Team Control Number
For office use only
38720

T4 Frablem Chosen

B

For office use only

Ll |

2005 AMathematical Contest in AModeling (ACA) Summary Sheet
(Antach a copy of thas page to vour solution paper.)

Hidden in Plane Sight:

Finding Lost Airplanes Before Time Runs Out

When a plane disappears over remote waters, time is of the essence. The faster we learn
the fate of the plane, the more likely it is that we can rescue survivors or bring closure to
grieving families. In light of the failed search effort for Malaysia Flight MH370, we must
strive to expedite and optimize response effectiveness in the future.

First we investigate how and where airplanes crash and discover that finding a lost plane
begins with predicting its location based on variables such as flight speed, glide ratio, and
altitude. We also consider the search plane’s speed and detection distance. Our simulations
test different flight paths to determine which best minimizes search time and maximizes
chances of finding the crash site debris.

e Where to look: Projecting a commercial airplane’s flight path, we construct a
Gaussian normal distribution bounded by a rectangular search area.

e Simulate Solutions with Ideal Accuracy: Assuming the search will certainly detect a
wreck within radar range, we test random flight paths, but they prove
inefficient—the most successful takes 38 hours. By searching systematically,
reducing redundancy and focusing on high probability areas, we cut mean search
time to 3.6 hours.

e Simulate Solutions with Imperfect Accuracy: We now incorporate uncertain
detection probability into our model. Applying Bayesian Search Theory to our most
efficient solution results in a relatively low mean search time of 4.7 hours, with 95%
of crashes located within one day.

e Flexibility: We can easily repurpose our solutions for different numbers of search
planes or sizes of crashed planes.

Ultimately, our recommended solution — an application of Bayes' Theorem — takes a
realistic and accurate approach to quickly find the majority of lost planes.
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1 Introduction

Despite modern design and tracking capabilities, airplanes such as Malaysian flight
MH370 occasionally disappear over swathes of open ocean. With no communication
from the downed plane, searchers must determine the optimal strategy for recovery.
Meanwhile, family members of passengers wait anxiously for news of their loved ones’
fates.

The Dilemma:

e The primary objective is to find the missing plane.

e Our second consideration is to reduce the time it takes to find the plane
and any surviving passengers, improving the odds of rescuing them alive.

e In addition, we will take into account the different types of downed
planes, search planes, and sensors.

The Approach:

e First we examine historic plane crashes to build context—their locations,
causes, and the potential downed planes involved.

e Taking into account various communication methods and FAA
regulations, we determine what constitutes a plane “lost” and the time
it takes to reach that conclusion.

e We learn about the origin and evolution of ocean search technique.

e We research various search planes and sensors to find their speed, sight,
and accuracy.

e We define all the variables we will use throughout the development of
our model.

e Using our chosen downed plane specifications, we calculate the
maximum search area that we need to consider.

e Based on our crash research, we determine the probability distribution
of downed planes within the search area.
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e Using our chosen search plane specifications, we calculate the maximum
speed, search sight, and accuracy to be used in our solutions.

e We outline all the assumptions we need to begin modeling.

e We numerically model lost airplanes with our chosen distribution inside
the search area and evaluate random, striped, and sinusoidal search
solutions.

e Increasing the complexity of our model, we consider what would happen
to the search time if we have non-ideal sensor accuracy and redistribute
the probability after each pass.

e We will simulate our normal model using different inputs to examine the
effectiveness and flexibility of our best solutions when searching for
varying kinds of downed planes.

e Based on our simulation results, we will analyze our generated data and
make recommendations for a useful procedure for finding lost airplanes
crashed in open water.
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2 Research

2.1 Amelia Earhart: A Crash that Haunted History

Mankind resides in a state of perpetual discontent staying static while barriers
remain unbroken. We first achieved controlled and sustained flight on December 17,
19031, Although the Wright Brother’s flight only lasted a mere 12 seconds, the
barrier of controlled flight is one mankind sought to break from centuries.

Aviators realized sustained flight opened a door to a land of infinite
possibilities. Amelia Earhart, renowned for her advocacy of women’s rights, became
the first woman to fly across the Atlantic in 19282, Earhart’s thirst for achieving new
heights, both socially and aeronautically, became the characteristic that would bring
her both fame and, sadly, an untimely death.

On the morning of July 2, 1937, Amelia set off to land on Howland Island, a
tiny, remote island in the south Pacific!?. Her projected flight path, an astounding
2,556 miles, was the most difficult of her career. Historians believe Earhart’s
communication antenna broke off mid flight, hindering her ability to receive
navigation instructions. Due to a series of storms, her plane ran out of fuel and she
crashed into the dark waters of the south Pacific!?.

Although her plane was not the first to crash in open water, the unresolved loss
of a celebrated aviation hero captured the attention the world. Earhart’s
disappearance yielded one of the largest search parties of all time. Fragments of her
plane were finally found last year, 77 years after her initial crash?. Though both
airplane and search technology have improved drastically since that time, the
heartbreaking mysteries of lost planes continue to occur.

2.2 Malaysia Flight MH370: A Modern Day Example

Over the last hundred years, there are 89 planest®! that have gone missing over
the ocean, never to be found again. We decided to investigate the disappearance of
Malaysia Flight MH370 as it seemed to be the most modern and applicable case study.
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On March 4, 2014, MH370 departed from Kuala Lumpur en route to Beijing!.
Air traffic control lost contact with the plane only 38 minutes after departure, and
the last known position and orientation of the plane was less than 2 hours from
takeoff. With its fuel
capacity nearly full, analysts  s...ch arcas sanuary 2015
have determined that the [ Search vessel M Search area

500 km

. . activity
radius of the search area is : : -
— Final satellite communication -
equa[ to the maximum plane somewhere along arc
distance the plane could
AUSTRALIA

have flown with the fuel it Indlan Ocaan
had onboard. Fortunately,
satellites received signals
from MH370 thousands of
miles southwest from the last
pOint of contact, effectively Figure 1: Search Area of C"afi“me —
narrowing down the search
area with high probability.

This signal, although not identical to our problem, gave us insight as to how
analysts determine search areas and, more specifically, search areas with high
probability of success.

From the information from MH370 (Figure 1), we determined the search area to
be basically rectangular in shape, with the expected flight path in the middle!*!.

2.3 Analysis of the History of Ocean Plane Crashes

Obviously, the two case studies we have already discussed are not a firm basis to
develop our models around. However, there are 88 other missing plane cases!®! for us
to examine. If we examine the Aviation Safety Network’s database of lost flights from
1948-2014, we can determine the most common locations, types of planes, and crash
causes upon which to base our modelst!.

Locations:

e 31 of the 89 missing flights list the Atlantic Ocean as the place of
disappearance, exactly half of the 62 oceanic disappearances’®!.

e These flights vary in type from transatlantic to shorter hops between
islands (Figure 2).
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e Considering the abundance of aircraft missing without a trace from
the Atlantic region, as well as the diversity of flight paths of those
planes, we believe that analyzing this ocean specifically will provide
the best representation of possible flights in need of rescue.

