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Other Matrices Used in Graph

H{th3B[%F

KEREEME, EHREM, LB ss

R

—MEBREHL=ANE: L, BIRAHMR; KB, #HERIARXY; KA, ERAARTEM R, TH
¥,

All truth passes through three stages: First, it is ridiculed; Second, it is violently opposed; Third, it is accepted
as self-evident.

Fo] ] /R -FU A 4E (Arthur Schopenhauer) | fEE# 5% | 1788 ~ 1860

f_

networkx.adjacency matrix () ITERIAILBIEHER
networkx.incidence matrix () IHEREIAXEEER

networkx.line graph () ¥FEEREEALE

networkx.laplacian matrix () ITEIEEMAERETEER
networkx.normalized laplacian matrix () ITEEEEMIE—LhZLRETERE
networkx.laplacian spectrum() 7c[aE AR 46 R R 4
networkx.normalized laplacian spectrum() Zc[aEA9IE—HEIEHRETEERIE D4

A A A A A A A
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Bt I iER%
BISCA 4B 7 FOE B 4B X< R0 SPIEIERE (adjacency matrix), AZMNBa0 T LN FE 4B R045ERE .,
FKEXFER% (incidence matrix): X<BKAEFERF —FRTEMBEEAR, T©HERTEFHSMibZEH
xR, MREFnANH A mES, BAKBEENANANxm, FEERHTE aijkrpea i
B jZENRR,
FEXEPF (degree matrix): EiEFR— NN AKEE, HNATERRFENTANELR.
FIEHIARER (Laplacian matrix): —AX{ES MR EHREMBEEEZZ.
BRI BE MR BT AR LSRR, #mBAERPHRE, FEENFEINERILNE

KEXFERE

AR, KEEERE-MERTEEMNER., XMEENTNETENTRES, JIXETE

W&EE. ¥T—1ME VATRMEFIDNE, KEKEENRNAV XE,

XTEXEE, EEPHTERTIAMLZENXR, BEEMHOM LA . RAME, MRLR

Ef YR MinAxE, WNEZAEETERN L SRA 0,

T HEE, BAXKKEFENTRIEBREHN-1. 0/ 1, ERSERTANITE.

FraE

A2PXELERLTEECEEALRERT, THEEBRMENTEERE.

bd Adjacency matrix

B 1. e E R E

IR e E B RBRFERE C A
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mE 2R, XEEEF 4T R, 5518, FIELHEXEER CHFIR A 4 x5, KBAERE CH41TM
FRToRREK 4N E—a. b, c. d. CHSFIMNER AN BIRFE 5 KiB——ab, ac. be, bd,
cd,

a
ab
a
b
ac
b
Incidence matrix
c
d
cd

B 2. T (a) BB SR BRAE PR A

NTAZERLEE, AFENE. AEFREZENE, XBER CEIITRZMA 2, (1) FXEE
BITEZHAWMTEE
[2 2 2 2 2] )

(1) PREEETTEZMUZEN P RHE
2

©)

N W W

E3BENTEBBELERLEERMABKEFZBHXR, thin, <BEERE CHE 1iTRRANT R a
FXHA, Blab, ac; HEith, ciiflcitEHH 1,
BARBECHTEIFRFE.
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a a
ab ab
ab ac ab bc bd
o ald@ 0 0 0 c 11000
10110 Bp|/@® 0 @@ O
01101 01101
00011 00011
d
a
b ac b
ac hc cd bd bd cd
¢ 11000 ¢ 11000
10110 10110
cd cloveoa cd 01101
00011 dlo o 0o@a

3. BN TR BB AN LA EMRBIER = B X R

#/1 1 ITE R . R<BCAERE, FHatE 1 FE 2 hHRE,
(o =) networkx.adjancency_matrix() iTEEARIELER.

O 5 seaborn.heatmap() TTRLARIEEERE . %I EARE yticklabels R HZ) FARE
xticklabels 2 LB T &, Bl list(G.nodes),

O F networkx.incidence_matrix() & E R XLELER

O/ seaborn.heatmap () FHALEEAERE., SRS yticklabels (BT S,
A list(G.nodes); #imz|E+#r% xticklabels NIEX@EMIA, AP list(G.edges),

1 JUREFE NN R AR AEFF KK 7 NetworkX FRE S, BARFIERRPAEXEKIERE
FRFMIBARE,
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| BRI MINEFRBREINAES S

import matplotlib.pyplot as plt
import networkx as nx

import numpy as np

import seaborn as sns

G = nx.Graph()
# 61T LA

G.add_nodes_from(['a', 'b', 'c', 'd'l])
# BKmEATE

G.add_edges_from([('a','b")
(b, 'd")
('c','a")

