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Summary Sheet

The purpose of this paper is to analyze the time and geographical distributions of various languages and forecast the development
and distribution of the next 50 years, providing the theoretical basis and advice for the company's offices locating decision.

Firstly, we analyze the quantitative temporal distribution of language users. Various kinds of influences and factors that affect the
number of languages users are considered, and concluded as ten indicators, such as GDP per capita, average years of schooling. By
Principal Component Analysis, they are combined into four primary components: level of economic development, level of social
equality, level of national welfare, and cultural exchanges. On this basis, the short-term difference models are established for native
speakers and non-native speakers. First-order autoregressive model (AR(1)) is used to fit the time distribution of native speakers in
order to reflect the autocorrelation characteristics. Most native speakers are consistent with non-stationary unit root process. Then,
we construct the co-integration relationship between the principal components and the second language users. The error correction
model is established and it is found that the random error and the error correction term all achieved stability. In the co-integration
space, the influence of the principal component on L2 has a first-order differential stationary nature.

Based on the short-term model, the long-term differential model is further established. Considering the change process of native
speakers as a logistic model similar to the natural population growth, the system is stable for the coefficients in the normal range,
and the stable equilibrium is given maximum capacity under the current conditions. The time distribution largely synchronizes with
the natural change process of the population. Besides, due to the differential smoothness of the linear combinations of the various
factors, the influence on second-language users is regarded as a constant for a long time. Therefore, the model of L2 is a constant
coefficient differential equation whose time path is determined by the strength of language influence. Therefore, we sum up L1 and
L2 to calculate the total number of language speakers, which is a non-stationary dynamic system. It means that the driving forces
of a particular language are the endogenous growth of native speakers and the external influence as a second language. The time
distribution of the total number of languages is on the rise.

Secondly, we use the long-term model to predict the situation of each country in the next 50 years. The number of influential
language speakers increase significantly, while the growth pattern is driven by the second language transmission. The number of
less influential language speakers grow less obviously or even decreased. The growth pattern is endogenous to the native speakers.
In Top 10, there is a possibility that the number of native speakers will drop significantly or the number of non-native speakers may
not grow enough, thus the future rankings may be superseded. Sensitivity analysis and Monte Carlo robustness simulations show
that our model is robust and predictable.

Thirdly, we build a Markov Model to analyze the geographical distribution of languages and their changes. This paper constructs
a transition matrix of immigrants. Based on the information of population growth, natural growth rate and language distribution,
the distribution of the total number of each language in each country is inferred. Then we center on and visualize the national
capitals. The prediction shows the geographical distribution of languages tends to be intertwined and spread as second-language in
the future.

Next, we locate the new offices by Cluster Analysis and think that the ability of speaking English and Chinese is needed and that
the development of economy is considered as well. So, we construct the 4 indicators, the ratio of English speakers and Chinese
speakers, GDP per capita and net immigrants. The short-term and long-term models and the Markov model of the forecast results
calculate the value. According to the 4 indicators, we analyze the 224 countries by cluster analysis separately. Due to the quantified
result of grades of each country, we use the Multiple Objective Decision Making (MODM) of Fuzzy Evaluation to calculate the
grade and choose 6 national capitals with maximum grades, as the location of new offices.

Finally, Using MINE model, the latitude and longitude coordinate grids are meshed. And the grid density index is calculated to
identify the areas with over-dense distribution of offices. Eliminating appropriate number of offices allowed for reduction costs by
serving the largest global scale with minimal office locations. The result shows that it is more suitable to set up 4 new offices. Thus,
as for the short term, we recommend to build 4 new offices in London, Singapore, Ottawa and Canberra. And Singapore, London,
Canberra and Paris are recommended in the long run.

Key Words: Autoregressive Model, Co-integration, Differential System, Markov Chain, Cluster Analysis, MINE Model
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1 Introduction
1.1 Background
As known to all, nearly 7000 languages are spoken over the world, and they make up the communication
network through hundreds of countries and regions. Languages are essential to construct foreign trade,
develop tourism and promote scientific and technological progress, which makes it an indicator and an
effective tool to measure a country’s comprehensive power. Also, a measurement of the utility of a
particular language is the number of speakers who use it as native or the second or third language. Therefore,
it should be taken attention that the number of speakers of a particular language would change over times
with the languages’ rise and fall as it may be coincident with the economic and political development of its
main country.

For now, ten languages are claimed to use by half the world’s population, which includes Mandarin (incl.
Standard Chinese), Spanish, English, Hindi, Arabic, Bengali, Portuguese, Russian, Punjabi, and Japanese.
And the number of speakers of one language would be influenced by migration, social pressures, business
relations, social media and so on. It is necessary for us to find out its variation and trends in the future to
expect their rankings and make better use of them.

1.2 General Assumptions
(1) Following models only consider the top 26 languages used in the world as the number of speakers of
them nearly amounts to 98% population of the world.
(2) There is no unexpected collision of other planets and no other disasters disrupting people’s normal life.
(3) In addition to the differences of details, numbers of speakers used particular languages are following
the same model settings.
(4) All stochastic error terms can be expressed as white noises or its time-weighted form.
(5) All individuals are homogeneous. Their choices of the second or third languages are completely
influenced by factors of countries, societies and cultures. And the contribution to individual language using
from personal interests, life plans are negligible.
(6) The macro-level factors such as culture and migration have the same impact on the number of total
speakers using one particular language in the long run.

2 Model 1 – Language Speakers’ QuantitativelyDistribution

2.1 Introduction and Assumptions
2.1.1 Introduction
In Part 1, a modeling analysis is acquired to analyze the different languages users’ time distribution,
including native speakers and non-native speakers, and to predict the situation in the next 50 years. Firstly,
we discuss the native speakers and non-native speakers separately. The use of native language is mainly
determined by the environment and is hardly related to those factors, for example, the society, media,
technology and tourism. And the use of language over time is highly likely to be positively related to the
changing number of native people, which, moreover, mostly depends on the autocorrelation. But the factors
like migration and culture shock primarily influence the use non-native language. As a consequence of that,
we take account of those factors to set the model of non-native language.

2.1.2 Assumptions
(1) The time distribution of some native speakers is determined by the pattern of the population distribution.
The factors besides population changing are neglected.
(2) The time distribution of non-native speakers is determined by the serial correlation, population
migration and those factors, including international business relations, increased global tourism, the use of
electronic communication and social media, and the use of technology to assist in quick and easy language
translation.
(3) There are some factors that have the first co-integration relationship with the non-native speakers.
2.2 Variables and Parameters
2.2.1 Notations

VARIABLES DEFINITION

The Number of Native Speakers
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The Number of Non-native Speakers
NT The Number of Total Speakers

Δ�� St-St-1
���, … ��䐸� Variables as following
���, … , ��� Primary Components

Δ�� Yt-Yt-1

Stochastic Error Term

�‍敲�−�
Error Correction Model term, which indicates the extent to which the explained

variables deviate from the long-term equilibrium in the previous period
NM Maximum population

One-step Transition Matrix
P Possibility from One Statement to Another

Steady-state probabilities

PARAMETERS DEFINITION

Parameters for AR(p)
Parameter for long-term model
Parameter of variable ECM

Natural Growth Rate of the Number of Native Speakers
Table 1: Variables and Parameters for Model 1

2.2.2 Dimension Reduction - PCA
Using PCA to derive metrics for the measurement of language evolving and reduce variables dimension by
create new variables that are linear combinations of the original variables. New linear combinations are
uncorrelated and only a few of them contain most of the original information, which are called principal
components.
Following variables are derived from the country where people use the particular language. And the final
values of each observation variables are weighted by the number of speakers in the country.

a. GDP (per capita)/$
GDP is a monetary measure of the market value of all final goods and services produced in a period.
b. Crop yield/$
Crop yield refers to both the measure of the yield of a crop per unit are of land cultivation.
c. Average years of schooling/Years
Average years of schooling reflect the educational attainment among age groups and genders.
d. Gini coefficient
The Gini coefficient measures the inequality among values of a frequency distribution.
e. Gross National Happiness Index
GNH is a measurement of the collective happiness in a nation, which can imply social pressure.
It can be formulated as follows:

GNH =
△ Income

Gini coefficient × unemployment rate × inflation rate
f. Number of Migrants/10000 people
The number of migrants has an effect on the use of language.
g. Labor Productivity/$10000
Labor productivity presents how many products have been produced.
h. Consumer Price Index/%
Consumer Price Index presents the price level of goods, which can reveal the relationship between demand
and supply.
i. Income of Tourism/$
With the prosperity of tourism in one country, its language is used more frequently and broadly, as foreign
tourists flood in and hung around the interest.
j. The amount of translation or directory softwares that record the language/unit
More softwares record the particular language, the more popular it is among the world.
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Metrics for the language using measurement

As for the non-native speakers, we take the serial correlation and other factors into consideration. From
the macro-view, those factors, including international business relations, global tourism, social media and
technology of language translation, can have an effect on the use of non-native language. We collect 10
micro-factors that might affect the number of non-native speakers, which form a time series from 2008 to
2016. Due to the limit of data, we only collect the 6 official languages of UN, Mandarin Chinese, English,
Spanish, Arabic, Russian, and French, as the representative territorial data to form a 6x9 Panel. (Detailed
in Appendix 2).