Missing aircraft 1948-2014
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Figure 2: Total Missing Aircraft R —

Airplane Categories:

e For simplification, we wish to consider only the most common type of
missing plane—passenger aircraft—including commercial, business, and
privately owned®!,

e We also want the specific examples of each type of plane to be
commonly available and frequently used around the Atlantic region.

o Jumbo Commercial Wide-Body: The twin engine Boeing 777-200,
seating a maximum of 440 passengers, often flies the popular
transatlantic route from London to New York!!.

o Large Business Jet: The Gulfstream G450, a long range
twin-engine aircraft, is a common choice for companies to take up
to 16 passengers between continents!®l.
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o Small Personal Aircraft: The best-selling aircraft of all time, the 4
passenger single engine Cessna 172 is flown by private citizens
across the Atlantic with land-based or ferry stops for refueling!”.

e For our models, we will consider the Boeing 777, Gulfstream G450,
and Cessna 172 as standard examples of potential missing aircraft.

Causes of Historical Plane Crashes

In order to evaluate the types of plane crashes we will need to consider, we first
broke down notable oceanic plane crashes into several categories; the number inside
the parenthesis is the number of cases of this type reported®!.

Types of Incidents We Will Consider:

e Stall-related (82): Commonly, stalls are caused by icing of a plane’s
wings, icing and failure of speed indicators causing a steep climb, and
failure of ailerons or other stabilizing equipment!®l,

e Engine Failure/Quick Descent (52): Crashes of this nature could result
from bird strikes, explosions/failure in a plane’s engines, cabin fires,
navigational equipment failure and loss of cabin pressure in flight!®l.

e Sustainable Glide (9): Glides are some of the most rare crashes. Pilots
must experience loss of thrust capability while still maintaining control
of their aircraft—an unlikely combination. Potential causes include
complete engine failure and fuel starvation!®l.

Types of Incidents We Will Disregard:

e Air Traffic Control: Crashes related to an ATC error most likely happen
during takeoff and landing!®!; neither of these situations apply to our
models because we are only discussing mid-flight incidents where the
plane would be over water.

e Hijacking: The search area of a plane that has been hijacked can be
extremely wide because we must assume the plane is still fully
operationall®l. No reliable search area could be created if
communication ceases and the hijackers are in control of the plane.
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Oceanic Airspace Communication

It seems unbelievable in this day and age, with GPS technology readily available and
easy to use, that a vehicle as large and seemingly conspicuous as an airplane could be
lost without a trace. In truth, the massive oceans that cover the majority of Earth’s
surface present a remote and dangerous wilderness for any plane unfortunate enough
to crash there.

Radar Tracking:

Radar is a relatively old and well-tested technology used for determining
the positions of ships and aircraft; however, the range of civilian radar
extends only 200 miles from the coastlinel.

On a typical New York-to-London transatlantic flight, the plane would be
out of radar range while over the ocean for more than half the flight
timel’l.

Air Traffic Control:

During oceanic flights, multiple control towers from different countries
exchange control of the aircraft.

Some crashes, such as Air France Flight 447, involve a botched exchange
where no one raises an alarm that the plane is missing for several
hours!'. We must assume this will not be the case.

Older planes and outdated control towers, common in less-developed
countries, use high frequency radio while the plane is out of regular
radio and radar range. Communication occurs about once per hour!'?,

Modern satellite-based systems, used in the US, Europe, and Canada,
mandate 14-minute update cycles and provide much more accuracy!'?.

The Federal Aviation Administration’s Oceanic Emergency Procedures
state that a gap in communication of 30 minutes or longer is cause for an
escalating emergency statel'",
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e We will account for both methods of ATC communication by
following the FAA’s guidelines. A lapse of half an hour means that
the plane began crashing and lost communication capabilities
sometime within that interval.

2.5 History of Oceanic Search Theory

The branch of applied mathematics known as “Search Theory” originated during
World War Il as a method for locating enemy ships, and was quickly adapted for
rescuing airmen that crash-landed in the ocean!'?l. These historical searchers had an
advantage over our situation due to abundance of manpower and the frequency of
military radio contact; they generally knew the exact moment the plane crashed!'?.
This information allowed the searchers to look radially outward from the point of lost
contact and quickly perform their rescue.

Our Theory:
e Our models will be more complex than this early one, but follow the

concepts developed by past search theorists.

e A savvy searcher must weigh two elements: the probability that a
given area contains the lost plane and the probability that the
searcher will detect the lost plane while searching that area.

o These are referred to in Search Theory as Probability of
Containment P(C) and Probability of Detection P(D)!"%.

e The total probability of finding the downed plane is then the
product of P(C) and P(D)!["41,

P =P(C) = P(D) (1)

e The best search technique would clearly start at places that total
probability is highest and then continue searching through areas of
decreasing probability.

e Our models will need to cover different probability distributions of
airplane containment to discover which is the most accurate

e The P(D) will depend on the type of sensor we select.
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2.6 Search Planes and Sensors

The most ancient method for detection of lost objects is visual. Besides the obvious
inefficiency of searching thousands of square miles of ocean by vision alone, the
model for visual search accuracy is related to the inverse cube of distancel'?.. For this
reason, we will ignore visual search as both too ineffective and too complex to model.

The two most common types of search planes are military aircraft—the older P-3
Orion and the new P-8 Poseidon!'3!. The Orion carries revolving multi-mode radar for
broad sweeps to detect debris as well as infrared and acoustic sensors for smaller
searches!'®!. For the modern plane, data on its sensing capabilities is classified, but
we can find specifications for a much older model that the current sensors are based
onl™l,

Usually, once the radar search discovers likely debris, a more focused infrared scan
will cover the surrounding area to spot the residual heat signature of the submerged
planel™. For the sake of simplification in our first model, we will focus on the
radar search and imagine that it is an ideal sensor with 100% effective
probability of detection and no range uncertainty.
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3 Foundation of Analysis

3.1 Variables and Definitions

Lost Plane Variables:

Name of Variable (Symbol)

Definition (Units)

Cruising Speed (v)

The typical speed of an aircraft (mph)

Cruising Altitude (a)

The typical altitude of a transatlantic flight for the
specific type of aircraft (ft)

Total Time Elapsed (7')

The total time from last contact (hr)

Time of Last Contact

The time an airplane last relayed its heading and

(T=0) coordinates to ground control—the last evidence of
normal operations (hr)

Point A’ The plane’s coordinates at last contact (mi, mi)

Failure The instant when the plane crashes: communications

and normal operations stop, and thrust ceases

Glide Range (r)

The max distance a plane can move after failure (mi)

Glide Ratiol™ (k)

The ratio of horizontal distance covered to altitude
lost that maximizes total horizontal distance (none)

Crash Uncertainty Time (1)

0.5 hr, the time window in which the airplane could
have crashed

Time of First Alert (T =1)

The time controllers first suspect a problem when
the plane misses a routine communication (hr)

Point B’

The plane’s expected location if it flew for exactly
time t after last contact but before failure (mi, mi)

Distance (L)

The maximum distance an airplane can cover at
cruising speed in time t (mi)

Points A and B

The points at the beginning and end of the flight
path segment contained in the search area (mi, mi)
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Name of Variable (Symbol)

Definition (Units)

Searching Speed (v )

The typical speed of a search aircraft (mph)

Sight (d)

The radius of the detection area (mi)

Searching Altitude (a)

The vertical height above the water that the search
plane flies (ft)

Search Time Elapsed (¢)

The time from the start of the search to present (hr)

Distance to Lost Plane (/)

The straight line distance from the search plane to
lost plane debris (mi)

Size of Lost Plane (Z)

The approximate rectangular area taken up by the
lost plane (ft?)

Coordinates (x, y)

The location along the surface of the ocean in the
x-y plane (mi, mi)

Crash Coordinates (x., y.)