# Hm—HH

# AREAEE

® A = nx.adjacency_matrix(G).todense()
# A
sns.heatmap(A, cmap = 'Blues’,

annot = True, fmt = '.0f",
xticklabels = list(G.nodes),
yticklabels = list(G.nodes),

linewidths = 8.&)
plt.savefig('4F#4[%.svg')

@ — 6

C = nx.incidence_matrix(G).todense()
# ORERAEE

# A

sns.heatmap(C, cmap = 'Blues’,
annot = True, fmt = '.0f",
yticklabels = list(G.nodes),
xticklabels = list(G.edges),

@

linecolor = 'k', square = True,

linewidths = 0.2)
plt.savefig(' <B4E[%.svg')

linecolor = 'k', square = True,

@

REB 1. ERREEREREER

C@D Bk6_Ch21_01

.ipynb

Bk6_Ch21_OL.ipynb 42 = FERREA RX R ERIREKAEMERE, BAWNE 4R,

AR PDF X 4 (% %45, KA HWAFTEEHAEBHLRFE, SRai A LUEE R BT B R4k,

MR VAFE R R F WIRALFTE, E2BA, g REEHE L,
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@ (b)

B4 =FERFPARRRE, U REKAELHE

K LANTRMEN LT R E R XBKERE, F&83F, SR

FrEE KEKFEPE T E KEKEERE
a b a b
[ J [ J
111000
100110 NA
001101
010011
d c d. .c
a b a b
11000 11000
10110 10110
00101 01101
01011 00011
d c d c
a b a b
1100 1100
1010 0011
0011 0110
0101 1001
d c d c
a b a b
100 100
010 011
011 010
101 101
d c d c
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a b a b
111 110
100 101
001 0 00O
010 011
d c d .c
a b a b
11 10
10 11
00 00
01 01
d .c d .c
a b a b
o———O o
1 0
1 1
0 0
0 1
d. .c d .c
Z%E

TE, A1 —iE E R 24 5L sk—E%[E (line graph).

G BEMLZE L(C) 2—KeEBRER C RIAMEMMNAE, LG) AFEXWT,
> L(G) M _XR G Ry,
> L(C) Mh=atEE, XHEEMNECHAERAHTR.

BIAKE, B GCHLEMT LE LG) NH R, MR, MFDLEREGCEBIAHTMEE, WeEM&E
ZE L(G) P —FiLtHE.

ab

—>

bd Line graph

ac

cd
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5 TmESHEE

B2, LC) A B CHIMEREM AL NE 6 s,

ab

bd

=>

Adjacency matrix

ac

cd
B 6. LERIIEIERE

G ML EBIEERE AL G BKEXAERE CHEAEN T XA
A =C'C-2I 4)

Heh, | ABRAFER, 17, FI8C0E G bk, RIAMTEERNRE 7=,

B 7. ST EAREEAERE A
KB 2 BHEEZERALE, FERIE @) GHAXR. TEIHRD 5 XBIED.
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import matplotlib.pyplot as plt
import networkx as nx

import numpy as np

import seaborn as sns

undirected_G = nx.Graph()
# G T A o 2 A

undirected_G.add_nodes_from(['a', 'b', 'c', 'd'])
# B S AT A

undirected_G.add_edges_from(|[

Q.)Q_Q_OD'

('
(
('
('
('

a'
b
b'
ch
ch

N N e e

- . = - =
—_e = - -

# Hw—E7

©® sequence_edges_G = list(undirected_G.edges())
# RBMALMELFH, FTRBREETH)F

# HHRLHE
® L_G = nx.line_graph(undirected_G)

# TOMHEE
plt.figure(figsize = (6,6))
® nx.draw_networkx(L_G, pos = nx.spring_layout(L_G),
node_size = 180)
plt.savefig(' &K .svg")

# LE R
# REIIF, 75|, BT EEEEREZE

[ A_LG = nx.adjacency_matrix(L_G,
GL nodelist = sequence_edges_G).todense()
# BB RERAE %
® C = nx.incidence_matrix(undirected_G).todense()
# I E%E@?&?:
# ALG = C.T®C - 2T Cg:)
@ c.Tec -2 *np.identity(5)

KRB 2. BLE | ®Bk6_Ch21_62.ipynb

O/ edges () FEHEBMEAEL NI, REERELENTIR, ZNIRZFLBREFHF
BXFEPERNTI.