Principal component analysis (PCA) is statistical procedure that transforms the statics to orthogonal linear
equations to set up a new evaluating system. The first principal component has the largest possible variance
and the resulting vectors (�1, �2, �3,… , �10) are an uncorrelated orthogonal basis set. So, we got the
principal below:

�1 = �11�1 + �12�2 + �13�3 +⋯+�110�10
�2 = �21�1 + �22�2 + �23�3 +⋯+�2 10�10
�3 = �31�1 + �32�2 + �33�3 +⋯+�3 10�10

…
�10= �41�1+ �42�2+ �43�3+⋯+�1010�10

var(�� ) = var(��′�) = ��′∑��
��′�� = 1

��,�� should be uncorrelated (� ≠ �).
has the largest possible variance.

In this case, we use 10 columns of data matrix X = (X1, X2, X3, X4, X5, X6, X7, X8, X9, X10), to represent
ten factors including GDP (per capita), crop yield, average years of schooling, GNH, Gini coefficient,
number of migrants, labor productivity, CPI, income of tourism and the number of software.

After the factors rotating, the feature vectors involved with the 4 main components are,

1

(1)
2

Namely, Y1=�η1, Y2= �η2, Y3= �η3, Y4=�η4
Y1 is the economic factor, includingGDP per capital, CropYield, Tourism Income. Y2 is the social equality
factor. Y3 is the national welfare factor. Y4 is the culture-shock factor.

So, we got a new metrics system by PCA, �1, �2, �3, �4 inherits 87.6% possible variance from X, which is
more than 85%. Thus, it’s effective and properly reflects the original factors. (�1, �2, �3, �4) is defined as
the metrics system for language using measurement model.

2.3 Short-termModels
2.3.1 Native Speaker Model - Autoregressive model
According to the short-term model below, we solve the native speaker and non-native speaker models
separately, then sum up the number of total target language speakers.

For native speaker, due to hypotheses, the number of some native speakers is influenced by
autocorrelation in time series. As a consequence, we choose pth-order Auto-Regression Model to fit curve,
namely AR(p), as N� = �1N�−1 + �2N�−2 +⋯+ ��N�−�+ �� (2)

N represents the number of native speakers in year t.

�1,…, �� represent the influential coefficients of different lag orders.

��represents the error termwhose mean value is 0 and variance is σ2. The distribution matches White Noise
Process WN(0,σ2)

Firstly, we collect the time-series data of those language speakers. As for the top 10 languages, we use the
statistics of native speakers, non-native speakers and total speakers from 2003 to 2017

  (3.16 2.95 0.63 0.87 0.42 0.75 2.76 0.44 2.58 0.37)T

  (0.92 0.77 0.63 3.78 0.40 0.53 0.46 0.29 0.66 0.29)T

3 (0.82 0.41 1.89 2.33 2.26 0.38 0.07 0.34 0.65 1.42)T

4 (0.67 0.95 0.58 0.33 0.26 3.89 1.01 0.88 0.61 3.37)T
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Table 2: List of Languages by Numbers of Speakers（Unit: Millions）

Figure 1: Number of L1 Speakers Figure 2: Number of L2 Speakers Figure 3: Number of Total Speakers
(Unit: Millions)

Then we solve the autoregressive model of the number of native speakers and calculate the time-series
autocorrelation function and the partial autocorrelation function of L1 speakers to identify the order,
specifically valuing the parameter p.

Figure 4: Autocorrelation and Partial Correlation Figure 5: Autocorrelation and Partial Correlation
of English of Mandarin Chinese

The functions of the other 8 native speakers are included in Appendix 1.

According to those graphs, the serial correlation of 10 representative languages represents an obvious
autoregressive structure, namely AR1, which means the involved functions don’t have the nature of
censoring and the partial function has the nature of censoring. So, we conclude p=1 and all the native
speakers have the same model setting,

푁� = 휙1푁�−1+ �� (3)
The mean variance of the coefficient 휙1 and the error term ε is different with the language changing. By
calculation, we use the MLE to estimate the coefficients of the ten native languages above. The results are
as following.

Languages 1  P-Value R2

Mandarin Chinese 1.012 4.073 0.000 0.991

English 1.003 1.459 0.000 0.947

Hindustani 1.040 3.332 0.000 0.995

Spanish 1.003 1.640 0.000 0.930

Arabic 1.012 1.325 0.000 0.941

Malay 1.053 1.609 0.000 0.993

Russian 0.987 1.449 0.000 0.971
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Bengali 1.041 1.254 0.000 0.943

Portuguese 1.009 1.988 0.000 0.951

French 1.010 1.951 0.000 0.962

Table 3: AR(1) Model for Different Languages

Due to the results, the setting of AR(1) model is universal and applicable for the 10 representative languages.
The results of coefficients testing are significant and the overall fitting is excellent with a high R-squared.
The mean variance of error term is basically stable between 1 to 2. Excerpt Russian, most of the native
speakers show a non-stationary growth over time, which mostly accords with the regular development of
population and language. However, the Russian native speakers are declining due to the serious population
decrease.

Then we hold an over-fitting and under fitting test to ensure the accuracy of p=1. The test uses the Algorithm
of information guidelines to take both the error term and the complexity of parameters into account. The
algorithm includes 3 sub-rules, FPE and AIC raised by Akaike and BIC raised byHaman.

And the appropriate p should minimize the Algorithm of information guidelines.
FPE AIC BIC

Mandarin Chinese
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
23.54 22.16 22.88 31.63 28.79 29.1 30.24 27.58 27.61

English
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
26.81 23.77 29.67 33.78 30.19 32.55 31.91 30.02 33.05

Hindustani
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
41.69 26.74 35.37 43.58 36.55 38.49 36.05 31.98 32.33

Spanish
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
20.54 15.55 16.78 21.61 16.98 19.84 23.49 21.04 22.66

Arabie
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
43.54 23.54 33.88 48.67 44.35 45.62 43.71 38.5 40.13

Malay
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
31.56 24.86 25.74 23.34 22.09 18.89 23.79 21.05 19.93

Russian
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
34.54 31.45 37.43 24.54 20.54 24.99 28.65 25.73 26.49

Bengali
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
34.56 31.98 32.54 46.91 43.32 44.55 39.54 36.73 37.9

Portuguese
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
22.1 19.86 20.88 43.54 37.94 40.56 45.58 40.59 42.38

French
P=0 P=1 P=2 P=0 P=1 P=2 P=0 P=1 P=2
25.84 21.09 23.45 22.4 19.01 18.99 29.08 24.77 25.92

Table 4: Akaike Information Criterion Test

The testing shows that the model of p=1 mostly optimize the fitting except the indicators of AIC. But
considering the fault of AIC itself, and the optimization of FPE and BIC, we conclude that the fitting of
AR(1) is reasonable.

2.3.2 Non-native Speaker Model – Error Correction Model
For non-native speaker, both autocorrelation and macro-level factors are considered in sequence linear
regression. To avoid producing false regression under autocorrelation, we perform the co-integration
analysis based on the traditional least-squares linear regression. Let a certain number of non-native
language speakers be sequence elements {St}, looking for 10 macro factor sequences {X1t}, {X2t}, ..., {X10t}
to form a vector sequence Xt= (St, X1t, X2t,…, X10t). And After PCA, we have a vector sequence of elements
S and Y, Xs’ primary components, Y= (��, �1�, �2�, �3�, �4�). (7)

It is a co-integration matrix. So, we use error correction model to describe its evolving process. As known,
the number of non-native speaker(S) is related to its lag value and its independent variables. So, the
theoretical co-integration relationship is as follows.

