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o T8 (correlative) FEEME (Waki et al. 2006): 82 jE]HIXKEE
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o T8 (correlative) FEEME (Waki et al. 2006): 82 jE]HIXKEE

o TEWHHE (csp) B GP(V, E):
» Vi={x1,...,Xn}
> {xi,x;} € E <= xi, x; HRFE f HIEA—TEE—MARSHK g F

ZMAMUNIT: TEHHR RERIERE A, 2025 £5E 4/33



BIF

f=xXl+x08 +xs+x34, e1=1-x4-x8->, &=1-xx

BNRKEA: {x1,x2, x3} F {x3, x4}
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Wi 2E 77 B 5 BER L XEFE

o G*P(V,E) MR KHE: h,...,I, C[n]
> f=fi+- +f f € Rx, Ik, k€ [p]
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o ARIEHRE S, ..., Jp C [M]: Ul Jk = [m]
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> f=fi+- +f f € Rx, Ik, k€ [p]

o ARIEHRE S, ..., Jp C [M]: Ul Jk = [m]
» Vke [pl, Vi€ J, g€ R[x, I

° /k — Mr(y7 Ik)v Mf—dj(g:iyv Ik)v ./ € Jk
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A 24
é ' = Imin

o = (e m|d=r=run)
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A 24
é ' = Fmin

o = (e m|d=r=run)

o {x;,xj} € E<= xj,x; HILTE f & gi, k € J HIR—TEHE— 1 ARS
M= g, ke [m]\ J H
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A 24
é ' = Fmin

o = (e m|d=r=run)

o {xi,xj} € E <= x;,x; HELEE F & gx, k € J ME—HE—1MRE
T g k€ [m]\ J

» f=fi+ -+ 1 eERX N, ke [p]

>gi=g + - +& g eRx jeS

» Sy dp Cmls UR_ Je=[m]\ J

» Vke [pl, Vi€ J, g€ R[x, I
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BlF

® f= XoX5 + x3Xg — XoX3 — X5X + x1(—x1 + X2 + X3 — x4 + X5 + Xg)

® g =(6.36—x)(x;—4),i=1,...,6, gr=x5+x — 1

i
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BlF

® f= XoX5 + x3Xg — XoX3 — X5X + x1(—x1 + X2 + X3 — x4 + X5 + Xg)

® g =(6.36—x)(x;—4),i=1,...,6, gr=x5+x — 1
» r=rmn=1,J=1{1,2,3,4,5,6,7}

» I ={1,4}, b ={1,2,5}, Is={1,5,6}, Iy ={1,3,6}, s ={1,2,3}
>» J = (Z), ke [5]
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BlF

® f= XoX5 + x3Xg — XoX3 — X5X + x1(—x1 + X2 + X3 — x4 + X5 + Xg)

® g =(6.36—x)(x;—4),i=1,...,6, gr=x5+x — 1

/

> r>2 J =0
» L ={1,4}, kb =1{1,2,3,6}, 5 ={1,2,5,6}
>» S = {1,4}, Jo = {1,2,3,6,7}, J3 = {1,2,5,6, 7}
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MR AEFASH

inf  Ly(f)
s.t. My, lk) =
A el ek
M,_q(gy. lk) =0, j€ Ji, ke [p]
Ly(g) >0, jeJ

=1
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MR AEFASH

inf  Ly(f)
s.t. My, lk) =
A el ek
M,_q(gy. lk) =0, j€ Ji, ke [p]
Ly(g) >0, jeJ

=1

> A <A,
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MR AEFASH

inf  Ly(f)
s.t. My, lk) =
A el ek
M,_q(gy. lk) =0, j€ Ji, ke [p]
Ly(g) >0, jeJ

=1

> AP <N,
> 3HF QCQP, \§s = )\
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i SOS #Asth

sup A

ATk, jyTj
st. f—A= Zizl (Uk,o + Eje_/k Uk,jé’j) + Ejej’ Tj&j
Ok0,0kj € Z[X, Ik], JE€ ke [,0]

deg(ok), deg(owjgj) < 2r, j€ i, k€ [p]

7,20, jelt

ZMAMUNIT: TEHR RERIERE S, 2025 £5F 11/33



e

Wi

%Eﬁlyl\ﬁﬂ (n—i—r) (max{|lkr|}';:1+r)

SERARANE | ("2 | ~ 0 (

[ 1] +2

2r f)