O 5 networkx.line _graph() ¥EZmEEHRAIZ%E.,

O m networkx.draw_networkx() 4#I4E. FLEE KEGE—HE RFILEMNT
rElRIBE A

@ﬁﬁ networkx.adjacency_matrix() FREN 2% B AR FE 5B % o

¥ nodelist = sequence_edges_G {RIE, ZEWREFEFEMKEKIEFEMIFINFF.

GFH networkx.incidence_matrix() FKEUEEEHI<ELEERE,

O s sEREE B ARRIE (4).
AR PDF X A &R, RAEWNAFTERFEBN L mFEN, LRAEUFERAF B R ERY4 %,
FRAR VA K IRAL R, TR, 31 AL
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3= 2. —LE G MHZE] L(G); &% https://mathworld.wolfram.com/LineGraph.html

Graph G Line graph L(G)

claw graph K; 3

triangle graph C;

complete bipartite
graph K3

prism graph Ys

cubical graph

cuboctahedral graph

cycle graph C,

cycle graph C,

path graph P,

>
=
9

singleton graph K;

path graph P,

path graph P,

square graph C,

square graph C4

star graph Ss

tetrahedral graph K,

star graph S,

complete graph K4

tetrahedral graph
Ks

octahedral graph

triangle graph Cs

SPEAK] ]

triangle graph Cs

= BRI XKEXIERE

K PDF XU A (% %48, KA HB AT ERE BN LRFEN, AN ELIERASE W RALLR &R A k.
JRAVATH A AL TR, AR, §IREER A
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* 3 REFENERHEXEKIER, BARKBITATREERARIL, 7 Xttt XA R E AR
Pe. Bk6_Ch21_84.1ipynb ik 3 PEIMXEKEEHRE, BAXBITFEI.
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E+=mEEE

E=+mEEE

S

ABOE

7 8 [l BT S R E9 R [a) B A RBIEFEPE R R .

ba, (b,a)

ac, (a,c)

bd, (b,d)

—>

Adjacency matrix

dc, (d,c)

[ 8. A [a] E B 4B AR PR E

8 X M8 7 [) I Xof R A9 SR BR RBP4 ¢
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11 0 0 0
0 -1 -11 0

C= ()
1 0 0 -1 1

0 0 1 0 -1

9P ANE 13 B E) REREE VAL
(5) FXREXEMIITEZM A A0, BIEA
[0 00 0 0 6)

XtAEER, FRENEGIRE—FFEL. FEEER. AEEZE, FaBEA ). &
H (-1).
(5) PREKFEBEET+HI TR RMAT ROANE
o

1

) ™
_1_

(5) o SEBESERE A5/7 1 T R RFIELE 3075 SR At

(8)

(S S RSN

AOBENTEREAEEMXRKEEZBNXR, BARBTOTNEFE.
R E U7 Bk6_Ch21_05.ipynb HE1EXITE

ac, (a,c)

=

Incidence matrix

bd, (b,d) .

B 9. A [a) B2 RBX AR P F R
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ac, (a,c)

ba, (b,a)
b
ac ba
af[a @ 0 0 O bd, (b,d)
d

ba bd cb
-1 1 0 0 O
bjo 24 @4 @ 0

1.0 0 -1 1
bd, (b,d) I

C

c
0 -1 -11 O
1 0 0 -1 1
0 01 0 1

ac, (a,c)

ac cb dc
-11 0 0 O
0 -1 -1 1 0
o 0 0 4 a
0 0 1 0 -1

bd dc
-11 0 0 O
0 -1 -11 0
1 0 0 -1 1
/0 0 @ 0 <

dc, (d,c)

d

B 10. EANTTRBREE mERMRERKEE Z BAX R

EERE

AP XEELNRIE (degree) X MRS, ARITKHY RE|EFEMN (degree matrix) X M.

kG, EERE—SENTREXNERE, BTERTEMTRANE. ST-1EG, HERE
B DE—1nxniyiEfE, nRTEPTRONHEE.

MRCHMNHRINENd, BAEEEDNE I THIFINTREHN G BEEDFENALE LR
flbTR A 0,

RPN EY, NTEEE, HPBZHERE ABISTITRATURHENTRNERRNEE. B
B e BRI AR, HESEIEERD

D =diag (1" A) 9)

B U ATEE G rEHER. REMRAONALTERTEITRNE, MIENBLTEHAT.
BR, KEFDEXNATE,
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bd Degree matrix

11. T E 2 EREE

Bk6_Ch21_05.ipynb #x i 11, ELxHIE 12, 12 2 F FERRIBARKREN KA EREERE.,
Bk6_Ch21_05.ipynb X (REBREH, BEAKBITF .