Take a first-order difference to both ends of equation (8) simultaneously and we produce Error Correction
Model (ECM) based on co-integration.
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�뛈⫈�−1 is the error correction term, which means the correction of the t-1 period by the t-th model driven
by the equilibrium relation, where � > 0 indicates that the correction is a negative feedback process, so that
our model approaches towards a stable equilibrium.

And here comes the calculation process (which will be explained by taken the number of speakers using
English for example). We use Engle-Granger two-step methods to construct the co-integration.

First, run a unit root test for dependent variable and independent variables to see if the five sequences satisfy
the co-integration relationship. Based on the principle of least squares algorithm, ADF-t statistic was
constructed by computer regression and compared with the critical value to determine the co-integration of
the four principal components in the languages.

Languages ADF-t Statistics Is { t } a Unit Root ? Co-integration
Mandarin Chinese -1.76 No Exist

English -2.23 No Exist
Spanish -0.88 No Exist
Arabic -1.68 No Exist
Russian -1.35 No Exist
French -1.42 No Exist

Table 5: EG Co-integration Test

From the results shown, the t value of all variables of difference are smaller than at least one critical level
of significance, which infers that the sequence of difference does not have unit root and it can be called as
stationary time series. So, the co-integration of the model is established.

Then we have S, Y1, Y2, Y3, Y4 ~ I(1).

Next, according to the co-integration model (4), the first step least squares estimation is performed.

��−1 = γ0 + γ1�1�−1 + γ2�2�−1 + γ3�3�−1+ γ4�4�−1+�뛈⫈�−1 (10)
Languages

Mandarin Chinese -0.48 1.26 1.61 0.92 0.73
English 0.55 1.12 1.24 0.67 0.91
Spanish 0.95 1.43 1.88 0.41 1.02
Arabic -0.54 1.56 1.94 1.04 0.12
Russian 0.46 1.32 1.54 0.66 0.54
French -0.46 1.65 1.47 0.78 1.06

Table 6: Consequence of The First Step of EG Method

Except the constant parameter, others are all positive, which means that for all language models, its number
of non-native speakers has positive relationships with the economic development level, social equality,
national welfare and the effort for cultural exchanges.

Then, �뛈⫈�−1 = ��−1−(γ0 + γ1�1�−1 + γ2�2�−1 + γ3�3�−1 + γ4�4�−1) (11)
The specific results will be seen in appendix 4.

Then perform the second step of estimation. According to formula (9), we obtained ECM sequence and
estimated error correction model

Δ�� = �11Δ�1� + �21Δ�2� + �31Δ�3� + �41Δ�4� − ��뛈⫈�−1 + ε� (12)

Languages β11 β21 β31 β41 - 
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Mandarin Chinese 1.87 0.76 0.65 2.91 -0.66
English 4.87 0.57 0.31 4.41 -0.96
Spanish 0.47 0.02 3.56 1.04 -0.63
Arabic 3.29 4.17 3.05 1.45 -0.95
Russian 3.97 0.85 3.46 0.5 -0.31
French 3.57 0.96 2.56 0.2 -0.02

Table 7: Consequence of The Second Step of EG Method

All the first-order difference coefficients in the model are positive, reflecting that the speed of the
propagation of a language as a non-native language in the world is positively related to the speed of
economic development, the improvement of social equality, the growth of welfare and the improve of
cultural exchanges in a cultural circle. While the ECM coefficient is stable at (-1,0), confirming that the
process has a trend of negative feedback.

To sum up, we build short-term dynamic models for the number of native speakers (formula 3) and non-
native speakers (formula 12), however, which cannot be exerted in the long-term. Because the prediction
error of model (formula 3) will increase exponentially with the step size (Detailed in Appendix 5, but data
disclosure is highly demanded in model (12), which is not applicable for most languages. As a result, we
need to build a more stable and universal long–term model.

2.4 Long-term Models – Logistic Model
2.4.1 Assumptions
Except for the assumptions mentioned in page 2, another 2 assumptions are come up as follows
1.The number of all language speakers is extremely large and is differentiable in the infinite time.
2. Languages won’t be extinct unless there are no speakers.

2.4.2 Model Design
Firstly, we build a long-term differential model for native speakers. According to the difference equation
from formula (3) and Table 2, the number of native speakers in most languages follows a non-stationary
unit root process. So, there is the same increasing pattern. As the number of native speaker is highly related
to the population in the reign, we quantify the pattern of endogenous growth by LogisticModel,

δ is the coefficient of inherent growth rate, which represents the inner growth rate of the number of native
speakers without limitations. Nm is the maximum capacity of native speakers in the country, which shows
the increase of native speakers is confined by the gross population. N0 is the initially calculating value.

Then the differential model is established for the number of non-native speakers. According to the model
(12) and its EG test, the residual term is a stationary process. According to its white noise properties, the
mean of long-term value can be approximated as zero. The ECM coefficient is between (0,1). The long-
term error correction ECM also tends to zero. Model can be rewritten as

Δ�� = �11Δ�1� + �21Δ�2� + �31Δ�3�+ �41Δ�4� (14)
Further, we test the first-order differential linear combination model of the right side of the equation (14).
In connection with the six estimations in Table 5, we construct a linear combination and perform six first-
order difference tests, respectively, and determine whether the first-order difference is stable by the Dickey-
Fuller test. (See Appendix 6 for details)

Languages PP-statistics Is first order stationary？
Mandarin China 12.3488 Yes

English 3.68 Yes
Spanish 7.97 Yes
Arabic 6.60 Yes
Russian 2.89 Yes
French 1.78 Yes

Table 8: Consequence of Dickey-Fuller Test

At the 5% significance level, the combinations of the data of six representative languages all have first-
order differential stability. Because of the similarities in growth patterns of different languages, we infer
that the long-term average increment of non-native speakers in one language is constant, thus, the
differential equation is written as following form.
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is a real number of any value. Add formula (13) and formula (15), a motivation system for speaker using
particular language(s) will be established.

NT is the number of total speakers using one particular language.

Formula (16) shows the dynamic system of language development includes two parts, namely, the
endogenous growth system and the external impact, of which the endogenous growth system is
characterized by the natural increase of the number of native speakers and the external shock is manifested
by the fact that the language spread in the world as a non-native language. In the process, a series of external
factors such as economy, society, national welfare and cultural communication play a role in promoting its
development. Solve equation (16), we get

dNT

dt
 (NT

t)(1 NT t )  
N

(17)
m

The differential equation is inhomogeneous and there is no global stable equilibrium. We explore its local
stable equilibrium by linear approximation. It equilibrium condition is

Two equilibrium solutions are N = 0 and N = Nm.

dN  0
dt

(18)

Use Lyapunov method to analyze its stability, we have

(19)
Therefore, the stability of endogenous growth ultimately depends on the intrinsic growth rate coefficient δ.
When δ <0, the global stability formula is N = 0, but the path of approach is determined by the initial value.

Figure 6: L1 Speakers Versus Time when N(0)>Nm Figure 7: L1 Speakers Versus Time when
(δ=-0.1, Nm=1000) N(0)>Nm (δ=-0.1, Nm=1000)

Notes: In this section, all units of graphics abscissa are years, and all units of ordinate are millions.

When 0< δ < 2，there is the only stable equilibrium solution of global system, and this equilibrium is not
sensitive to the initial value.

Figure 8: L1 Speakers Versus Time ( =0.1, Nm=1000) Figure 9: Total Speakers Versus Time for Different
Initial Value (�=0.1, Nm=1000,  =3)

At this point, the final result of the long-term model is
NT Nm t  (0) (20)

Now estimate the specific parameters corresponding to different languages. The inherent growth rate δ is
mainly determined by the natural growth of the population in the official native speaker area. We use the
natural growth rate of weighted average population of all the official mother tongue using areas in the most
recent disclosure of a certain language as the estimate of δ. Nm is approximately equivalent to the weighted
sum of the maximum population capacity in official language using areas of native speakers; μ
approximates the increase in number of non-native speakers. We use the annual average increment (in
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millions) of non-native speakers in the past 15 years as the estimate. The model shows that μ is, essentially,
determined by economic, educational, political, cultural and other welfare factors.