The position of the lost plane (mi, mi)

—

Position (5)

The position vector of the search plane

Direction (g)

The direction of the search plane, either left or
right, for striped and sinusoidal solutions (either 1 or

-1)

Distance from search plane

Distance from the plane to point A (mi)

to A (d,)
Distance from search plane | Distance from the plane to point B (mi)
to B (dp)
j An index used for sequences in striped and sinusoidal

solutions

Temporary (u)

A temporary variable for the striped and sinusoidal
solutions
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3.2 Determining a Realistic Scenario

Design of Search Area:

To analyze and effectively develop a maximum search area, we must assume that in
some cases the plane will glide perfectly, encountering absolutely no stalls. This will
give us the glide range of the aircraft—the maximum distance the plane could have
deviated from the flight path.

T = K« (2)

We must also consider the distance the plane traveled between A’ and B’ over the 30
minute time period in which it could have crashed. Because we assume the velocity of
the plane is constant, we can conclude:

L=wrt (3)

It’s unknown exactly where the aircraft crashed along the flight path, so we must
sweep a circle with radius r along the entire segment of length L to cover every
possible crash site. For modeling simplicity, we are also going to include the corners
bordering the circles in our search area (Figure 3).

Figure 3: Diagram of Search Area
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Specifications of Downed Plane:

Based on our research, we constructed three different categories of aircraft (as
discussed in Section 2.3) and chose one specific model of aircraft for each category
based on frequency of transatlantic flights. We compiled their specifications below:

Types of Potential Lost Planes Boeing 777[°1 Gulfstream G450 Cessna 172

Average Airspeed v 640 mph 610 mph 140 mph
Average Cruising Altitude a 35,000 ft 41,000 ft 8,500 ft
Glide Ratio (forward:down)x 15:1 14:1 9:1

Glide Range r 100 mi 110 mi 14.5 mi
Size (wingspan x length) 42,000 ft? 7,000 ft2 1,000 ft?
Distance Flown in 30 min L 320 mi 305 mi 70 mi
Total Estimated Search Area 104,000 mi? 115,500 mi? 2,870 mi?

We decided to use the Boeing 777 as the specific example to base our model on for
several reasons.

e The Boeing 777 was the aircraft involved in the disappearance of
Malaysia Flight MH370.

e The 777 has a search area smaller than the Gulfstream but larger than
the Cessna, making it a good compromise.

e Out of the three planes, the 777 is by far the largest with the most
potential for debris, making it the easiest to detect.

e This type of airplane commonly makes transatlantic flights with many
passengers, making it especially important that it is found quickly.

The data we will use for the lost plane in our models is as follows:

L = 320 miles
r = 100 miles
Dimensions of search Area = 520 miles along the x-axis by 200 miles along the y-axis.
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Probability Distribution of Downed Plane:

Given our calculated search area, we must determine the probability of the plane
being at any specific place within the rectangle. From the plane crash information
discussed in Section 2.3, we conclude that this probability of containment, P(C),
would not be equal at every point within the area. In fact, very few crashing planes
could be capable of a perfect glide. Additionally, even if a perfect glide was possible,
the pilot would attempt to keep the plane headed along the flight path unless he or
she completely lost control. From data of recorded crashes we can assume that

the majority of planes would crash into the ocean either directly below or near
the flight path.

Recalling our search area design,
outlined by circles of radius r
centered along the segment from
A’ to B’, we must consider that no
planes fail on the flight path
between Points A and A’ and
between B’ and B. Any crashed
planes in these areas glided there
from along L, so there should be
fewer here than near the rest of the flight path!'?l. Unfortunately, taking this into
account makes the distribution significantly more complex (Figure 4).

Figure 4: Realistic Distributed Search Area

To simplify the distribution for greater
ease in modeling later, we will imagine
that just as many planes end up
between Points A and A’ and between
B’ and B as along the rest of the flight
path (Figure 5). Therefore, we can
reasonably conclude that the
probability of the plane’s location is
evenly distributed parallel to the
flight path (x-axis). A normal
distribution centered on the flight
path can reasonably represent the
probability of the plane’s location

00 parallel to the y-axis!l,
Figure 5: Normally Distributed 3-D Graph
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3.3 Search Plane Calculations

Sensor Sight and Determining Search Plane:
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We will use different methods to calculate the sight radius for our two potential

search planes.

P-8 Poseidon:

An engineering report for the sensor we decided to use for this aircraft recommends
an altitude of 1000 ft and an average sight range of 10 miles for maximum probability
of detection!'. Although we are using outdated sensor
information, we can find the specifications of the plane
itself that list its search speed as 400 mph!'3l. It is not
outside the realm of reason to assume that the plane’s
classified sensors are capable of at least the same
accuracy as the old sensors at this high speed.

Figure 6

P-3 Orion:

We found a specification sheet for the P-3’s AN/APS-115B
radar that listed the range for search purposes as variable
from 0 to 20 miles['®!; however we were unable to determine recommendations for
accuracy. The P-3 has a speed of 375 mphl'® and an altitude of 650 ft['3,

Type of Speed of Type of Sensor | Typical Search | Sensor Sight
Plane Search Plane Altitude a (ft) | Range d(mi)
vs (mph)
P-3 Orion | 375!"8 AN/APS-115B | 650" 0-20U"]
radar
P-8 400113 AN/APS-119 1,000 10014l
Poseidon radarl'!
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We choose the P-8 Poseidon as our specific search plane.

e The P-8 is the more modern of the two search planes with a higher flight
speed.

e We were unable to find any accuracy data for the P-3’s sensors, making
the P-8 a more realistic choice.

The data we will use for the search plane in our models is as follows:
v 3= 400 miles per hour

d =10 miles

Search Path:

For each variation of the model we will develop one or more solutions that
answer the question: how should our search plane determine its route to find the
downed plane in the shortest amount of time?
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4 Compilation of General
Assumptions:

4.1. Environmental

We will assume that the Earth is flat, so planes travel between locations
on a linear path.

Wind and ocean currents will not affect the lost plane.
We will use the Atlantic ocean as the basis for our model and solutions.

All airplanes are required to transmit to Air Traffic Control every half an
hour. An oceanic ATC tower will be responsible for listening for the
plane’s regular communications at all times, and will notice when the
plane stops responding.

4.2. Crash

The airplane will experience the crash -causing failure instantaneously
over water somewhere between Point A’ and Point B’, and will not
deviate from the flight path until that instant.

o This failure is equally likely to occur at any point between A’ and
B’.
The airplane will lose all communication capacity during and after the
failure.

The airplane cannot travel further than its glide range from the point
that failure occurs in any direction from the flight path.

The search area for a Boeing 777 is simplified to a rectangle 520 miles
long by 200 miles wide.

o We will set this area on a coordinate system where the flight path
is the x-axis (y=0) and Point A is the origin (0, 0).
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o The rectangle is bounded by the points (0, 100), (520, 100), (520,
-100), (0, -100).

The downed airplane will remain on the ocean floor directly under
where it lands.

The crash will result in visible debris on the surface of the ocean
proportional to the size of the downed airplane.

The probability of containment P(C) follows a normal distribution of
three standard deviations across the search area, centered on the flight
path.

4.3. Search

The debris does not move from directly above the body of the
submerged plane.

o Finding the debris is equivalent to finding the lost plane itself.

The search effort will consist of one P-8 Poseidon plane (unless
otherwise indicated) that searches continuously at 400 mph until it
discovers the debris, without needing to stop for refuel or rest.

Weather or sea conditions will not hinder the search effort or radar
visibility.
Cost and fuel are not an issue; the priority is rapidly finding the lost

plane.

The search plane will use radar with a sight range of 0 to 10 miles that is
uniformly accurate for the entire range.