@ (b)

-

"

12. ZFEARBARKRE, MR EEEHRE

EAERET AT AHMERNEY, IRFP 0TS, TRTANEENSE. EERRITERMNIIE
HraERE I ER, X T—PENBHNAR.

SFEEE, AT UD 552 EHAEE (in-degree matrix) A EXERF (out-degree matrix) .

Bk6_Ch21_06.ipynb 2% 13 FIRME, RBEEE, BARKETES.

BARE IRBEIXN BHESHT (degree analysis).,
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=

In-degree matrix

ac, (a,c)

bd, (b,d)

=>

Out-degree matrix

& 13. B 15 E 2 4RI 4B FF

1 4 o

PIEHIARIERE (Laplacian matrix) 2EIEHH—MEEMS, BEATRTENEHIEREXR. &
BREREG, WA AR EREIE R ZBHAMYE, R X EfTiES R (spectral
decomposition) RSLILE K . XEABELEEN BN —MEE,

XTEEE, MNENHERFLMARNEN, HARELEXHAT!

L=D-A (120)

He, DELEERERER AZLEEBEER.

bd Laplacian matrix

14. Fo o) B B R B B KB e
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15. R BRI AT AE R

JA—(CHIE R R AERE

SFEEE, JT—RIEHIERERE (normalized Laplacian matrix) @ X 0T
Ln — D—1/2 ( D _ A) D—ll2 (11)

I JF— I FRAIE R HRFEPE (normalized symmetric Laplacian matrix).,

bd Laplacian matrix

16. o rm E B3 — LR b B AERE

Bk6_Ch21_07.ipynb £:p 14 Fim 16, FWIEM MU ENEEMITELE, TEPHEHXBIED.

Om networkx.laplacian_matrix() 3RETE[@E MR LRI,

O networkx.adjacency_matrix() itEI(a &SRS,

Ot i EH EAERE .

O w4 2 R 4E RS

O networkx.normalized_laplacian_matrix() tELXmEEMNE—{LIERETEERE,

O i 1A — R R BT 4B R

F4 BEFENENRA— R EREER, BARBCITHAE, Bk6_Ch21_088.ipynb K&ffl*4
HE, BARBTFI.
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import matplotlib.pyplot as plt
import networkx as nx

import numpy as np

import seaborn as sns

G = nx.Graph()
# 612 T m E

.add_nodes_from(['a"', 'b', 'c', 'd'])
AN % TR

H @

G.add_edges_from([('a','b")
('b',d")
(‘c’,'a’)

('b','c'),
('c','d"),
' DD

]
# Hin—Hu

# T H L A
L

® L = nx.laplacian_matrix(G).toarray()
® A = nx.adjacency_matrix(G).todense()
# AR
[ D = A.sum(axis = 0)
? D = np.diag(D)
# EAEE

# i i i BT 4R [E
®D-A

# A (M) L RHTESE
® L_N = nx.normalized_laplacian_matrix(G).todense()

D_sqrt_inv = np.diag(1/np.sqrt(A.sum(axis = 0)))

# IR )T — b T B AT 4R [ 8
D_sqrt_inv @ L @ D_sqrt_inv

TeT

KRG 3. FERETERE | ®Bk6_Ch21_66.ipynb

x4 BIEREA—hrg R 5 R

BRE VA— (LR h B R
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EZ+EEE
T
R R R EIE 1 RE

AR AR RS E NS R R AL ETHE a8 .. BE RS T EEHTIE
D, TR -ABIRE, XERITERENNE TENARESE. XERTEETMUATERE,
AR T SRAEE=EPBEESHREZRNMLE.

iGHER (spectral ordering) 2 —FME FEMEM RN TR FT %, BHFNEARER BEWE

ICANTNAE
h SR T N EHEE EHTHEF, BEINHEFMFREAE —ENEREMER. BE, XMHFTE
o IXATRIENFE, ANEPNRNHAEXEN,

) (b)
30 - 301
20 - 201
§ c
3 3
10 4 10
0- 0
0 10 20 0 1 2

Eigenvalues of Laplacian matrix

Eigenvalues of normalized Laplacian matrix

17. RSB R AT 5 R

O networkx.gnm_random_graph() ®IZEH&E.

O m networkx.laplacian_spectrum(G) ZEMIEME G Hyh I i 845 MEATIE LA .
O B35 193X 6] PSR T 1 S BB R AT 45 R . %M networkx. laplacian_matrix()
HERENEER, AEHAnumpy.linalg.eigvals() HHEREHETHEMEREE.
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O mmatplotlib.pyplot.hist() #hlfuL M EEEHAE.