Languages  Nm 
Mandarin Chinese 0.005 1600 3

English 0.007 2100 9
Hindustani 0.016 1100 -2
Spanish 0.006 900 5
Arabic 0.009 700 -1
Malay 0.002 300 -1
Russian -0.006 1700 3
Bengali 0.012 400 -2

Portuguese 0.004 600 2
French 0.001 1000 7

Table 9: Approximation of Parameters in Long-term Models

Take Mandarin Chinese as an example for stable equilibrium analysis. Its native language usage model is
dN

 0.005N (1
dt

N
1600

),N (0)  897 (21)

The model has a stable equilibrium solution N=1600. It takes about 300 years to reach an equilibrium state
from now on. Based on the model, we add a non-native model to obtain the total model.dt  1600 

Figure 10: Number of Speakers Versus Time for Mandarin Chinese

The model shows that due to the government's control of population growth, the population growth in China
gradually reaches the bottleneck. The impetus of the native Chinese users to Mandarin Chinese is weakened
and the use of non-native speakers (external force) is the main driving force for language development. The
remaining languages changes in future are shown in Appendix 7.

2.5 Predictions
Based on the estimated language model results, the number of top 10 languages currently in use is predicted
over the next 50 years (2067).

Languages L1 Speakers Total Speakers Contribution of
Endogenous growth

Mandarin Chinese 994 1337 28.3%
English 490 1551 20.1%

Hindustani 536 651 193.4%
Spanish 503 753 29.6%
Arabic 368 450 278.5%
Malay 83 237 -
Russian 116 379 -33.0%
Bengali 248 160 -

Portuguese 231 262 39.3%
French 79 274 6.7%

Table10: Predictions for current Top 10 Languages in Next 50 years

According to the forecast results, the future development of languages with greater cultural influence, such
as English, Mandarin Chinese and French, is mainly driven by the spread as second languages and not
dependent on the growth of native speakers. In this model, language users are growing rapidly. For less
culturally-influential languages, their future development depends primarily on the spontaneous growth of
native speakers, which compensates for the loss of users due to declining language power under the slow
growth rate of the language users and easy to fall into the bottleneck. For countries such as Russia and other
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countries with negative population growth, the growth of mother-tongue users stagnated, so the second
language communication has become the only way of language development.

We think Malay and Russian will not be able to maintain Top 10 in Total Speakers in the future. Malay has
fewer native speakers and relies solely on second language users to promote its development. However, the
users of second language reflect negative growth trends, and the general prospects of language development
are not optimistic. As native speakers of Russian language continue to decline with the population reducing,
although political and cultural influence ensure its dissemination as a second language, the uncertainty of
the economic outlook makes it difficult for the second language as a long-term support for the development
of Russian.

Figure 11: Predictions for Malay and Russian

Hausa and German most likely to become the alternative of Malay and Russian. The weighted average
population growth rate of more than 10% inHausa region (Africa) provided powerful support for the growth
of native speakers amount, with a population of about 600million in all regions. Hausa's communication
process is less likely to be bottlenecked and its coverage as a second language is on the basis of a wide
population. As a second language, German has a very wide range and rapid growth. It is typical of German
to rely on external cultural transmission to promote the development, which can bring about rapidgrowth.

Figure 12: Number of Total Speakers for 4 Special Languages

3 Validation of Model 1

3.1 Sensitivity Analysis
We validate the long-term differential model to refrain from changes of coefficients and the turbulence of
predicted results for estimated error. The capacity Nm is stable is the long run and has no effect on the
number of speakers, so we won’t discuss it.

3.1.1 fixed growth rate
The fixed growth rate δ influence the inner variety speed of the number of native speakers. We consider it
as the natural growth rate of population approximately, which may induce error. So, we test the sensitivity
by valuation. We test it, Mandarin Chinese, for example, in steps of 0.001 from 0.002 to 0.008, and
estimated δ is 0.005.

 Equilibrium of L1
Speakers

Prediction of L1
Speakers（50 Years）

Bias of
Equilibrium

Bias of
Prediction

0.002 1600 936 0 6.2%
0.003 1600 952 0 4.2%
0.004 1600 980 0 1.4%
0.005 1600 994 - -
0.006 1600 1002 0 0.8%
0.007 1600 1011 0 2.1%
0.008 1600 1026 0 3.8%

Table 11: Sensitivity Analysis on

The graph shows that the coefficient δ is greatly stable. Given the range, the harmonious situation of native
speakers is the same as before for its insulation of the variety of δ. And the 50-year prediction bias is below
6.2%.
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N

N

3.1.2 External Promoting Coefficient μ
The promoting coefficient μ from culture exchange is the main reason for the long-run development of
languages. In the Mandarin Chinese model, let μ be 3, then we test it in steps of 0.1 from 2.7 to 3.3.

 Prediction of L2 Speakers
（50 Years）

Prediction of Total
Speakers（50 Years）

Bias of
Prediction for Total Speakers

2.7 328 1322 1.1%
2.8 333 1327 0.8%
2.9 338 1332 0.4%
3.0 343 1337 -
3.1 348 1342 0.4%
3.2 353 1347 0.8%
3.3 358 1352 1.1%

Table 12: Sensitivity Analysis on μ

The graph shows the model is stable asμchanges. Given the range, the prediction bias of the total speakers
is below 1.1%.

Figure 12: Comprehensive Sensitivity Analysis for Mandarin Chinese

For all those reasons, the long-term model is stable for the inner coefficients, which is applicable for the
prediction of this problem. The analysis of the other languages is detailed in Appendix 8.

3.1.3 Initial Value
The number of native Russian speakers is special. The path towards the equilibrium point is more sensitive
than other models towards the initial value, for which we have to analyze the sensitivity of its initial value.

Figure 13: Sensitivity Analysis on Initial Value of N for Russian Model

The graph shows the time distribution path moves in a relatively long interval (100 years), when the initial
value fluctuates within the range of 20 million, which have little effect on the prediction. So, the Russian
model is available, the number of native speakers in the next 50 years will be stable between 108 million
and 120 million

3.2 Robust Analysis
3.2.1 Monte-Carlo Simulation
In the previous situation, we transform the short-term time series differential model into the long-term
differential model. Now we introduce random error, establish long-term stochastic model and visualize it
with Monte-Carlo simulation.

Firstly, in the recursion time equation of the number of native speakers, the change from the tth period to
the t+1th period will be affected by other random factors except the self-correlation. Assuming that it forms
a normal distribution, namely N(0,  2 ), then the equation is

N  N   N (1
Nt )  N (0, 2) (23)

t1 t t N
m

Similarly, in the process of changing the number of non-native speakers, there are also random factors other
than economic, culture, immigrant and other factors. Assuming that the mean is 0 and the variance is
positive, the recurrence equation is, S  S    N(0, 2 ) (24)

t1 t S
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N

The recurrence equation of the total number is,
N  N  N (1

Nt )    N (0, 2 )  N (0, 2) (25)
Tt 1 Tt t N S

m

We simulate the models (23/25) of different variance, Mandarin Chinese, for example.

Figure 14: Monte Carlo Simulation on L1 Speakers and Total Speakers for Mandarin Chinese

The graphs show that the introduction of random error doesn’t change the time paths of L1 speakers and
total speakers. For different variances, the fluctuation is acceptable. At the forecast point (50,994), the L1
speakers’ stochastic volatility does not exceed 40 and the stochastic volatility of the total speakers does not
exceed 80 at the point (50,1337). Then the prediction is still applicable. Therefore, the model is robust over
random fluctuations.

4 Model 2 - Geographic distribution

4.1 Migration Patterns – Markov Process
4.1.1 Assumptions and Variables
a. Assumptions

(1) Population migration is based on the state and we do not consider domestic populationmovements.
(2) People in economically underdeveloped areas will migrate to the economically developed areas,
resulting in stable trend of migration and fixed probability of transfer.
(3) The probability of immigration in each country is not related to the time stage, but relating to countries.
(4) The growth rates of population in different countries are not consistent. For different countries, the
population of each period changes according to the growth rate of each country.
(5) The migration of immigrants from various countries can be completed at the same time and can be
considered as one-off completed by the end of the year.

b. Variables
VARIABLES DEFINITION

Population of ith country in tth year

Vector made up of elements N
The Growth Rate of population of ith country in tth year

Vector made up of elements
+ 1

Vector made up of elements
P One-step transition probabilities matrix

The number of migrants from ith country to jth country in 2015

Matrix formed by 0

Steady-state probability of ith country
Steady-state probability vector

I, J Country's serial number

4.1.2 Model Settings
Table 13: Variables for Model 2

The transition process is a discrete-time stochastic process. The occurrence of immigrants satisfies Markov
conditions. Regard to the conditional probability P(푁�+1= j|ℱ�), it satisfies the following expression.