The time for the search effort to mobilize is negligible and the search
plane arrives instantaneously at the search area when calculating total
search time.
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5 Models

5.1 Normal Distribution

This section contains all descriptions and testing done using our normal distribution
model. Every solution contains a brief description, any equations used during
simulations, a diagram of how the solution works, an example solution trial, the
simulation data and a conclusion.

Model-Specific Assumptions:

e There are no false targets within the search area that could be confused
with floating debris.

e The radar has a 100% probability of detection P(D) within its sight range.

Crash Simulation Technique:

In order to test the effectiveness of multiple solutions, we simulate plane crashes
based on the normal distribution model. 5,000 of these crashes are displayed below:
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Figure 7: 5000 Normally Distributed Plane Crashes

We can see that the distribution is normal centered on the projected flight path
(shown in red). Very few crashes end up outside of the blue search area.
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Completed Simulation:

For all solutions in this section, we define the completion of the search to be when
the plane debris is found. In all our simulations, this is when the difference between
the position of the search plane and the position of the crash debris is less than the
sight range and is evaluated at every time step:

§E - (xcrash:ycrash) <d (4)

Essentially, this shows that any debris within the radius of the search plane’s
radar will be spotted.

Statistical Analysis:

For each solution for which a large number of simulations can be generated, we
perform basic statistical analysis. The mean, median, standard deviation, standard
error of the mean, and 95% confidence interval are calculated. The standard error of
the mean is the standard deviation of the sampling distribution of the mean, and is
used to calculate the 95% confidence interval (Cl). 95% of samples of the same size
will fall within the CI. If the CI for two solutions overlap, there is no statistically
significant difference between the two solutions. The equations expressing this
relation are shown below:

95% Confidence Interval (CI) = [u— 2(SE) ,u + 2(SE)] (5)

Where uis mean, o is standard deviation, n is sample size and

o
Standard Error of the Mean (SE) = F
n



Team #38720 Page 24 of 61

Solution 5.1.1: Completely Random Flight Path

A Brief Description:

In our first solution, we assume that the search plane will leave Point A and then
travel randomly. Because we have no restrictive bounds on its route, the plane can
move freely and will not necessarily stay within the search area.

How It Works:

The search plane will fly at constant velocity and will reevaluate its path every 15
minutes, each time choosing a random normalized x and y component to form R. The
time step is set at a relatively large value because the simulation would not be able
to finish for a smaller step, because of the shear amount of data being generated.
Because Ris normalized, the length of the random vector will be 1. This random unit
vector will be multiplied by v At, which represents the distance the search plane can
fly in a single time step.

The position of the plane at any time during the trial can be determined by:

. S - vAtR
So = (0.0) Si=Siat g (6)

Using Equation 6, we develop a simple solution to compare with future, more
accurate search techniques. This relation is displayed below:

® Search Plane

Crashed Plane

Figure 8: Random Vector Generation
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A typical simulation of the search plane’s flight path as it moves randomly from Point
A shows it flying well outside the search area. The dot representing the crashed plane
is obscured by the solution at this scale.

miles

Figure 9: Example Random Flight Path

Conclusion:

The problem with the above solution lies in its basic principle: the search plane
frequently never finds the crashed aircraft because its path is unbounded.
Because most simulations never finish, no consistent mean can be established from
this particular model. Also, we can conclude that the completely random search
method is not a viable option.
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Solution 5.1.2: Bounded Random Flight Path

A Brief Description:

Expanding from the completely random search solution, we decided to improve it
with some “guidance”. We added the boundaries of our calculated search area to the
solution in order to keep the search plane in the general vicinity of the crashed plane.

How It Works:

The search plane will fly at constant velocity and reevaluate its direction every 3
minutes. The time step is reduced to 3 minutes in this solution because these
simulations generally finish quickly and the simulator can afford more precision. Just
like the last solution, the plane will fly in a random direction; the distance between
each position S, will be kept constant by the normalized random vector. The search
plane will be allowed to freely fly within the search area along the route described
with the same equation used for the completely random solution in Section 5.1.1.

As soon as the plane leaves the box, it will be redirected orthogonally back into the
search area in order to improve total search time.

If the plane leaves the search area horizontally, its vector will be determined using
the equation:

o R L+ 2r
If Spe>L+2r U Six <0, then Siyy = S; + vAt » Norm[(=——— = Six,0)] (7)

If the plane leaves the search area vertically, its vector will be determined using the
equation:

If Siy>r U Siy < —r,then Sii1 = S; + vAt * Norm[( 0, — Siy)] (8)
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This redirection method is illustrated below:

® Search Plane

Crashed Plane

Figure 10: Random Bounded Path Vector

A sample simulation:
y (miles,

| A 4

o 200 200 400

|\|l'ﬂ

Figure 11: Example Bounded Random Flight Path

Figure 11 shows a typical solution as it moves according to the bounded random flight
path. Although the search plane does have some overlap in its path, this is a vast
improvement from the random search method and we can accurately provide
statistical data collected from our simulations.

Simulation Data:

This solution was able to complete 100 simulations; the data is listed below. These
data describe the amount of time it took each of the simulated planes to find the
crashed plane using this solution:

Number of trials = 100
Median = 24.425 hours
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Mean = 42.7105 hours

Standard deviation = 47.3783 hours

Standard error = 4.73783 hours

95% Confidence interval about the mean: [33.2348,52.1862] hours

The distribution within the sample is plotted in the following histogram:

Freqenoy
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10 —
] | —i—‘—l—‘—i—‘—l L - L I—‘_—I Amount of Time Hours
] 50 100 150 200
Figure 12: Bounded Random Histogram
Conclusion:

The most important of the data above is the 95% confidence interval, which says that
the mean time required of a sample of 100 simulations has a 95% chance of falling
between 33.2 and 52.2 hours. The difference between the mean (42.7 hours) and the
median (24.4 hours) demonstrate the heavy skew within the sample distribution. This
skew is visible in the histogram, where a few exceptionally long searches drag out the
mean search time. The positive skew reflects well on the model, because most
simulations require a low amount of time, with only some outliers that drag out the
mean; however, it also has negative implications, because the solution is ineffective
at locating some planes.

This solution is crucial, because it establishes a baseline with which to compare
other solutions. Ideally, more sophisticated solutions should have a lower
average time than this solution.
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Solution 5.1.3: Bounded Weighted Random Flight Path

A Brief Description:

Expanding on the bounded random solution, this solution slightly weights the plane’s
flight toward the endpoints A and B. By encouraging the search plane to fly nearer
the downed plane’s flight path, we begin to focus our searches on the area with the
highest probability of containment. The path will be mostly random and the plane will
be kept inside the search area, as in the previous solution.

How It Works:

The plane will reevaluate its position every three minutes. Additionally, it measures
its distance from points A and B and weights its random direction vector toward the
more distant point.

If the distance from point A is larger than the distance from point B, the plane will
move in a direction weighted 15 parts random for every 1 part toward A:

| =

If dy > dg, then Sis1=S: + vAt * Norm[15 = + Norm[A4 — S,] 9)

=)

If the distance from point B is larger than the distance from point A, the plane will
move in a direction weighted 15 parts random for every 1 part toward B:

| =

If dAEdg,theni-ﬂ:§f+vﬂ.t*N0rm[15 + Norm[B — §,] (10)

!

