
(3] Re Re
@, [4] P, [5] 2]
pA— Im Im k=6
(1)6[0] =
05[0] = @32] = g[1] = ...
D3[1] | Re | Re
Properties of Oy [n]

1. Periodicity in n:  ®[n + N| = Py[n]
2. Periodicity ink: @y n[n] = O[n]
3. Zero sum unless k = 0 (modN) :

Y, Pin] =
n=(N)
4. O[n]®p[n] = Py [n]

)

N ifk=0,FN,F2N,...
0 otherwise
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Finding the Fourier Series coefficients ay.:

Multiplying both sides of (1) by ®_,,[n] and summing over n = (N),
Y xo ] = Y Y adi ]
n=(N) n=(N) k=(N)

= Z aj Z CDk_m[n] = Nay, (3)

k=(N)  n=(N)
where the last equality follows because, from (2),

Y O] = N if k = m (modN)
- f=m 0 otherwise.
n=(N)

Replacing the index m in (3) by k, we get:

2
ap = N 2 x[n}e*]Wnk" (Analysis Equation) (4)
n=(N)

As in continuous time, if x is real then a_; = a;. Combining with the
periodicity of coefficients in discrete time (an_x = a_x) we conclude:

aN_k = ai.
Example:
. [(2n 4r T
x[n] = 1+sin <10n> + cos <10n+ 4> N=10
27T T4

— L0 LT 10"

2 o Am
—%37/%11 —0—%(2 1z, 110
1 1 i i

= 1+2—].<I>1[n]72—], ]+ zdETDyn] + e /AP ;5 [n]

If we choose (N) tobe {0,1,2,..,9}, thenas = a4 = as = ag = ay =0,

ag=1, a :a*:l a :a*zlei%
0 s %1 9 2]/ 2 8 > .
Eprle: Rectangular pulse train
1
—N Ny N n

For the special case N; = 0 ("impulse train"):

L2 1 2 21 1
4 = — Z x[n]e—lkzg" - Nx[o]e_]k 1\7110 =3 for all k.
n=(N)
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Derive the following for Ny # 0:
2N; +1 _
ax = { 1 Sin(ke(2Ny+1)/N) I; g (5)
N sin(k7t/N) # 0.
For N =9, N1 = 2, the figure below shows how the partial sum
M
Y Py n] (6)
k=—M

progressively reconstructs x[n] as more harmonics are included.
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Below is a summary of continuous- and discrete-time Fourier Series:

Continuous Time Discrete Time

Svnthesi £ =y jKZE e _ K3
ynthesis  x(f) = Y32 axe x[n] = LNy axe

227 o 270
Analysis @ = [rx()e T ap = g s x(nle TN
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Figure 1: The partial sum (6) with
Fourier coefficients (5), for N = 9
and N; = 2. When M = 4, (6) is the
complete Fourier series; thus we fully
recover the rectangular pulse.
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Fourier Series as a Change of Basis

We can represent a discrete-time signal x with period N as a vector:

x[N.— 1]

and define the inner product of two signals x and v as:
X-y= ), x[nly[n]* )

which is the standard inner product in CV.

. 2
With this viewpoint we interpret the sequences ®y[n] = e/* N as a set
of basis vectors:

1
oIk

B
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e
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|
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k5 (N-1)

and the Fourier Series representation (1) as a change of basis in CV:

% =a9®Pg+m P+ +ay 1Pyt 8)

In fact these basis vectors are orthogonal to each other, because

- - N-1 127 0 27T N-1
O Dy = Y By[n]Pun]* = Y NN = Y @y, (1]
n=0 n=0 n=0
B N if k = m (modN)
N 0 otherwise

from (2). Orthogonality simplifies the computation of the coefficients
in (8). If we take the inner product of both sides of (8) with ‘_151« then

Therefore,
= =X Dy, ©)

which yields the analysis equation (4) when expanded using the
inner product definition (7). Thus the kth term in the Fourier Series is
essentially the projection of the signal onto the kth basis vector ®;.

The advantage of the Fourier basis is that, instead of the values in
time x[0], x[1],...,x[N — 1], it represents the signal with the coeffi-
cients ag, a1, . ..,an—1 describing its frequency content.
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