P(푁�+1 = j|푁0 = i0, 푁1 = i1, … , 푁�−1 = i�−1, 푁� = i�)= P(푁�+1 = j|푁� = i�) (26)

This means that when the status of the immigration process at time n is known, the status of immigration
process after time n has nothing to do with the status before n, that is, no post-validity. We define
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Because the transition probability is positive, and residents will certainly either stay in their own country
or move to other countries in the next period, thus, the matrix has the following properties.

Therefore, the number of residents in each country changes as follows.

In the 0th period, the vector 푁0=(푁1,0, 푁2,0, 푁3,0, … , 푁226,0) of resident numbers of each country is calculated
by the weighted moving average of the historical natural population growth rate as a natural vector of
growth rates �0=(�1,0, �2,0, �3,0, … , �226,0)�, which will converge to 0 according to a certain rate in the
next 50 years. Then we have the vector �0=(�1,0, �2,0, �3,0, … , �226,0)� of population growth.
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Figure 15: Share of population born abroad of Each Country (Visualized Moving-in Matrix M0 )

The matrix P of 226 × 226 is deduced from (33), and Appendix 10 shows the partial calculation results of
P. And we get the natural growth rate of population vector G by moving average method.

Figure 16: Visualize G by The Mobile Average Data of Population Naturally Growth Rate (2005-2016 Partially）

After obtaining P and G, according to the Markov transfer model, we can calculate the population quantity
vector Nt, which can be seen in Appendix 11 for details.

4.2 Language Distributions
4.2.1 Prediction
We calculate the distribution of the number of Mandarin Chinese in the world, for example, and compare
the situations in different periods.

For every population vector, there is a matrix of languages distribution of all countries, H, which indicates
the ratio of the number of people in a given language in each country to the total population of the country,
namely,

(34)
H 

hij denotes the ratio of the number of people who have a demand of the language in the ith country,
i=1,2,…,226 and j=1,2,…,26 (for the 26 given languages in the problem). We can infer the distribution of
all languages in the tth period by formula (35).

diag(Nt )  H
diag(Nt) indicates the diagonal matrix of diagonal elements Nt.

(35)

In the resultant matrix, every column represents the distribution of total usage of a language in 226 countries.
Combining them with the latitude and longitude of the corresponding capitals, we get 226 scattered points
in the 3D real number domain, and use Lagrange interpolation method to smooth the space between the
scattered points to obtain the spatial distribution curve of the language in the world.

The data for each element in matrix H are mainly derived from the world language distribution data for the
2017 EPS database disclosure but for each of the post-2017 calculations, we manually adjust the H matrix
manually so that it is generally consistent with the Law of population migration. Based on equation (35),
we extract and visualize Mandarin Chinese.

 h11
 h


21 h
h12
22

h1(26) 
h 2(26) 





h 226(1) h226(2) h226(26) 
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Figure 17: Geographic Distribution of Mandarin Chinese in The Next 50 Years

4.2.2 Conclusion
According to the Markov model of world immigrants, we simulate the geographical distribution of
Mandarin Chinese total speakers in 4 periods. Two peaks were estimated, one in China in East Asia and
one in North America. The peak in East Asia has basically stabilized at an unchanged high point. The peak
in North America has become more pronounced. 50 years later, East Asia will become where Mandarin
Chinese is most widely used. The reason for the change is that the population growth in China has entered
a slowdown phase. The increase of native speakers of Mandarin Chinese is not obvious. With the influx of
a large number of Chinese immigrants into North America and the promotion of Chinese influence, the
number of L2 speakers will obviously rise, changing the long-term structure of Mandarin Chinese speakers.
Due to the above results of the differential equation model, the increment of Mandarin Chinese’s non-native
speakers accounts for 71.4% of the increment of total speakers, which is 3 times of the native speakers
‘increment and is consistent with the result of Markov Model. The geographical distributions of other
languages are detailed in Appendix 12.

According to the result, there is a tendency that the geographical distribution of all languages will be mixed
up in the next 50 years and the non-native language will be more abundant. English is the most stable and
equal, which will still be the most important language in the world. Non-native languages, speakers, for
example Spanish and German, will rise. And the use of French will increase significantly.

4.3 Comparison of Model 1&2
In this part, we will compare the results of Markov model and long-term differential model to ensure the
model is applicable.

According to formula (35), we get the distributions of each language in each country. To sum up all columns
of matrix diag(Nt)*H, we will get the number of total speakers in tth period, namely the predicted number
of each language in tth period. Let t=50, the result is,

Languages Predictions by Markov Model Predictions by Differential Model Difference
Mandarin Chinese 1502 1337 165

English 1488 1551 -63
Hindustani 645 651 -6
Spanish 798 763 35
Arabic 416 450 -34
Malay 295 237 58
Russian 306 379 -73
Bengali 133 160 -27
French 368 274 94

Portuguese 270 262 8

Table 14: Difference Between Predictions of 2 Models

An analysis of variance on the 2 sets of predicted data shows that 94% of the probabilities have no
significant difference. Therefore, we think the prediction results of the two models are the same, which
mutually prove the feasibility. The analysis of variance is detailed in Appendix 14.

5 Model 3 – Offices Location Decisions

5.1 Model in Short-term and Long-term - Cluster Analysis &MODM
5.1.1 Assumption
Except the previous assumptions, we assume the company prefers the capital of each country for their new
offices.

5.1.2 The Settings and Solutions of Model
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0,G1 2

1,G2


GDPI  



0,G4  2

The company hopes to promote the internationalization, so we choose 6 cities from the capitals of the
residual 224 countries except China and the United States. We construct a matrix Lt, which represents the
number of each language in each country (including L1 and L2) in tth period.

Lt diag(Nt )H (36)
Lt(i,j) denotes the total number of the jth language speakers of the ith country. The meaning of Nt and H is
the same of the meaning in Markov model (formula 11). As the employees have a demand of English at
least, we prefer the number of English speakers firstly. In matrix Lt, we extract the vector of the total number
of English speakers in each country, and then introduce the vector of the ratio of English speakers to the
population of the country, which is denoted by Et(224×1).

Then we analyze the elements of the vector by cluster, so there are k1 categories G11, G12, … ,G1k1.
Considering the economic, culture factors, we hope to invest in the developed countries as possible. We
use the number of net immigrants in each country MIt and the per capita GDP vector GDPt of each country
as a measure of their level of development. MIt can be calculated by summing up the columns of Markov
Model. Then we throw a cluster analysis to get k2 categories G21, G22, … , G2k2 and k3 categories G31, G32, ...,
G3k3. Finally, we introduce the Chinese speakers to facilitate the communication with the office in Shanghai.
We extract the ratio vector Ct of the number of Chinese speakers and cluster analyze to get k4 categories
G41, G42, …, G4k4.

Firstly, here comes the short-termmodel. Let t=10, we estimate E10, MI10, C10 byMarkovModel. According
to the error correction equation in the short-term difference model and the influence of GDP per capita on
the other hand, the effect of the factors such as GDP per capita is approximately stable. Therefore, we use
the GDP per capita data in this model as the estimation of actual GDP per capita in the short term. The
result of systematic cluster analysis as following,

Figure 18: Cluster Dendrograms for 4 Vectors of Variables when t=5

According to the result of clustering, the number of 4 categories is determined respectively, k1= 2, k2 = 3,
k3 = 4, k4 = 2. Countries with more English speakers are G11, and G12 otherwise. In accordance with the
number of attracting immigrants from more to less in the order, divide countries into G21, G22 and G23. As
sorting GDP per capita in descending order, divide countries into G31, G32, G33, G34. Countries with more
Chinese users are defined as G41, otherwise G42. Part of the country classification details is in Appendix 15.

The Multiple Objective Decision Making (MODM) of Fuzzy Evaluation is used to determine the location
of offices. The English speaker proportion, the number of attracting immigrants, GDP per capita and the
Chinese proportion are taken as the indicators respectively corresponding to the index function (37) -(40).
Because the company has established offices in the United States and China, we consider English and
Chinese into the decision-making system.

EI  
1, G1  1


2,G2  1

MII    2
0,G2  3

3,G3 1
2,G3  2
1,G3  3
0,G3  4

CI  
1,G4 1



Establish membership function based on the index (37) - (40).

(37)

(38)

(39)

(40)

μ��(�) = � (41)

E MI C GDP
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μ⫈��(�) = �/2 (42)
μ����(�) = �/3 (43)
μ뛈�(�) = � (44)

Determine the membership degree according to the affiliation, and get the fuzzy relation matrix

The element r represents the score of each country in each indicator. According to the demand, English is
a necessary language demand for the new office members, and secondly, the regional economy is taken
into account. The Chinese index is considered as supplement, so the English language index is given the
highest weight. Therefore, the weight vector is A = (0.4,0.25,0.25,0.1) (46)

The comprehensive evaluation matrix of each country is B=AR (47)

Take the largest six elements in B and its corresponding country (Details of B vectors will be seen in
Appendix 16) to get the short-term model results.