This method is demonstrated in the diagram below:

® Search Plane

S, Norm[B —5,] Crashed Plane

50 [ ] S
/ ds
A s . . —|B

x (miles)

- ; R S
R f [ vAt Norm |15 —+ NUrm[B = Sl]}

IRl

v
.SHl

Figure 13: Weighted Bounded Random Vector Generation
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A sample simulation:

y (miles,

RPSAC X

i
2L “"9 n

Figure 14: Weighted Bounded Random Vector Trial

The path still has a high degree of randomness (15 parts random for every part
nonrandom), meaning that the path still shows the chaotic nature evident in earlier
solutions.

Simulation Data:

This solution was able to complete 100 simulations, with the important data listed
below. These data describe the amount of time it took each of the simulated planes
to find the crashed plane using this solution:

Number of trials = 100

Median = 16.6 hours

Mean = 37.5575 hours

Standard deviation = 55.4901 hours

Standard error = 5.54901 hours

95% Confidence interval about the mean: [26.4795,48.6755] hours
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The distribution within the sample is plotted in the following histogram:
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Figure 15: Weighted Bounded Random Histogram

Conclusion:

The simulation data for the weighted, bounded random path show even more skew
than was present in the bounded random path, seen in the difference between the
mean (37.6 hours) and the median (16.6 hours.) The skew is also evident in the large
right tail on the histogram, with some searches taking upwards of 200 hours. Both the
mean and median are lower than the mean and median for the bounded random path,
in which the mean is 42.7 hours and the median is 24.4 hours. The confidence
intervals for these two trials overlap, meaning that there is not a statistically
significant difference between the two solutions.

The example simulation shows the main problem with this type of solution: the
search plane’s path often overlaps with places it has searched in the path. A

more advanced model should prevent this redundancy.



Team #38720 Page 32 of 61

Solution 5.1.4: Descending Striped Flight Path

A Brief Description:

This solution simulates a plane systematically eliminating stripes of the search area
with straight paths. We can then compare straight path searches to random path
searches and begin to draw conclusions on the most effective solution.

How It Works:

The plane begins in the top left corner of the search area and travels parallel to the
x-axis until it reaches an edge. It then descends 2d miles, the distance that eliminates
any overlap of the flight path, before turning perpendicular to the y-axis, heading in
the opposite direction of the previous strip. For this and the following two solutions,
the plane reevaluates its position vector every 0.001 hours. Because the flight path of
the search plane is predictable, we can afford more accuracy without needing
significantly more computing time.

The flight path within the search area is determined by:

Siiy =S; + vAts(1,0) (11)

The variable € describes the direction the plane flies parallel to the x-axis. If € is
equal to 1, the plane will fly in the positive direction. If € is equal to -1, the plane
will fly in the negative direction. Each time the plane reaches the edge of the search
area, € changes sign and we adjust the value of the y-position and the direction of the
plane in order to initiate the next stripe.

If Sy =L+ ZTU Sixr = 0,thene = —gand S;.1 = S; +(0,—2d) (12)
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The stripe technique is illustrated below:

y (miles)

100 e > 'Y
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Figure 16: Striped Vector Generation

A sample simulation:

[ — =)
y (miles)

L . . " . " . . . . L . . . . ] . . . . L x (miles)
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Figure 17: Striped Trial Example

Simulation Data:

This solution was able to complete 100 simulations, with the important data listed
below. These data describe the amount of time it took each of the simulated planes
to find the crashed plane using this solution:

Number of trials = 100

Median = 7.031 hours

Mean = 7.10273 hours

Standard deviation = 2.41002 hours



Team #38720 Page 34 of 61

Standard error = 0.241002 hours
95% Confidence interval about the mean: [6.62073,7.58473] hours
The distribution within the sample is plotted in the following histogram:
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Figure 18: Striped Path Histogram

Conclusion:

This solution takes a nonrandom approach to the search, which drastically reduces the
search time necessary. Unlike previous solutions, this sample simulation shows little
to no skew, with the mean (7.1 hours) and the median (7.0 hours) being
approximately equal. Based on the histogram, the distribution is approximately
normal. This reflects the normal distribution of plane crashes, because the search
plane starts at one tail of the normal distribution, moves toward the center, and then
moves toward the other tail. The upside of the normal distribution is its consistency in
locating planes; the downside is that few crashes are found in the first couple hours.

The 95% confidence interval about the mean ([6.6,7.6] hours) does not overlap with
the confidence interval for the bounded random path ([33.2,52.2] hours.) Therefore,
the difference between the descending stripes solution and the bounded random
solution is statistically significant, with the descending stripes solution
producing smaller search times.

While this solution is significantly better than previous solutions, it hints that
search times could be further reduced by considering the effect of the normal
distribution.
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Solution 5.1.5: Spiral Striped Flight Path

A Brief Description:

This solution uses the same basic technique as the previous simulation. Based on the
normal distribution of the lost planes, we determined that the most effective
technique would start in the area with the highest probability of finding the plane and
move outward to areas of gradually decreasing probability.

How It Works:

Similar to the previous solution, the search plane will fly horizontal stripes parallel to
the x-axis while eliminating overlap of surveilled areas. The plane starts at Point A
and flies along the x-axis—mimicking the flight path of the downed plane. It then
travels to a position C(u) miles along the y-axis before initiating another stripe.
Continuing this, the plane forms a spiral pattern inside the search area.

The search plane’s vector is determined using the equation:

Siv1 = S; + vAte(1,0) (13)

When the plane reaches the edge of the search area, the magnitude of the
y-coordinate of its position vector is determined by:

C(u) =2(—1)*u (14)

The plane’s movement in the y-direction after reaching the edge of the search area is
determined by incrementing the index ; and changing direction by alternating the
sign of ¢:

If Six=L+2r Usu < 0,thenSi 1 =S;+(0,exC(j))) » (j=j+1,e=—¢) (15)
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This method is demonstrated below:

® Search Plane
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Figure 19: Spiral Striped Vector Generation

A sample simulation:

Figure 20: Spiral Striped Random Trial

Simulation Data:

This solution was able to complete 100 simulations, with the important data listed
below. These data describe the amount of time it took each of the simulated planes
to find the crashed plane using this solution:

Number of trials = 100

Median = 3.113 hours

Mean = 3.62286 hours

Standard deviation = 2.85127 hours

Standard error = 0.285127 hours

95% Confidence interval about the mean: [3.05261,4.19311] hours
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The distribution within the sample is plotted in the following histogram:
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Figure 21: Spiral Striped Histogram

Conclusion:

This solution takes into account the normal distribution of plane crashes and prevents
the overlap present in the random models. Unlike the descending stripes solution, it
has significant positive skew and does not appear normally distributed. The
discrepancy between the mean (3.6 hours) and the median (3.1 hours) is not as large
as in the random models, indicating that the skew is not as pronounced.

The 95% confidence interval of [3.0,4.2] indicates that the difference between
the spiral stripes solution and all previous solution is statistically significant,
with the spiral stripes solution producing smaller search times. The differences
are significant because the confidence intervals do not overlap.

Therefore, this solution is an effective way to reduce search times for this
model.
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Solution 5.1.6: Sinusoidal Flight Path

A Brief Description:

The success of solution 5.1.5 warrants further investigation. Forming stripes starting
at the area of highest probability is both a realistic and effective search method;
however, we want to develop a similar solution that approaches the technique
differently. Our sinusoidal solution fulfills this by forming wider stripes of surveilled
areas in an attempt to maximize the effectiveness of every pass.

How It Works:

The search plane starts at Point A traveling in a positive direction along the x-axis in a
path mirroring a sine curve. This forms a wider stripe than a straight path, reducing
the amount of times C(u) is incremented and the distance the search plane must
travel along the edge of the search area. Just as in the previous model, as soon as the
plane reaches the edge of the search area, its position along the y-axis is reevaluated
before starting a new stripe.