© F networkx.normalized_laplacian_spectrum(G) Z=REEE G I3 — ki 846
BEEGTE A .

O BEH2 BRI I — i R TR AT R

O+h2 M matplotlib.pyplot.hist() %3 — i L REEHEEAE.

import matplotlib.pyplot as plt
import networkx as nx
import numpy.linalg

n = 1000 # 1000 nodes
m = 5000 # 5000 edges

® G = nx.gnm_random_graph(n, m, seed=38)
# AEHE

# 40 AL HT AR I A
@ eig_values_L = nx.laplacian_spectrum(G)

# Il
[ # L = nx.laplacian_matrix(G)

q{ # numpy.linalg.eigvals(L.toarray())
print("Largest eigenvalue:", max(eig_values_L))
print("Smallest eigenvalue:", min(eig_values_L))
# A

fig, ax = plt.subplots(figsize = (6,3))
ax.hist(eig_values_L, bins=100,

ec = 'k', range = [0,25])
ax.set_ylabel("Count")
ax.set_xlabel("Eigenvalues of Laplacian matrix")
ax.set_x1im(0,25)
ax.set_ylim(0,30)
plt.savefig( 't &4 5% .svg')

FeT

# V3 — LG AT [ 1 A

® eig_values_L_N = nx.normalized_laplacian_spectrum(G)

‘g # L_N = nx.normalized_laplacian_matrix(G)

L # numpy.linalg.eigvals(L_N.toarray())
print("Largest eigenvalue:", max(eig_values_L_N))
print("Smallest eigenvalue:", min(eig_values_L_N))
# A

fig, ax = plt.subplots(figsize = (6,3))
ax.hist(eig_values_L_N, bins=100,
ec = 'k', range = [0,2])
ax.set_ylabel("Count")
ax.set_xlabel("Eigenvalues of normalized Laplacian matrix")
ax.set_x1im(6,2)
ax.set_ylim(0,20) Ce:)
plt.savefig('VA—fhir 4L .svg')
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TERATAZE FEERREIBERE DB BN BT RE D BRLEh ET AR TRER K
18 (a) R-=FEARBARKRE, & 18 (b) AAE T EA TR,

REFAFLED B BRI ESIE DB, AR RETRERE DS FRIER) RE R EFERE. m19 (a)
PR AFFEE B AIAERE, FHLm ML EI A RIBRILEMNEIRHF. &1 (b) X AT ALk

TRAREE. E19 () ARIEEMNNEIRHZE.
(b)

18. ZFEARMARKRE, RIS B HHE R E
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(b)
T
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©

] 50

v 40

Ascending 30
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20 IR AR FILE BN NERE, REZFEIN, BEYy=0V—7], TLETUIHA
7R, MR EERNE 21w,

AL/ RIEEREE (spectral clustering) B, & FAEIFE v HrAE P 49157 %
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First eigenvector, vy

B 20. BTN E 28R A

21 RIBRT A MFE R B HIATBUR B TR R

#m 5 e EIREE, TEEHIESXRIEE.

O networkx.karate_club_graph() jn#iz=FE{ERIEIE,
@FH networkx.laplacian_matrix(G) it+EE G WL ir4EpE,
O numpy . 1inalg.eig() XHIERETEAEMESEEN R GEDMRE).
O iR IBBEEM B A HE TR B,
OstFg2 #IaE, Mo HR, HIUBFARAEIEHA.
K PDF X1 e 545, KMEM AT EEHFEENLRF S, ARABUEELRFHIRAELR T RS &,
WPUEE 6 K% A BT, AR, 31 A
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import numpy as np

import pandas as pd

import matplotlib.pyplot as plt
import networkx as nx

import seaborn as sns

nx.karate_club_graph()

(D]

L = nx.laplacian_matrix(G).todense()
# 4 A AR A

© 1lambdas,V = np.linalg.eig(L)
# FAEE

# FAFEEA N AT
[ lambdas_sorted = np.sort(lambdas)
@L V_sorted = V[:, lambdas.argsort()]

# RERAE
 colors = [ "r" for i in range(9,34)]
® for i in range(0,34):
L if (V_sorted[i,1] < 0):
colors[i] = "b"

plt.figure(figsize = (6,6))
nx.draw_networkx(G, pos,

# with_labels = False,
node_color=colors)

plt.savefig('E¥ A% ¥ . svg')
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