Using the same method for long-term analysis, where t is set to be 50, and four indicators as well as
countries' scores are obtained by combining the long-term differential model and the Markov model
prediction result in Model 2 to obtain the top six countries.

5.2 Comparison
The result of the short-term model is as follows.

Country Score Capital City English Speaker Proportion GDP per Capital Chinese Speaker Proportion

The U.K 0.88 London 0.91 45673 0.06
Canada 0.84 Ottawa 0.85 51962 0.17

Singapore 0.83 Singapore City 0.83 54776 0.76
Australia 0.75 Canberra 0.9 67488 0.21
Germany 0.74 Berlin 0.82 45088 0.04

New Zealand 0.71 Wellington 0.91 40652 0.15

Table 15: Short-term results

To summarize, in the short term, it is advisable to locate the new offices in London, Ottawa, Singapore
City, Canberra, Berlin and Wellington. We set the office languages in English, French, English or Chinese,
and English, German, English, respectively, in accordance with the highest proportion of languages in each
country.

According to the prediction result of long-term model, the top 6 countries are shown in the table 16.
Country Score Capital City English Speaker Proportion Chinese Speaker Proportion

Singapore 0.91 Singapore City 0.93 0.81
The U.K. 0.88 London 0.9 0.05
Australia 0.82 Canberra 0.85 0.17
France 0.78 Paris 0.79 0.18
Canada 0.75 Ottawa 0.84 0.18
Malaysia 0.66 Kuala Lumpur 0.58 0.78

Table 16: Long-term results

There are a few differences in the choices of different phases. In the long run, it is advisable to locate the
new offices in Singapore City, London, Canberra, Paris, Ottawa, Kuala Lumpor. The language suggested
to use in each office are Chines, English, English, French, French, Malay or Chinese, respectively.

5.3 Resource-saving Suggestions – MINEModel
Except for the original assumptions, one more assumption is added:

Global communication is between New York, Tokyo, Hong Kong and London, four major economic
centers.

Based on the above model, we have set up eight international offices. We are considering reducing some
of our new offices to reduce costs. New offices are expected to spread around the world as far as possible
so as to improve coverage, because the coverage radius of offices that are too close from each other will
easily overlap, resulting in a waste of resources. We identify overly dense offices by the Maximum
Information-based Nonparametric Exploration proposed by M Filosi (2014).

First, the latitude and longitude coordinate plane is divided into blocks centered on New York, Tokyo,
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The grid formed by the four blocks is denoted as G, and the probability density function of G is definedas

And max need to take over all possible (x, y).

MIC value range (0,1). The closer to 1, the more concentrated the sample point distribution. The closer to
0, themore dispersed the sample points. For the short-term eight sample points,MINEmodel is as following.

From the results, we know that the MIC value approaches 1 in most regions and less than 0.5 in only a few
regions, which indicates that the distribution of sample points is too concentrated. Considering the score of
each country in question A and the distance between offices, it is suggested Reduce the office inWillington,
Berlin, resulting in four new offices for model 2: London, Singapore City, Ottawa andCanberra.

Figure 21: Distribution of MIC after Improving

The result shows that the removal of the 2 redundant offices helps relaxing the over-intensity, which
enhance the economic proficiency.

Similarly, the improvement result of the long-termmodel shows the offices are redundant inKuala Lumpur
and Ottawa. So, we recommend building 4 new offices in Singapore, London, Canberra and Paris.

Latitude

Latitude

Figure 20: Geographic Distribution of 8
Offices and Economic CentersFigure 19: Distribution of MIC for Short-term Samples
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Latitude Latitude

Figure 22: Distribution of MIC for Original Plan Figure 23: Distribution of MIC for New Plan in Long-term

6 Model Assessments

6.1 Strengths
a. The time series model represents the influence of the historical information of each variable on the
situation of the system and entirely describes the dynamic law of the change of number of speakers.
b. The ECM model combines the horizontal and the differential variables organically, makes full use of the
information given by the two, and combines the long-term and short-term effects between the variables to
enhance the ability of model interpretation and prediction. When the variables are non-stationary, there is
a co-integration relationship among the variables in the ECM model. Since neither the error term nor the
differential variables are stable, neither false regression nor long-term information will be lost.
c. For the description of geographical location, we use cluster analysis, simplify the 2-D plane into
coordinate points and enhance visualization effects as well as simplify the calculationprocess.
d. The Markov Chain describes the process of random migration well, which is derived from the dynamic
prediction in accordance with the reality.
e. The MODM (Multiple objective decision making) theory reflect the relationship between each single-
objective optimal solution and multi-objective satisfactory solution, can consider the satisfaction of
different nature and conflicting multiple goals, which may optimize all goals as possible and provide a new
approach to optimize the multi-objective systematic problems.

f. The introduction of MINE model promotes the analyzing efficiency, the revising the quantifying method
and makes the result intuitive.

6.2 Weaknesses
a. There is two main drawbacks in Monte Carlo Simulation. If a random number which may not be random
as expected have to be put in the particular part of system, some subtle non-random patterns will appear.
And there would be deviate from the authentic simulation results. And Monte Carlo simulation with static
characteristics has trouble to complete long-term dynamic simulation.
b. The division of 4 economic centers is rough and simple. And the division of grid shapes is subjective.

6.3 Improvements
a. Introduce the Markov process in the random process into the Monte Carlo simulation to achieve dynamic
Monte Carlo simulation. That is to say, a Monte Carlo-Markov chain (MCMC) is constructed. By sampling
repeatedly, a Markov chain with the same distribution of system probabilities is established to obtain the
state samples of the system. The dynamic simulation of changing the sampling distribution as the simulation
progresses makes up for the shortcomings that the traditional Monte Carlo integrals can only be modeled
statically.
b. Additional information is needed. For example, we divide the world in a more specific way to get the
economic zones, combining the additional information such as the culture, economic structure, the
international trade and the financial markets, which contributes to promote the accuracy of the division of
grid and quantify the international coverage of offices in a more specific way.
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Memo
To: Chief Operating Officer of the service company
From: Team 74316
Date: 12 February
Subject: Results and Recommendations on language distribution and offices decision

We are writing to report our key results and Recommendations in these four days.

Results
1. Languages spread in 2 ways, the variety of the number of native speakers and the non-native

speakers. In the short-term, the distribution of the former is mainly reflected in the temporal
sequence correlation. The temporal sequence of most L1 speakers of most languages is a non-
stationary unit root process, which increases as the local population increases except Russian.
The temporal distribution of the latter is related to all kinds of influences and factors. We think
that economic, social, welfare and cultural factors have a positive impact on the number of
non-native speakers and the total number of speakers.

2. In the long-term, the variety of L1 speakers is consistent with the natural increment of logistic,
which usually is a stable system. L2 speakers are subject to economic, cultural and other
external factors, which can be simplified into an unchanged parameter. The total number is
equal to the sum of L1 and L2 speakers, which is a non-stationary dynamic system. The number
of most native speakers increases as the population increases; however, the temporal path of
non-native speakers is affected by the language influences.
Languages that are influential such as Mandarin Chinese and English increases because the
non-native speakers increase and the number of total speakers will increase in 50 years.
Languages that is little influential will slowly increase as the population increase, and the
number of total speakers is not significant even negative.

3. Russian and Malay are at risk of dropping out of top 10. The reason is that Russian native
speakers experienced negative growth and Malay speakers grew negatively and had few native
speakers, which are replaced by Hausa with a fast-growing mother tongue and German with
wide spread speakers.

4. The geographical distribution of languages presents a trend of mutual integration. For example,
the increase of Mandarin Chinese non-native speakers in Europe exceeds the increase of native
speakers in China. The number of non-native speakers in the world maintained a steady growth.
The distribution of Spanish and Portuguese tends to be even. The number of French non-native
speakers in Europe is growing rapidly.