Setting the amplitude to the the sight range and wavelength to twice the sight range
ensures that there are no areas left unsurveyed in between passes. The path of the
plane inside the search area is determined by:

o o 2 .
Siv1 =S; + vAte = Norm[( 1 ,?TCOS(TSH) )] 16)

where:  Amplitude = d and A = 2d

When the plane reaches the edge of the search area, the magnitude of the
y-coordinate of its position vector is determined by:

Clu) =2(—1D* u (47)

The plane’s movement in the y-direction after exiting the search area is determined
by incrementing the index ; and changing direction by alternating ¢:

Ifgjx =L+ 2r U§Ex < 0,then Sy, =S; + CGir = (j=j+1,e=—¢) (18)
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The sinusoidal method is illustrated below:
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Figure 22: Sinusoidal Vector Generation

A sample simulation:
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Figure 23: Sinusoidal Example Trial

Simulation Data:

This solution was able to complete 100 simulations, with the important data listed
below. These data describe the amount of time it took each of the simulated planes
to find the crashed plane using this solution:

Number of trials = 100

Median = 4.489 hours

Mean = 6.44989 hours

Standard deviation = 6.08373 hours

Standard error = 0.608373 hours

95% Confidence interval about the mean: [5.23314, 7.66664] hours
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The distribution within the sample is plotted in the following histogram:
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Figure 24: Sinusoidal Histogram

Conclusion:

Like the spiral striped solution, this solution shows significant positive skew, which is
visible on the histogram. The mean (6.4 hours) is greater than the median (4.5
hours), indicative of the skew. This solution is much more vulnerable to extreme
values that pull the mean higher than the median.

The 95% Cl of [5.2,7.7] hours does not overlap with that of the spiral striped
solution, indicating that the difference between the sinusoidal model and spiral
striped solution is statistically significant, with the spiral stripes solution
producing smaller search times. The Cl overlaps with that of the descending
striped solution, meaning that there is no significant difference between the
two.

Normal Distribution Overall Conclusion

Based on the results from this and the previous 5 solutions, we can conclude that
the spiral striped solution offers the lowest search times of those tested.
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5.2 Normal Distribution with Discovery Uncertainty

Up until this point we have assumed that the probability of detection is 100% for the
radar sensor and the operator aboard the P-8 search plane. How would our model
change if we altered that assumption? Each pass along the search route will no
longer eliminate the surveilled area from the possible locations of the lost plane.

Discovery Uncertainty Model-Specific Variables and Assumptions:

Variables:

Name of Variable (Symbol)

Definition (Units)

Total Probability of
Detection ( P(D ) )

The probability that the debris will be spotted and
the plane we be found, if it is within the radius of
the radar (%)

Probability of Radar
Detection ( P(R))

The probability that the radar will detect the debris
as it flies by (%)

Probability of Operator
Identification ( P(O))

The probability that the operator will identify the
debris (%)

Probability of P(O) given
Radar Detection P(R)
( P(OIR) )

The probability that the operator will identify the
debris given the radar has successfully detected the
debris (%)

Probability of Containment
(P(C))

The probability that any given area, C, contains the
missing plane, originally determined by a normal
distribution (%)

Probability of Containment
in C, (P(C) )

The probability that any single area other than C ,

the current area being searched, contains the lost
plane (%)
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A Brief Explanation of Bayesian Search Theory

We are no longer going to assume that radars and operators will identify objects in
the ocean 100% of the time. Using Bayesian Search Theory!"), we can adjust P(C) after
each pass if we don’t find the debris in a searched area. Failing to find the debris in
one area would make the probability that the debris is contained in any other location
higher!™,

The probability of the plane being in the search area directly after being searched is
denoted by P'(C), where:

_ P(E)*(l_P(Dun — p(C 1_P(Du)
(1-P©)+PC)x(1—P(Dy) OT )P0y

P'(C) < P(C) (19)

The probability of the plane being in any other specific area C, just after P(C) has
been searched is calculated using:

P'(C;) = P(Cy)

1
1_P(OPD,) P(C) (20)

Determining Realistic Uncertainty:

The increased complexity of Model 5.2 stems from the inconsistency of the radar’s
ability to detect debris and the radar operator’s ability to effectively scan the radar
screen—and distinguish debris from radar noise and sea clutter,

Using the Multiplication Rule for Conditional Probability™?® and assuming our only
uncertainties are the abilities of the radar and the operator, we can conclude the
total probability of spotting the debris in any pass is:

P(Dy) = P(R) = P(O|R) (21)
According to test data performed with the AN/APS-119 radar, we can accurately

estimate P(R) to be 80% for a search plane flying at 1000 ft altitude over calm
seas with a 10 mile sight!™,
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Because the plane travels at a constant speed of 400 mph, it would cross the sight
range—the radius of the radar sweep—in 1.5 minutes, so we can safely assume that
the radar operator would have at least 90 seconds to identify pieces of the lost plane.

Studies simulating the ability of an operator observing a screen similar to the
display of the AN/APS-119 radar ['*! conclude a 97% probability of all objects
being spotted within 90 seconds!?'!. Because the operator will have a minimum of
90 seconds to observe each object during a single pass we can approximate P(0O) so
that:

P(0)~1,P(O|IR)~1 (22)

Given the inputs, we can determine:

P(D,) = P(R) = P(O|R) ~ 0.8 (23)

Assumptions:

e False targets in the form of sea clutter and radar noise diminish the
detection accuracy of the radar.

e The radar operator will have ample time, at least 90 seconds, to identify
debris that the radar sees.

e The probability of detection for the uncertain discovery model is about
80% according to the capabilities of radar and operator.

o We assume that this 80% accuracy is still uniform within the 10
mile radius of radar sight range.

A Limiting Factor:

For simplicity’s sake, the search time was capped at 24 hours. The Bayesian solution
becomes exponentially harder to simulate with each pass, so it requires a significant
amount of computing time to recommend a course of action after about 24 hours of
searching. If the crashed plane is not found within this time, this is recorded and the
sample size used in calculations is reduced. Because the capped time caused a
reduction in computing time, we increased the sample size to 500 to increase
precision.
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Solution 5.2.1: Bayesian Adjusted Flight Paths

A Brief Description:

This solution uses Bayesian Search Theory to predict the optimal flight path. The
solution is quite like the spiral striped model used for the purely normal model, but
with different locations for each pass depending on where the new peak of the
probability distribution lies.

How it Works:

Before the plane makes any passes, the probability distribution looks identical to the
normal distribution we used for our simpler model. A three-dimensional (Figure 25)
and two-dimensional graph (Figure 26) of the initial distribution are displayed below:

Figure 26: 2D Normal Distribution

100
Figure 25: 3D Normal Distribution

Once the plane makes its initial pass of width 2d through the area of highest
probability—the center of the graph—the probability is not completely reduced to
zero because P(D,) is not 100% and the lost plane could be missed. Instead, P(C) of
the center is lowered and the
probabilities for the rest of the
unsearched area are adjusted
upward using Bayes’s Theorem.
The next pass the plane makes
will be through the new area of
highest probability, which in
this case can be either the strip
centered at y=20 mi or the
strip centered at y=-20 mi, .
because they are equivalent -100 =0 20

(Figure 27). Figure 27: 2D Bayesian Search Method (1)

Next Search Area
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After the second pass, the areas not covered by the second strip are adjusted up.
Now, the location of the third pass can be determined by finding the highest
remaining probability distribution, here centered around y=-20 miles (Figure 28).