ZMAMUNIT: TEHR

RERIEERE S, 2025 £5F 12/33



Running intersection property (RIP)

ol Iy C[n] R RIP: XHER ke [p— 1), B i < k 548

Iy N U | €
J<k

EREEZEY BENYENRAXASEI SEMHFHE RIP.
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FE Putinar's Positivstellensatz

oS ={xeR"|gi(x)>0,...,8m(x) >0}

EIE (Lasserre, 2006)
o Il: DN} Ip g [n] iﬁ& RIP’

o Vke [p], Q({gj}jey,) i RFTERERM.
MR FeR[x] £ S ERHEIER, W f FERKE SOS K%

ZMAMUNIT: TEHHR RERIERE LS, 2025 £5F  14/33



I¢ﬁ l‘l&‘_‘ﬂ HE

o h,...,I,b C[n] i#%E RIP

o Vke [p], Q{gj}jcy,) it RPIEKEHM

» AP 7 fin, ©F— 00
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mLESRILE

EIE
o & ax = maxjcy {di}, k € [p]. ERBAEMRMAIRME y HE

rank M(y, lx) = rankM,_,, (y, k), Vke€ [p],

BEXERE U, k) €% [0 # 0, HrankM(y, [0 ) =1,
JHJJ )\? - fmin-

o BN ke [p], & Ax BN M(y, k) IREIFIRE. ME— x c R" i
B (Xi)ic), € A 2B B RILAE.
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e CS-TSSOS M4y
QO FIRAZERRUSIATER ...,
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e CS-TSSOS Aty
0 *IJ g%*ﬁm'&?gfﬁl g%ﬂ& /17 ctty IP
0 MENEERF ATBRILS2IATEE
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e CS-TSSOS #dh4y B
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FE Putinar's Positivstellensatz

EIE

o I,....1,C [n] R RIP;

o Vk e [pl, Q{g}jey,) it BFIEKESMH.
£ RE fx),81(x),....8m(x) WAIBHSI RS HI — . R
fe Rjx] £ S ERHRIER, N f FERKE SOS R

p
Z (O’k@ aF Z(Ingj) ,

k=1 JjeJy

f‘

B oyje 3x, ] %R RTa = 0mod 2, Vx* € supp(ox).
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® The Broyden banded function:

n

fan(X) =D | x(245) +1-> (1+x)x|

=1 jeJdi

where Ji = {j | j# iymax(1,i—5) < j<min(n,i+1)}.
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55 The Broyden banded function

CS TS CS+TS

! mb | opt | time | mb | opt | time | mb | opt | time
20 | 120 0 21.7 | 33 0 4.39 | 19 0 2.24
40 | 120 0 44.6 | 52 0 231 | 19 0 6.95
60 | 120 0 81.8 - - - 19 0 13.0
80 | 120 0 116 - - - 19 0 19.6
100 | 120 0 151 - - - 19 0 27.0
200 | 120 - - - - 19 0 72.9
300 | 120 - - - - - 19 0 132
400 | 120 - - - - - 19 0 220
500 | 120 - - - - - 19 0 313
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BlF

® The generalized Rosenbrock function:
far(x) =1+ Y (10006 — x-1)* + (1= x)?)
=2

® The Broyden tridiagonal function:

n—1
th(X) = ((3 — 2X1)X1 — 2x9 + 1)2 -+ Z ((3 — 2X,‘)X,‘ — Xi—1 — 2Xi+1 + 1)2

i=2

+ ((3 = 2Xn)Xn — Xn—1 + 1)°

® The chained Wood function:
fcw(X) =1+ 2(100(Xi+1 — X,-2)2 —+ (1 — X,‘)2 + 90(X,'+3 — X,-2+2)2
icJ

+(1- Xi+2)2 + 10(Xit1 + Xir3 — 2)2 +0.1(xip1 — Xi+3)2),

where J = {1,3,5,...,n— 3} and 4|n.
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f5F: The generalized Rosenbrock function

CS TS CS+TS

mb opt time | mb opt time | mb opt time
40 231 | 38.051 | 126 | 41 | 38.049 | 0.61 | 21 | 38.049 | 0.23
60 231 | 57.849 | 232 | 61 | 57.845 | 3.31 | 21 | 57.845 | 0.32
80 231 | 77.647 | 306 | 81 | 77.641 | 11.7 | 21 | 77.641 | 0.41
100 | 231 | 97.445 | 377 | 101 | 97.436 | 31.3 | 21 | 97.436 | 0.54

200 | 231 - - 201 | 196.41 | 1327 | 21 | 196.41 | 1.27
300 | 231 - - - - - 21 | 295.39 | 2.26
400 | 231 - - - - - 21 | 394.37 | 3.36
500 | 231 - - - - - 21 | 493.35 | 4.65
1000 | 231 - - - - - 21 | 988.24 | 15.8
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5] The Broyden tridiagonal function