Recommendations
1. In the short term (about 10 years), it is recommended that the company set up international

offices in London, Ottawa, Canberra, Singapore, Berlin and Willington. These cities have
performed best in comprehensive English usage, Chinese usage, and economic development,
conducting to the company's international development. And the office languages are
suggested to be English, French, English, English or Chinese, German, English, respectively.
In the long term (over the next 50 years), the proposed locations are Singapore, London,
Canberra, Paris, Ottawa, and Kuala Lumper. It is recommended that the office languages be
English or Chinese, English, English, French, French, Malay or Chinese.
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2. If six new offices were not necessarily required, it would be enough to suggest the
establishment of four new offices. Because too many offices would lead to a over dense
geographical distribution, overlapping coverage, and increase marginal costs as well as reduce
marginal benefits, resulting in waste of resources. With the MINE model, we identify grids
that are too densely distributed and eliminate duplicated offices, retaining the highest level of
comprehensive evaluation and coverage. We suggest that opening new offices as shown below.

Figure: Appropriate Locations of International Offices According to New Plan
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Appendix
Appendix 1

Autocorrelation and Partial Correlation of
Portuguese

Autocorrelation and Partial Correlation of
FRE

Autocorrelation and Partial Correlation of
Hindustani

Autocorrelation and Partial Correlation of
Spanish

Autocorrelation and Partial Correlation of
Malay

Autocorrelation and Partial Correlation of
Arabic

Autocorrelation and Partial Correlation of
Russian

Autocorrelation and Partial Correlation of
Bengali
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Appendix 2

Data for the Short-term Model of Non-native Speaker in Model 1

Data Source: The Work Bank Database
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Table2: Formed Panel by factors influencing the number of non-native speakers in2008-2016

(Notes: The units of the ten variables are $, $, year, -, - , 10,000 people, $10,000, %, $, unit)
Data Source: The Work Bank Database
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Appendix 3

Threshold Tables for Cointegration Test of EG Method

Appendix 4

Error Correction Terms of Each Language

Mandarin Chinese English Spanish Arabic Russian French
ECM2008 2.7 4.9 -2 -2.6 -0.9 -4.9
ECM2009 3 3.6 1.8 -2.4 0.5 0.4
ECM2010 -0.7 -3.9 1.3 -0.5 1.7 2.2
ECM2011 3 -2.8 3.3 -3 -1 3.5
ECM2012 -3.3 1.7 4.8 -4.2 -5 0.6
ECM2013 -4.5 3.9 -2.5 3.1 1.7 -4.3
ECM2014 -4.3 -3.8 -0.3 -2 -4 -2.7
ECM2015 2.8 5 2.1 0.1 1.6 2.4

Appendix 5

Solution of Prediction model

The predicted one-step result of formula (3) is Nt(1) = Nt. The prediction error is Nt+1- Nt(1) = 

and the error variance is �2

The predicted two-step result is Nt(2) = Nt(1). The prediction error is Nt+2- Nt(2) = t 1+ t 2
and the error variance is (1+ϕ2+ ϕ4)�2

The predicted three-step result is Nt(3) = Nt(2). The prediction error is

Nt+3 - Nt(3) =  ( t 1+ t 2 )+ t 3 , and the error variance is (1+ϕ2+ ϕ4)�2

Due to the Induction, the error variance of one-step prediction is

(1  2  4
2 1

2l

 2

1 2
.

When >1, the curve shows an exponential growth trend.

t 1

 2l )
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Figure 5: Analysis Simulation for Prediction Error of Marinda Chinese (Variance of Error Versus
Prediction Step-length=1:50)

Appendix 6

Dickey-Fuller Test for Unit Root of Each Language

Mandarin Chinese

English

Spanish

精品数模资料，各类比赛优秀论文、学习教程、写作模板与经验技巧、matlab程序代码资料等，尽在淘宝店铺：闵大荒工科男的杂货铺！ 



Team#74316 Page 29 of 20

Arabia

Russian

French

Appendix 7

Number of Speakers Versus Time for Each Language
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Appendix 8

Sensitivity Analysis Results of Each Language

English

精品数模资料，各类比赛优秀论文、学习教程、写作模板与经验技巧、matlab程序代码资料等，尽在淘宝店铺：闵大荒工科男的杂货铺！ 



Team#74316 Page 31 of 20

Spanish

Portuguese
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Appendix 9

Part of Matrix Formed by the Number of Migrant in Different Countries

Data Source: The Global Migrant Origin Database
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Appendix 10

Part of One-Step Transition Probability Matrix
Origin Countries State Code AUS NZL ASM COK FJI PYF GUM KIR MHL FSM NRU
Australia AUS 0.98162 0.00236 2.52E-07 5.42E-06 6.39E-05 5.88E-07 2.10E-07 3.78E-07 5.93E-06 0 2.82E-06
New Zealand NZL 0.07741 0.88498 5.00E-05 0.00022 0.00031 3.92E-06 1.31E-06 9.36E-06 2.18E-07 0 7.12E-05
American Samoa ASM 0.00277 0.00724 0.26653 0.00056 0.00256 1.80E-05 5.40E-05 0.00243 0 0 5.40E-05
Cook Islands
Fiji