Next Search Area

Figure 28: 2D Bayesian Search Method (2)

The search plane continues to choose the area of highest P(C) determined by Bayes’s
Theorem for the next part of its flight. We will not illustrate the further repeated
steps of this solution. According to our simulation, they will follow the sequence y= 0,
20, -20, 40, -40, 60, -60, 0, 20, -20, 40, -40, 80, -80, 60, -60, 0, 20, -20,...

Simulation Data:

The following data describe the amount of time it took each of the simulated planes
to find the crashed plane using this solution:

Number of planes not found: 25

Number of planes found: 475

Median: 4.05 hours

Mean: 6.21463 hours

Standard deviation: 5.37383 hours

Standard error of the mean: 0.246568 hours

95% Confidence interval: [5.57215, 6.70777] hours
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The distribution within the sample is plotted in the following histogram:
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Figure 29: Bayesian Histogram

Conclusion:

The samples for this solution show a high degree of skew, visible in the histogram.
The mean (6.2 hours) is greater than the median (4.1 hours), supporting the visual
trend in skew.

Of the 500 planes simulated, 475 were found within 24 hours. The proportion of
planes found by the bayesian method is 95%. This proportion seems reasonable, but
must be compared to other possible solutions.

The confidence interval for this solution is [5.6,6.7] hours, meaning that a 95% of
samples of size 100 will have a mean between 5.6 and 6.7 hours. This range is still
quite small, considering that the probability of finding the crash given that it’s in
range is less than 1. To get a good idea of the effectiveness of the Bayesian method,
we can compare it to the Spiral Stripes approach, our previous model’s most
successful solution.
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Solution 5.2.2: Spiral Striped Flight Path

A Brief Description:

This solution is essentially identical to the spiral striped solution in 5.1.5. We decided
to try it here for comparison’s sake because it was the most successful model for the
normal distribution. The only difference is that it will not necessarily find the debris,
even if it is within range of the search plane.

How it Works:

Refer to “How it Works” in 5.1.5.

Simulation Data:

Number of planes not found: 101

Number of planes found: 399

Median: 4.05 hours

Mean: 4.76078 hours

Standard deviation: 3.24672 hours

Standard error of the mean: 0.162539 hours

95% Confidence interval: [4.4357,5.08586] hours

The distribution within the sample is plotted in the following histogram:
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Figure 30: Striped Uncertain Histogram
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Conclusion:

This solution shows minor positive skew, with the median (4.1 hours) being slightly
less than the mean (4.8 hours).

Of the 500 planes simulated, only 399 were found within 24 hours. This
proportion is 80%, as opposed to the 95% proportion found in the Bayesian
solution.

The confidence interval for this solution is [4.4, 5.1] hours does not overlap with
the confidence interval of the Bayesian solution, indicating that the difference
between the spiral striped solution and spiral Bayesian solution is statistically
significant, with the Bayesian solution yielding greater search times. However,
the proportion of planes found is greater with the Bayesian solution, making
Bayesian the preferable solution if chance of rescue is our priority.
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6 Solution Stability

To further test the flexibility of our models and best solutions, we decide to try two
new scenarios.

6.1 Bayesian Adjusted Flight Path with a lost Cessna 172

A Brief Description:

On the opposite end of the spectrum from the Boeing 777, this miniscule craft has a
search area of only 29 by 99 miles and is about 42 times smaller in size, according to
our chart in Section 3.2. In our model, we will adjust the search area to match the
Cessna’s and the probability of detection to one fortieth the 777’s, which gives us
P(D) = 2% . We will keep the search plane, sensor, and everything else the same,
searching for 24 hours.

How it works:

Refer to “How it Works” in 5.2.1.

Simulation Data:

Number of planes not found: 89

Number of planes found: 411

Median: 6.435 hours

Mean: 8.38549 hours

Standard deviation: 6.55782 hours

Standard error of the mean: 0.322474 hours

95% Confidence interval: [7.73855,9.03244] hours
The distribution within ~ «;
the sample is plotted in | .
the histogram: 6o

|

0 . L . . . : . . " . Amount of Time [Hours
1] 5 10 15 20 25

Figure 31: Bayesian Cessna Histogram
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Conclusion:

Like its counterpart in 5.2.1, this solution shows slight rightward skew, with the
median (6.4 hours) being slightly below the mean (8.4 hours).

Of the 500 Cessnas lost, 82% of them were found within 24 hours, which is lower,
but comparable to, the 95% of Boeing 777s found within 24 hours.

The 95% confidence interval for this solution is [7.7,9.0] hours, which does not overlap
with the confidence interval for the Boeing 777 with the Bayesian path. Therefore,
the difference between finding the Cessna 172 and Boeing 777 is statistically
significant. This conclusion makes sense, because the probability of finding the Cessna
on a single flight is quite small (2%.) Despite this low probability, the Bayesian
solution does a surprisingly good job finding Cessnas.
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6.2 Two Planes Flying Striped Patterns

A Brief Description:

Now we wish to examine what will happen if we add a second search plane identical
to the first to our effort to find a Boeing 777. Common sense dictates that the time
will be shorter with twice the search effort, but by how much? We will use the
successful stripe method, but start both planes in the center flying opposite
directions, completely removing any overlap.

A sample simulation is shown below:

Figure 32: Two Planes Diagram

How it Works:

Refer to “How it Works” in 5.1.4

Simulation Data:

Number of trials: 100

Median: 2.1435 hours

Mean: 2.39551 hours

Standard deviation: 1.39534 hours

Standard error of the mean: 0.139534 hours

95% Confidence interval: [2.11644, 2.67458] hours



Team #38720 Page 52 of 61

The distribution within the sample is plotted in the following histogram:

Fregency
146
1[I:
I:IT . — . - . — . — . — 2 N . Amount of Time [Hours
1 2 3 4 5 G 7
Figure 33: Two Planes Histogram
Conclusion:

The skew for this distribution is visible in the histogram, but is less pronounced in the
difference between the mean (2.4 hours) and the median (2.1 hours.)

Unsurprisingly, this solution performed better than any others. Not only did it include
an extra search plane to double the effort, it started on the area of highest
probability distribution and excluded any overlap.

Without discovery uncertainty, this model lacks the realism of others, but it remains
an ideal solution for 100% effective radar. Logically, the more search planes added,
the more the time will decrease.
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7 Results

7.1 The Normal Distribution Model

For the Normally Distributed Model (described in 5.1), a total of 7 solutions are
tested, including the Two Plane Solution in 6.2. The completely random solution
(5.1.1) is not a viable option because most simulations did not ultimately find the
plane. Of the remaining 6 solutions, 2 are random and 4 are nonrandom. Large sample
size simulations run for these models provide 95% confidence intervals (Cl) for each of
these solutions. Because of the large difference between the Cls for the random and
nonrandom solutions, these are displayed on separate graphs, shown below:

9504 CI for Random Solutions to Normal Distribution

Model

60

50
= 40
o == Bounded Random
= (5.1.2)
£ 30 S
= —=—Bounded Weighted
= Random (5.1.3)
S 20

10

0 Figure 34

9504 CI for Nonrandom Solutions to Normal
Distribution Model

- I = Descending Striped
(5.1.4)
6 -
—=— Spiral Striped (5.1.5)

Sinusoidal (5.1.6)

Two Planes Striped

= (6.2)

Search Time (Hours)

0 Figure 35
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The overlap between the random solution Cls indicates that it cannot be proven
whether the two solutions differ in search time. However, none of the Cls for the
nonrandom solutions overlap with either of the random solution Cls, meaning that
each of the nonrandom solutions produce lower search times than the random
solutions.