CS TS CS+TS

mb opt time | mb opt time | mb opt time

40 231 | 31.234 | 168 43 | 31.234 | 1.95 | 23 | 31.234 | 0.64

60 231 | 47.434 | 273 63 | 47.434 | 833 | 23 | 47434 | 1.14
80 231 | 63.634 | 413 83 | 63.634 | 339 | 23 | 63.634 | 1.50
100 | 231 | 79.834 | 519 | 103 | 79.834 | 104 | 23 | 79.834 | 1.96

200 | 231 - - - - - 23 | 160.83 | 4.88
300 | 231 - - - - - 23 | 241.83 | 8.67
400 | 231 - - - - - 23 | 322.83 | 13.3
500 | 231 - - - - - 23 | 403.83 | 19.9
1000 | 231 - - - - - 23 | 808.83 | 57.5
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f5F: The chained Wood function

CS TS CS+TS

mb opt time | mb opt time | mb opt time
40 231 | 574.51 | 164 | 41 | 57451 | 0.81 | 21 | 574.51 | 0.26
60 231 | 878.26 | 254 61 | 878.26 | 3.61 | 21 | 878.26 | 0.40

80 231 | 1182.0 | 393 81 | 1182.0 | 153 | 21 | 1182.0 | 0.57

100 | 231 | 1485.8 | 505 | 101 | 1485.8 | 43.2 | 21 | 1485.8 | 0.73

200 | 231 - - 201 | 3004.5 | 1238 | 21 | 3004.5 | 1.91
300 | 231 - - - - - 21 | 4523.6 | 3.39
400 | 231 - - - - - 21 | 6042.0 | 5.72
500 | 231 - - - - - 21 | 7560.7 | 7.88
1000 | 231 - - - - - 21 15155 | 23.0
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=B hifia@ (AC-OPF)

> (caR(SH)? + cuR(SF) + cox)

keG

ZV, =0,

S < $E <8, VkeG,

vl < Vi <Y, Vie N,

Sreq SE— 87— YIVIP = S ceom S Vie N,

NNZR A% .
Si=(j -~ Yig Vi) eEE

* .bj « VIV ..
= (%~ IVE - YR Wig <

IS;| < s V(ij) € EUER,

ijs

02 < Z(ViVy) < 08¢, V(ij) € E.

ij
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iLE N (AC-OPF)

CS (r=2) CSH+TS (r=2,5=1)

n m-+I
mb opt time | gap mb opt time gap

20 55 28 | 1.7543e4 | 0.56 | 0.05% | 22 | 1.7543e4 | 0.30 | 0.05%
72 297 45 | 4.9927e3 | 4.43 | 0.07% | 22 | 4.9920e3 | 2.69 | 0.08%
114 315 120 | 7.6943e4 | 94.9 | 0.00% | 39 | 7.6942e4 | 14.8 | 0.00%
344 | 1325 | 253 — — — 73 | 1.0470e5 | 169 | 0.50%

348 | 1809 | 253 — — — 34 | 1.2096e5 | 201 | 0.03%

766 | 3322 | 153 | 3.3072e6 | 585 | 0.68% | 44 | 3.3042e6 | 33.9 | 0.77%

1112 | 4613 | 496 — — — 31 | 7.2396e4 | 410 | 0.25%
4356 | 18257 | 378 — — — 27 | 1.3953e6 | 934 | 0.51%
6698 | 29283 | 1326 — — — 76 | 5.9858e5 | 1886 | 0.47%
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HFRE

o BIRIFRME: (x1,...,x0) — (XT(l)v e 7X7'(I'l))
b :F@XTJ'W'EE (X1, AN ,X,,) — (Xl—l-ia . ,x,,_,_,-), Xpi = Xj

o FFEXIFRME: (Xip,- -, X)) = (—Xiys - ooy —Xi,)
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O TE ST MAL IR X FREE
O ITEXIFREFRI A AT IR

O IHTESNFERSZH—HE
O EILHRNT FRRE-F R
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4
o f=1+4 "X + x1x0%3 + XeX3X4 + X1 X3X4 + X1 X2X4

o XiFREE: 4 M TEINEE

o R <2HMARTEWR: bo=1,b1 =131 x,bo=131 52, by =

S xixXit1, ba = L (xixs + xoxs)

% yi=L(b),i=0,....4
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o XIFRE THIFEFTFE:

1 yv1 1 »n
Y1 y2 y3 ya
MSW = |y vz ve s
Y ya ¥z y2
yir  ¥3s ya y3

i 1 2y1

v 2y1  y2 +2y3 +ya
ya| > | O 0

¥3 0 0

y2 0 0

ZIMAMUNIT:

0
Y2 —y4
0

0
0
0
Yo —2y3 +ya
0

© © ©

Y2 —Ya
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ZWMAMUNIT: TERE hEREREASE, 2025 £5F  33/33