COK
FJI

0.0335
0.04961

0.60062
0.02884

0.0009
0.00017

0.24441
0.00013

0.0028
0.83963

4.52E-05
5.60E-06

0.00023
3.70E-05

0.00212
1.01E-05

0
1.12E-06

0
0

0.00081
7.51E-05

French Polynesia PYF 0.00125 0.00167 1.08E-05 1.08E-05 0.0023 0.987363.60E-06 0.0021 0 0 1.08E-05
Guam GUM 0.00031 0.0002 0.00044 0.00042 0.00316 1.85E-05 0.4464 0 6.18E-06 0 1.24E-05
Kiribati KIR 0.00362 0.00451 2.67E-05 2.67E-05 0.00236 0 8.90E-06 0.96731 0 0 1.78E-05
Marshall Islands MHL 0.00034 0.0003 0.00017 0.00015 0.00315 0 0.00474 0 0.78318 0 1.89E-05
Micronesia, Federated States of FSM 9.58E-05 0.00028 0.00019 0.00017 0.00375 9.58E-06 0.066879.58E-06 0 0.76433 8.62E-05
Nauru NRU 0.03727 0.01756 8.02E-05 8.02E-05 0.00289 0 0 0 0 0 0.91776
New Caledonia NCL 0.00393 0.00063 7.33E-06 3.66E-06 0.00014 0.00066 0 0 0 0 3.66E-06
Norfolk Island NFK 0.09352 0.05498 0 0 0 0 0 0 0 0 0
Northern Mariana Islands MNP 0.00013 7.30E-05 0.00015 0.00015 0.00175 0 0.03982 0 0 0 3.65E-05
Niue NIU 0.10984 0.25019 0.00458 0.00381 0.00534 0 0.00076 0.00381 0 0 0.00381
Palau PLW 0.00085 0.00047 0.00042 0.00042 0.00272 0 0.06266 0 0 0 9.39E-05
Papua New Guinea PNG 0.00298 0.00015 5.68E-06 5.05E-06 0.00011 2.53E-07 1.39E-06 6.31E-07 0 0 4.67E-06
Samoa WSM 0.0684 0.24322 0.09141 0.00043 0.00302 2.06E-05 0.00012 0.00217 5.16E-06 0 0.00037
Solomon Islands SLB 0.00226 0.00086 6.81E-06 5.11E-06 0.00012 0 1.70E-06 0 0 0 5.11E-06
Tokelau TKL 0.1467 0.37066 0.01512 0.00112 0.00224 0 0.00056 0.0028 0 0 0.00112
Tonga TON 0.07233 0.16978 0.01077 0.00038 0.00311 1.88E-05 0.00011 0.00226 0 0 0.00024
Tuvalu TUV 0.00882 0.09245 9.09E-05 9.09E-05 0.00273 0 0 0.00236 0 0 9.09E-05
Vanuatu VUT 0.00339 0.00104 1.51E-05 1.13E-05 0.00013 0 3.78E-06 0 0 0 7.56E-06
Wallis and Futuna WLF 0.00116 0.00103 0.00039 0.00032 0.00304 0.15517 0.00013 0.00226 0 0 0.00039
China CHN 0.0001 2.84E-05 1.22E-07 8.02E-09 1.59E-07 1.41E-07 1.98E-06 1.75E-08 2.26E-08 8.75E-08 1.33E-07
Hong Kong HKG 0.00919 0.00155 9.58E-07 1.37E-07 3.70E-06 3.29E-06 3.42E-06 1.23E-06 8.21E-07 2.05E-06 9.72E-06
Japan JPN 0.0002 6.78E-05 3.15E-08 1.57E-08 2.67E-07 2.36E-07 1.93E-05 3.15E-08 5.90E-07 1.42E-07 2.75E-07
Korea, Republic of KOR 0.00076 0.00035 3.59E-06 5.88E-08 1.06E-06 9.41E-07 6.37E-05 1.37E-07 2.55E-07 5.88E-07 1.10E-06
Taiwan TWN 0.00095 0.00053 7.96E-06 4.26E-08 8.51E-07 7.66E-07 7.66E-07 1.70E-07 2.13E-07 4.68E-07 1.36E-06
Macau MAC 0.00324 0.00041 0 0 6.66E-06 6.66E-06 6.66E-06 0 1.66E-06 3.33E-06 3.33E-06
Mongolia MNG 4.20E-05 5.04E-06 0 0 0 0 0 0 0 0 0
Korea, Democratic People’s Republic PRK 2.18E-06 4.75E-07 3.96E-08 3.96E-08 6.73E-07 5.94E-07 6.34E-07 0 1.58E-07 3.57E-07 0
Indonesia IDN 0.00018 1.47E-05 2.32E-08 1.16E-08 2.44E-07 2.17E-07 2.21E-07 2.32E-08 5.81E-08 1.32E-07 1.86E-07
Malaysia MYS 0.00257 0.00037 2.60E-07 3.25E-08 8.46E-07 7.49E-07 7.49E-07 3.58E-07 1.95E-07 4.56E-07 2.67E-06
Philippines PHL 0.00102 9.96E-05 6.53E-06 5.90E-08 1.24E-06 1.09E-06 0.000321.97E-07 5.90E-08 6.78E-07 1.47E-06
Singapore SGP 0.00605 0.00071 5.42E-07 0 1.63E-06 1.45E-06 1.63E-06 7.23E-07 3.61E-07 9.03E-07 6.14E-06
Thailand THA 0.00034 7.51E-05 4.37E-08 1.46E-08 4.22E-07 3.79E-07 3.79E-07 4.37E-08 1.02E-07 2.33E-07 3.79E-07
Viet Nam VNM 0.00169 4.30E-05 2.22E-06 4.36E-08 8.29E-07 7.31E-07 7.41E-07 2.07E-07 1.85E-07 4.47E-07 1.57E-06
Brunei Darussalam BRN 0.00496 0.00059 0 0 2.39E-06 2.39E-06 2.39E-06 0 0 0 4.79E-06
Cambodia KHM 0.00148 0.00031 1.93E-07 6.44E-08 7.73E-07 6.44E-07 6.44E-07 1.93E-07 1.93E-07 3.87E-07 1.61E-06
Lao People’s Democratic Republic LAO 0.00144 0.00015 1.50E-07 1.50E-07 1.95E-06 1.80E-06 1.80E-06 1.50E-07 4.50E-07 1.05E-06 1.50E-06
Myanmar MMR 0.00021 1.34E-05 1.91E-08 1.91E-08 1.91E-07 1.72E-07 1.72E-07 1.91E-08 3.82E-08 9.54E-08 2.10E-07
Timor Leste TLS 0.00757 2.42E-05 8.06E-07 0 8.06E-07 8.06E-07 8.06E-07 8.06E-07 0 0 7.25E-06
Bangladesh BGD 5.63E-05 7.36E-06 4.34E-08 6.20E-08 3.07E-06 1.09E-06 1.11E-06 6.20E-09 2.85E-07 6.70E-07 6.82E-08
India IND 7.29E-05 1.60E-05 1.45E-08 1.15E-08 2.89E-06 2.05E-07 2.10E-07 1.07E-08 5.35E-08 1.28E-07 8.40E-08
Sri Lanka LKA 0.00255 0.00029 2.86E-07 9.54E-08 1.48E-06 1.29E-06 1.34E-06 3.34E-07 3.34E-07 8.11E-07 2.58E-06
Afghanistan AFG 0.00033 2.19E-05 1.19E-07 1.19E-07 2.58E-06 2.28E-06 2.31E-06 2.96E-08 5.93E-07 1.39E-06 3.26E-07
Bhutan BTN 8.13E-05 1.14E-05 0 0 0 0 0 0 0 0 0
Maldives MDV 0.00043 8.80E-05 0 0 0 0 0 0 0 0 0
Nepal NPL 9.16E-05 1.20E-05 3.49E-08 6.98E-08 1.05E-06 9.42E-07 9.42E-07 0 2.44E-07 5.93E-07 1.05E-07
Pakistan PAK 6.29E-05 6.98E-06 2.64E-08 3.17E-08 2.62E-06 5.65E-07 5.86E-07 1.06E-08 1.48E-07 3.59E-07 6.86E-08
Canada CAN 0.00076 0.00022 8.37E-08 1.39E-06 1.90E-06 1.23E-06 4.46E-07 1.12E-07 3.35E-07 2.20E-06 8.93E-07
United States of America USA 0.00017 4.16E-05 1.12E-05 2.40E-07 3.49E-07 2.24E-07 5.95E-05 3.43E-08 9.35E-09 3.63E-06 2.68E-07
Mexico MEX 9.17E-06 1.93E-06 0 0 4.34E-06 2.81E-06 1.00E-06 0 7.39E-07 5.02E-06 2.38E-08
Bermuda BMU 0.0056 0.00253 0 0 1.53E-05 1.53E-05 0 0 0 1.53E-05 0
Greenland GRL 0.00073 5.35E-05 0 0 0 0 0 0 0 0 0
Saint Pierre and Miquelon
Colombia

SPM
COL

0
8.98E-05

0
4.83E-06

0
0

0
0

0
1.24E-07

0
1.16E-06

0
4.15E-07

0
2.07E-08

0
3.11E-07

0
0

0
8.29E-08

Peru PER 0.00018 1.32E-05 0 0 9.56E-08 7.97E-07 2.87E-07 3.19E-08 1.91E-07 0 1.59E-07
Venezuela VEN 3.56E-05 3.40E-06 0 0 3.21E-08 3.85E-07 1.28E-07 0 9.63E-08 0 3.21E-08
Bolivia BOL 6.13E-05 9.60E-06 0 0 1.86E-07 1.21E-06 4.66E-07 0 2.80E-07 0 9.32E-08
Ecuador ECU 8.21E-05 3.59E-06 0 0 1.86E-07 1.42E-06 4.96E-07 0 3.72E-07 0 6.19E-08
Argentina ARG 0.00025 8.98E-06 2.30E-08 0 4.61E-08 4.84E-07 1.61E-07 2.30E-08 1.15E-07 0 2.30E-07
Brazil BRA 2.29E-05 3.23E-06 0 0 1.94E-08 1.46E-07 5.34E-08 4.86E-09 3.88E-08 0 2.43E-08
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Appendix 11

Part of Population of countries in decades
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Appendix 12

Part of Latitude and Longitude of Coordinates of Various National Centers

Data Source: The Wikipedia

Appendix 13

3D Image of the Number of Particular Language Speakers – Geographic Distribution
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Appendix 14

Variance Analysis Result
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Appendix 15

Score for Model 3 of Each Countries
Country G1 G2 G3 G4
Australia 1 1 2 1

New Zealand 1 2 2 1
American Samoa 1 2 2 1
Cook Islands 2 1 3 2

Fiji 1 1 1 2
French Polynesia 2 2 2 2

Guam 1 2 1 2
Kiribati 1 2 3 1

Marshall Islands 1 3 3 1
Micronesia, Federated States of 2 1 3 2

Nauru 1 2 4 1
New Caledonia 2 3 4 1
Norfolk Island 1 3 1 1

Northern Mariana Islands 1 2 1 2
Niue 2 1 2 2
Palau 1 3 1 1

Papua New Guinea 1 1 3 1
Samoa 2 3 3 1

Solomon Islands 2 2 2 1
Tokelau 1 2 2 1
Tonga 1 2 4 2
Tuvalu 1 3 2 2
Vanuatu 1 3 3 1

Wallis and Futuna 1 2 2 1
China 2 2 1 1

Hong Kong 2 2 4 1
Japan 1 2 2 2

Korea, Republic of 2 3 3 1
Taiwan 2 2 4 2
Macau 1 2 3 1
Mongolia 2 1 1 1

Korea, Democratic People’s Republic of 1 2 1 1
Indonesia 2 1 4 2
Malaysia 2 2 1 1
Philippines 1 2 3 1
Singapore 2 3 3 1
Thailand 2 2 3 2
Viet Nam 1 1 4 2

Brunei Darussalam 2 2 2 2

Appendix 16

National Comprehensive Evaluation Vector
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