Comparing the Cls for the nonrandom solutions allows for several interesting
conclusions. Predictably, the two plane striped solution, with a mean of 2.4 hours,
performs better than any other solution. If only one search plane operates, spiral
striped is clearly the best solution, with a mean of 3.6 hours and a standard deviation
of 2.9 hours.

Between the sinusoidal and descending stripes solutions, no statistically significant
difference exists. While the sinusoidal model has a lower mean than the descending
striped solution (6.4 hours vs 7.1 hours), it has a large standard deviation (6.1 hours.)
This means that the the sinusoidal solution has a very high variability. If the plane
crash is close to the center of the search area, it will be found quickly; if the crash is
toward the edges, it will take a significant amount of time. These large trials account
for the significant skew.

7.2 Discovery Uncertainty Model

For the discovery uncertain model discussed in 5.2, 3 simulations were run. Every
simulation completed a large number of trials with relatively slim 95% confidence
intervals. For simplicity, the search time was capped at 24 hours with the number
unsuccessful trials recorded. The Cls for these simulations are displayed below:

959 CI for Solutions to Discovery Uncertainty Model

: 95% found h

2 82% found e Bayesian-B777 (5.2.1)
R

2 - — Spiral Striped-B777
= 1 (5.2.2)

§ - 80% found Bayesian-Cessna (6.1)

0 Figure 36
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The most useful comparisons can be made between the two Boeing 777 simulations
(5.2.1 and 5.2.2) and between the two Bayesian simulations (5.2.1 and 6.1.) For a lost
Boeing 777, the Cl for the spiral solution does not overlap with the Cl of the Bayesian
solution, meaning that the spiral solution generally produces lower search times. A
possible reason for this difference is that the striped spiral solution only find 80% of
crashed planes within 24 hours, while the Bayesian solution finds 95%. The large
search times for unsuccessful attempts are not factored into the mean, which shifts
the mean leftward for the striped spiral solution. A more useful comparison can be
found from comparing the medians, which are equal for both cases (4.05 hours). For
cases with high skew, the median is a useful indicator of the center of a distribution.
Therefore, given that the medians are equal, the Bayesian solution, which finds
95% of crashed planes within 24 hours, is preferable to the striped spiral
solution, which only finds 80%.

Understandably, the difference in Cls between the Bayesian solutions for the
Boeing-777 and for the Cessna-172 indicates that the Boeing-777 has a lower mean
search time. This difference is confirmed by comparing the medians (4.05 hours for
the Boeing-777, and 6.44 for the Cessna-172.) Additionally, the percentage of planes
found within the time limit of 24 hours differs significantly, with 95% of Boeing-777s
being found and 82% of Cessna-172s. Therefore, it can be concluded that it is
easier and faster to locate a Boeing-777 than a Cessna-172, even though the
search area for a Cessna is much smaller.
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8 Conclusion

8.1 Recommendation

Figure 37: Human Survival Time in Cold Water

As we established in the Introduction,
the measure of success for our solutions
is first, whether they find the lost plane,
and second, if they can reasonably
expect to rescue plane crash survivors
before they die of exposure. In a
scenario where passengers are adrift
without rafts in normal clothes (low
insulation) and life vests in the ~20°C
Atlantic Ocean, they will have about 18
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Although all the Striped and Sinusoidal Normal Distribution Solutions’ means are very
likely to be below 8 hours, easily fast enough to save the passengers, we do not
believe they are realistic enough to recommend.

For the more realistic, complex Discovery Uncertainty Model, both the Bayesian and
Spiral Striped Solutions have high skew so we compare them by their medians, which
are equal at 4.05 hours each, plenty of time for rescue. To arrive at our final
recommendation, we examine the percentage of planes found for these solutions—a
critically important factor considering that the search is all in vain if the plane
remains lost. The Bayesian Solution finds 95% of Boeing 777s within 24 hours, while
the Spiral Striped Solution finds only 80%. Furthermore, the Bayesian Solution

We recommend the most accurate model and its most successful solution: the
Normal Distribution with Discovery Uncertainty (Section 5.2) paired with the
Bayesian Search flight path (5.2.1).
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8.2 Strengths and Weaknesses of Recommendation

Strengths:

Our model takes into account, and can be adjusted for, many different
probabilities of detection, search areas, and sight ranges.

The solution locates a high proportion of plane crashes (95% of Boeing-777s and
82% of Cessna-172s) within 24 hours.

The 95% Cl around the mean for Boeing-777s is [5.6,6.7] hours, far below the
lower bound of the death window (18 hour). Therefore, it is likely that most
planes will be located before it is too late for any passengers who survived the
crash.

Weaknesses:

The search time is capped at 24 hours due to limitations in computing power
because it becomes exponentially harder to use the Bayesian Solution to
estimate the best flight path for the next flight.

Although it focuses on areas of high probability, our solution does not entirely
eliminate unnecessary overlap especially when transitioning between passes.

Limiting Assumptions

Our normal distribution of planes is simplified from the search area design and
the standard deviation we estimated has a high degree of uncertainty.

Our model assumes that the plane did not deviate from its flight path before it
began to crash.

Factors we ignored, such as curvature of flight paths, ocean currents,
questionable existence of debris, weather, and sea conditions while searching
could have a significant effect on the difficulty of finding the lost plane.

We assume that the search is a one-step process and finding debris means
finding the plane, when in reality this could require additional searching.

We discount the time it takes for the search effort to mobilize and for the
search plane to arrive at the search area.

We do not take into account fuel and cost as limiting factors.
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9 Press Conference Document

We, the airlines, would like to take this opportunity to offer our deepest and
most sincere apologies for the tragic events that took place concerning Malaysia Flight
MH370. We know that you, our patrons and customers, place your trust in us when you
book a flight on one of our aircraft. Violation of this trust is unacceptable to us so we
will take every possible measure to mitigate future disasters. In light of the
ineffective search that failed to recover Flight MH370, we have put significant effort
into revising and updating our emergency search procedures for immediate
application.

We acknowledge that some factors in the response process are out of our
control, but we will strive to adjust our methods for maximum effectiveness. Ocean
currents, weather, sea clutter, and roughness all have the potential to detract from
our operations but we remain confident that our new procedure will still outperform
others under these conditions.

The outline of our plan is as follows: as soon as a plane fails to check in on
time, we will predict its location based on its last transmitted signal and flight path.
Our mathematicians will develop a rectangular boundary for the ideal search area so
we can immediately deploy search and rescue planes to the area where the lost plane
is most likely to be.

Our search planes will fly across the search area in parallel paths that entirely
cover the region. We will decide on these paths based on where we predict the plane
probably is. We can use data we collect during our search to update our prediction of
the plane’s location, and adjust our plan accordingly. Our response plan can and will
be rapidly adjusted for different factors to meet the situation’s needs. During the
course of the search, we must be sure to consider imperfections in our equipment,
such as our radar, and ensure that we do not miss the plane. We will look quickly,
look thoroughly, and continue to look until the plane is found.

In the future, we believe we can refine our procedure even further by
extending our abilities to better account for environmental challenges and equipment
imperfections. Through detailed and extensive study, our model can always improve.
We owe nothing less to the families and friends of those lost on MH370.

To those out there who now question the wisdom of travelling by air—we
promise that there is no need to worry for the safety of yourself and your loved ones.
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